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The Taylor Method
=

We want to solve y'(t) = f(t,y(t)), y(0) = a.
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The Taylor Method
B -

We want to solve y'(t) = f(t,y(t)), y(0) = a.

Assuming f, y are sufficiently differentiable, then

¢ {2 {3
y(t) = y(0) + y’(O)ﬂ + y”(O)g + y”’(O)g 4+
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The Taylor Method
B -

We want to solve y'(t) = f(t,y(t)), y(0) = a.

Assuming f, y are sufficiently differentiable, then

t 1/ t2 11 t3

y(t) = y(0) +4'(0) 5 a1

SO

(1) = 5(0) + 7(0,y(0) 11 + L0, 5+ TL 0.y + -

The Taylor method is the first taught in a numerical ode class. But even
simple right hand sides require lots of work, so Runge-Kutta, multistep etc.
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Taylor Method Example
- -

Van der Pol equation: 2’ =y, v = —x +y — 2%y, (0) = x9, Yo = Yo.
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Taylor Method Example

Van der Pol equation: 2’ =y, v = —x +y — 2%y, (0) = x9, Yo = Yo.

x/l

1/

1!

1!

o
& %JAMES
AL MADISON

UNIVERSITY

d

%(y):—x+y—x2y,

d 2 _ / / 2 / 2/
%(—aﬂry—a: y)——x +yY —2xxY — 7Y

—y—r+y— 2’y —2zy’ - 2*(~x +y - 2%y)
—x — 2xy? — 222y + 23 + 2y,

d
— -z +y—2?y) = —2 -2y — 2%y + 2% 2y,
d

£(—x—2xy2—2x2y+x3+x4y) = .-

—y — 2y3 — 8zy? + bx’y + 223 + 8zx3y? + 3zty — 2° — 2%.
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Taylor Method Example
- -

Van der Pol equation: 2’ =y, v = —x +y — 2%y, (0) = x9, Yo = Yo.

d
a’ = %(y) = -z +y -y,
17 _ d 2 L / / / 2/
Yy = %(—aﬂry—a:y)——x +vy —2xx'y — Y

= —y—zty—aty—2xy’ -2 (—x+y— 27y
= —x—2xy® — 22%y + 23 + 2y,

1!

d
" = S (crty—aty) = —w =2z - 20y a7+ aty,
d

Yy = 7 (—z —2zy* — 22°y + 2° + 2*y) = - --

= —y—2y> — 8xy? + bxly + 223 + 8x3y? + 3zxty — 2° — Y.

@JAMES Ouch! And don’t even think about 2’ = cos (1 + e3Sinx). J
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Another Ode Solution Technique
B -

A first course in differential equations introduces a power series
substitution method for second order linear differential equations of the
from p(x)y” 4+ q(x)y’ + r(x)y = f(x), as long as p, q, r, f are sufficiently
simple.

Ay
4 §JAMES -
AZLMADISON

UNIVERSITY
PSM for Odes — p. 5/17



Another Ode Solution Technique
B -

A first course in differential equations introduces a power series
substitution method for second order linear differential equations of the
from p(x)y"” + q(x)y" + r(x)y = f(x), as long as p, ¢, r, f are sufficiently
simple.

The method of Frobenius multiplies each power series by =" to deal with
expansions around regular singular points (e.g. Bessel's odes).
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Another Ode Solution Technique
B -

A first course in differential equations introduces a power series
substitution method for second order linear differential equations of the
from p(x)y"” + q(x)y" + r(x)y = f(x), as long as p, ¢, r, f are sufficiently
simple.

The method of Frobenius multiplies each power series by =" to deal with
expansions around regular singular points (e.g. Bessel's odes).

Almost never seen again, especially when an ode is nonlinear. But, there
IS no reason why it can’t be applied to other odes...
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Back to Van der Pol

fw’ =y, y = —x+y— 2y, 2(0) = o, y(0) = yo.
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Back to Van der Pol
fw’ =y, y =—z+y— 2%y z(0) = o, y(0) = yo.

Let z = ix@-ti and y = iyzt"
i=0 i=0
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Back to Van der Pol
fw’ =y, Yy =—z+y— 2%y, 2(0) = 20, y(0) = yo.
Letz = ixiti and y = i.éyztZ

o0 o0
/ - oi—1 i Yi—1
' = y becomes E 1t — E 1. sox;, = T—.
y i_l 1 - y’L 1 ’[,
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Back to Van der Pol
fw’ =y, y =—z+y— 2%y z(0) = o, y(0) = yo. T

Let z = ixiti and y = i.éyztZ
i=0 i=0

o0 o0

/ . i—1 i Yi—1

' = y becomes E 1t — E 1. sox;, = T—.
y 1=1 Z 1=0 yz Z v

Cauchy product; (Z a#) (Z biti> =) (S: ajbij) #
1=0 1=0

i=0 \ j=0
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Back to VVan der Pol
fw’ =,y = —x+y— 2y, 2(0) = zo, y(0) = yo. T
Let z = ixztz and y = i.éyztZ

o0 o0
/ - oi—1 i Yi—1
' = y becomes E 1t — E 1", sox;, = T—.
y i_l 1 - y’L 1 ’[,

Cauchy product; (Z aiti> (Z biti> =) (S: ajbij) #
1=0 1=0

i=0 J=0

y = —x +y — z°y becomes
Z iyt = Z Tit" + Z yit' — (y: (S: :ijij) ti> (Z yiti> ;
i—1 i=0 \ j=0 i=0

g .
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Even Better Van der Pol
- -

Letu =22 thenaz’ =y, v = -z +y — uy, (0) = zg, y(0) = yo, u(0) = z3.
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O 0 0
Let x = intz, Yy = Z:yitZ and v = Zuitz.
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Even Better Van der Pol
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Letu =22 thenaz’ =y, v = -z +y — uy, (0) = zg, y(0) = yo, u(0) = z3.
Let x = inti, Yy = Zyiti and v = Z:uﬂfZ
i=0 i=0 i=0

o0 ©.@)
' =y becomes Y izit' Tt =) "yt
=0
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Even Better Van der Pol
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Letu =22 thenaz’ =y, v = -z +y — uy, (0) = zg, y(0) = yo, u(0) = z3.

O 0 0
Let x = intz, Yy = Z:yitZ and v = Zuitz.
i=0 i=0 i=0

00 | - 00 ' Ui
' =y becomes Y ix;t'" ! = A SO Ly = .
y ; ; Yy =t
y = —x + y — uy becomes Z iyttt = Z —X; + Yy — Z wiyi_; |t
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Even Better Van der Pol

- N

Letu =22 thenaz’ =y, v = -z +y — uy, (0) = zg, y(0) = yo, u(0) = z3.

O 0 0
Let x = intz, Yy = Z:yitZ and v = Zuitz.
i=0 i=0 i=0

oo o
2’ = y becomes Zz’:piti_l — Zy@tz SO g = —2.
1=0

i=1 r+1
y = —x + y — uy becomes Z iyttt = Z —X; + Yy — Z wiyi_; |t
i=1 i=0 §=0
! i i+1
SOYir1 = ;7 | ~ %Y ;ijz‘—j and u;1 = ;xjxi+1—j-
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The Power Series M ethod
L -

® Given a system of (autonomous) odes with the right hand side
polynomial in the unknowns, shift so expanding around zero.
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The Power Series Method
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polynomial in the unknowns, shift so expanding around zero.

® |dentify intermediate variables (as quadratics) that make the right
hand side quadratic in all variables.
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The Power Series Method
L -

® Given a system of (autonomous) odes with the right hand side
polynomial in the unknowns, shift so expanding around zero.

® |dentify intermediate variables (as quadratics) that make the right
hand side quadratic in all variables.

® For i from 1 ton, (i) find ith components of dependent variables in
terms of 7 — 1th components (linear terms) or all previous terms
(quadratic via Cauchy Product), (ii) find :th components of
iIntermediate variables.
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The Power Series M ethod

® Given a system of (autonomous) odes with the right hand side
polynomial in the unknowns, shift so expanding around zero.
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hand side quadratic in all variables.

® For i from 1 ton, (i) find ith components of dependent variables in
terms of 7 — 1th components (linear terms) or all previous terms
(quadratic via Cauchy Product), (ii) find :th components of
iIntermediate variables.

® With an appropriate stepsize, update variable values and continue.
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The Power Series Method
L -

® Given a system of (autonomous) odes with the right hand side
polynomial in the unknowns, shift so expanding around zero.

® |dentify intermediate variables (as quadratics) that make the right
hand side quadratic in all variables.

® For i from 1 ton, (i) find ith components of dependent variables in
terms of 7 — 1th components (linear terms) or all previous terms
(quadratic via Cauchy Product), (ii) find :th components of
iIntermediate variables.

® With an appropriate stepsize, update variable values and continue.

Great for polynomial right hand side, but isn’t that a major restriction?
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A Bold Clam
=

® Any system of odes with analytic solutions, or analytic functions that
can be represented as solutions of odes, can be reformulated in

polynomial form — mostly as 3/ = f(¢,y), sometimes as zy' = f(t,y)
where z is a vector of ones or t¢'s (regular singular points).
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A Bold Clam
L -

® Any system of odes with analytic solutions, or analytic functions that
can be represented as solutions of odes, can be reformulated in
polynomial form — mostly as 3/ = f(¢,y), sometimes as zy' = f(t,y)
where z is a vector of ones or t¢'s (regular singular points).

® A systematic approach can be applied to make the conversion to
polynomial form, and identify intermediate variables.

Ay
4 QBJAMES -
AZLMADISON

UNIVERSITY

PSM for Odes — p. 9/17



Advantages

® Arbitrary order available at every step when numerical solving the
system of odes.
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Advantages

® Arbitrary order available at every step when numerical solving the
system of odes.

® Fast — no transcendental function evaluation, just multiplication &
addition.
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Advantages

® Arbitrary order available at every step when numerical solving the
system of odes.

® Fast — no transcendental function evaluation, just multiplication &
addition.

® An a priori error estimate is available (Paul Warne & Roger Thelwell).

°

Applicable beyond odes (Jim Sochacki)

® Solution available between mesh points (useful for delay odes, finding
Zeros etc).
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Advantages

® Arbitrary order available at every step when numerical solving the
system of odes.

® Fast — no transcendental function evaluation, just multiplication &
addition.

® An a priori error estimate is available (Paul Warne & Roger Thelwell).
® Applicable beyond odes (Jim Sochacki)

® Solution available between mesh points (useful for delay odes, finding
Zeros etc).

® Parallelizable (Dave Pruett, Bill Ingham).
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Advantages

® Arbitrary order available at every step when numerical solving the
system of odes.

® Fast — no transcendental function evaluation, just multiplication &
addition.

® An a priori error estimate is available (Paul Warne & Roger Thelwell).

°

Applicable beyond odes (Jim Sochacki)

® Solution available between mesh points (useful for delay odes, finding
Zeros etc).

® Parallelizable (Dave Pruett, Bill Ingham).
® Can generalize to rational function rhs (Joe Rudmin, Paul Warne).
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Advantages

® Arbitrary order available at every step when numerical solving the
system of odes.

® Fast — no transcendental function evaluation, just multiplication &
addition.

® An a priori error estimate is available (Paul Warne & Roger Thelwell).

°

Applicable beyond odes (Jim Sochacki)

°

Solution available between mesh points (useful for delay odes, finding
Zeros etc).

Parallelizable (Dave Pruett, Bill Ingham).

9o
® Can generalize to rational function rhs (Joe Rudmin, Paul Warne).
X

Z *® Extensive theoretical background (Ed Parker, Dave Carothers). J
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Simple Examples

-

If y = ¢, then ¢/ = y with y(0) = 1.
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Ify =el, letz = ¢, then 2’ = et = zand ¢y’ = z.
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Simple Examples
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If y = ¢, then ¢/ = y with y(0) = 1.
Ify =el, letz = ¢, then 2’ = et = zand ¢y’ = z.

Ify =eY, letz=¢Y, theny =zand 2/ =e¥ -y = 22.
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Simple Examples
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If y = ¢, then ¢/ = y with y(0) = 1.

Ify =el, letz = ¢, then 2’ = et = zand ¢y’ = z.

Ify' =eY, letz=¢Y, theny =zand 2/ =e¥ -y = 2°.

If y/ = e?, letw = e*, theny’ = 2z, w' = e*2' = w?z'.

If y = sint, let z = cost, theny’ = z and 2’ = —v.

If v = sint, let z =sint and w = cost, theny’ = 2z, 2/ = wand v’ = —=z.

If y’ =siny, let z =siny and w = cosy, then ¢y’ = z, 2/ = cos(y)y’ = w=z

and w’ = —sin(y)y’ = 2°.

Ay
4 §JAMES -
AZLMADISON

UNIVERSITY
PSM for Odes — p. 11/17



Simple Examples

- N

If y = ¢, then ¢/ = y with y(0) = 1.

Ify =el, letz = ¢, then 2’ = et = zand ¢y’ = z.

Ify' =eY, letz=¢Y, theny =zand 2/ =e¥ -y = 2°.

If y/ = e?, letw = e*, theny’ = 2z, w' = e*2' = w?z'.

If y = sint, let z = cost, theny’ = z and 2’ = —v.

If v = sint, let z =sint and w = cost, theny’ = 2z, 2/ = wand v’ = —=z.

If y’ =siny, let z =siny and w = cosy, then ¢y’ = z, 2/ = cos(y)y’ = w=z

and w’ = —sin(y)y’ = 2°.

If y' = sin z, let u; = sinz and uy = cos z, then ¢/ = uy, u] = uxz’ and

Uy = —u1z’ .
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M ore Examples

-

Ify=1/(1—1t),theny =1/(1 —2)? = y* with y(0) = 1.
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M ore Examples

- N

Ify=1/(1—1t),theny =1/(1 —2)? = y* with y(0) = 1.

If y = tant, then ¢/ = sec®t =1+ tan*t = 1+ 2 and y(0) = 0.
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M ore Examples
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Ify=1/(1—1t),theny =1/(1 —2)? = y* with y(0) = 1.
If y = tant, then ¢/ = sec®t =1+ tan*t = 1+ 2 and y(0) = 0.
If y =log(1+1t),letz=1/(1+1t),theny =zand 2 = —2z2.

If y = 1/f(¢) where f has a known Taylor series, let z = f'/f, then
y'=—f"/fP=—yzand 2" = (ff" = f*)/f* = (")) = (f'/f)
— yf// L 22.
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M ore Examples
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If y =log(1+1t),letz=1/(1+1t),theny =zand 2 = —2z2.

If y = 1/f(¢) where f has a known Taylor series, let z = f'/f, then
y'=—f"/fP=—yzand 2" = (ff" = f*)/f* = (")) = (f'/f)
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M ore Examples
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Ify=1/(1—1t),theny =1/(1 —2)? = y* with y(0) = 1.
If y = tant, then ¢/ = sec®t =1+ tan*t = 1+ 2 and y(0) = 0.
If y =log(1+1t),letz=1/(1+1t),theny =zand 2 = —2z2.

If y = 1/f(¢) where f has a known Taylor series, let z = f'/f, then
y'=—f'/f?=—yzand 2 = (ff" = )/ = (")) - (f/f)
=yf" =22 (Or fy=1)

If y/ =" forreal r, let z = y" !, theny = yzand 2’ = (r — 1)y" 2y
=(r—1)y*" 2= (r—1)z2°
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More Examples
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Ify=1/(1—1t),theny =1/(1 —2)? = y* with y(0) = 1.
If y = tant, then ¢/ = sec®t =1+ tan*t = 1+ 2 and y(0) = 0.
If y =log(1+1t),letz=1/(1+1t),theny =zand 2 = —2z2.

If y = 1/f(¢) where f has a known Taylor series, let z = f'/f, then
y'=—f"/fP=—yzand 2" = (ff" = f*)/f* = (")) = (f'/f)
=yf" =22 (Or fy=1)

If y/ =" forreal r, let z = y" !, theny = yzand 2’ = (r — 1)y" 2y
=(r—1)y*" 2= (r—1)z2°

If y = f"(t) where f has a known Taylor seriesand risreal, let z =1/f

andw = f'/f.
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More Examples
- -

Ify=1/(1—1t),theny =1/(1 —2)? = y* with y(0) = 1.
If y = tant, then ¢/ = sec®t =1+ tan*t = 1+ 2 and y(0) = 0.
If y =log(1+1t),letz=1/(1+1t),theny =zand 2 = —2z2.

If y = 1/f(¢) where f has a known Taylor series, let z = f'/f, then

y' = —f/f=—yzand 2 = (ff" = )/ P = (")) = (f'/f)

=yf"’" =22 (Or fy=1)

If y/ =" forreal r, let z = y" !, theny = yzand 2’ = (r — 1)y" 2y
=(r—1)y*" 2= (r—1)z2°

If y = f"(t) where f has a known Taylor seriesand risreal, let z =1/f
andw = f'/f. Theny =rfr=1f =rfr(f'/f) = ryw,
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More Examples

-

£
A

Ify=1/(1—1t),theny =1/(1 —2)? = y* with y(0) = 1.
If y = tant, then ¢/ = sec®t =1+ tan*t = 1+ 2 and y(0) = 0.
If y =log(1+1t),letz=1/(1+1t),theny =zand 2 = —2z2.

If y = 1/f(¢) where f has a known Taylor series, let z = f'/f, then
y'=—f"/fP=—yzand 2" = (ff" = f*)/f* = (")) = (f'/f)
=yf" =22 (Or fy=1)

If y/ =" forreal r, let z = y" !, theny = yzand 2’ = (r — 1)y" 2y
=(r—1)y*" 2= (r—1)z2°

If y = f"(t) where f has a known Taylor seriesand risreal, let z =1/f
andw = f'/f. Theny =rf =L =rfr(f'/f) =ryw, 2’ =—f"]f>
=—(f"/H)A)f) =wz
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More Examples

- N

Ify=1/(1—1t),theny =1/(1 —2)? = y* with y(0) = 1.
If y = tant, then ¢/ = sec®t =1+ tan*t = 1+ 2 and y(0) = 0.
If y =log(1+1t),letz=1/(1+1t),theny =zand 2 = —2z2.

If y = 1/f(¢) where f has a known Taylor series, let z = f'/f, then
y'=—f"/fP=—yzand 2" = (ff" = f*)/f* = (")) = (f'/f)
=yf" =22 (Or fy=1)

If y/ =" forreal r, let z = y" !, theny = yzand 2’ = (r — 1)y" 2y
= (r—1)y*" 2 = (r — 1)2°.

If y = f"(t) where f has a known Taylor seriesand risreal, let z =1/f

andw = f'/f. Theny =rf =L =rfr(f'/f) =ryw, 2’ =—f"]f>

= (/N = wz and ' = (" = )/ = (£'/1) = (') )? =
f// . w2
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More Examples

- N

Ify=1/(1—1t),theny =1/(1 —2)? = y* with y(0) = 1.

If y = tant, then ¢/ = sec®t =1+ tan*t = 1+ 2 and y(0) = 0.

If y =1log(1+t),letz=1/(1+t),theny =zand 2 = —z2.

If y = 1/f(¢) where f has a known Taylor series, let z = f'/f, then

y' = —f/f=—yzand 2 = (ff" = )/ P = (")) = (f'/f)
=yf" — 2% (Or fy=1)
If y/ =" forreal r, let z = y" !, theny = yzand 2’ = (r — 1)y" 2y
=(r—1)y*" 2= (r—1)z2°
If y = f"(t) where f has a known Taylor seriesand risreal, let z =1/f
andw = f'/f. Theny =rf =L =rfr(f'/f) =ryw, 2’ =—f"]f>
= (/D) = wz and ! = (f7f — f2))12 = (/1) ~ (') )? =
ff=w? Ory =rfr='f' = fy =ryf’)
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Systematic Approach
-

® Giveny' = f(t,y), using order of operations from the inside out,
identify functions (and odes that define them) in polynomial form.
Build outwards until f is in polynomial form.
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Systematic Approach
-

® Giveny' = f(t,y), using order of operations from the inside out,
identify functions (and odes that define them) in polynomial form.
Build outwards until f is in polynomial form.

® Identify intermediate variables so the right hand side is in quadratic
form.
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Systematic Approach
-

® Giveny' = f(t,y), using order of operations from the inside out,
identify functions (and odes that define them) in polynomial form.
Build outwards until f is in polynomial form.

® Identify intermediate variables so the right hand side is in quadratic
form.

® Apply recurrence relations to find Taylor series.
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More Substantial Example
- -

If 4/ = 1/(siny + 2¢),

{\r
4 § JAMES -
o MADISON

IIIIIIIIII



More Substantial Example
- -

If 4/ = 1/(siny + 2¢),

let u; = siny, us = cosy, us = et

, Uy = Uy + 2us, us = 1/ug, ug = ujy/uy.
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More Substantial Example
- -

If 4/ = 1/(siny + 2¢),
let u; = siny, us = cosy, ug =e€
Then

!
Yy = Uus,

Loug = ug + 2us, us = 1/ug, ug = u)y/uy.
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More Substantial Example
- -

If 4/ = 1/(siny + 2¢),
let u; = siny, us = cosy, ug =e€
Then

!
Yy = Uus,

Loug = ug + 2us, us = 1/ug, ug = u)y/uy.

uy = cos(y)y = usus,

A =
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More Substantial Example
- -

If 4/ = 1/(siny + 2¢),

let u; = siny, us = cosy, us = et

, Uy = Uy + 2us, us = 1/ug, ug = ujy/uy.

Then
y' = us,
uy = cos(y)y = usus,
us, = —sin(y)y’ = —uqus,
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More Substantial Example
- -

If 4/ = 1/(siny + 2¢),

let u; = siny, us = cosy, us = et

, Uy = Uy + 2us, us = 1/ug, ug = ujy/uy.

Then
/
Yy = us,
/ /
uy = cos(y)y’ = uaus,
uy = —sin(y)y’ = —uju
2 Y)Yy 1U5,
I ot
us = €' = us,
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More Substantial Example
- -

If 4/ = 1/(siny + 2¢),

let u; = siny, us = cosy, us = et

, Uy = Uy + 2us, us = 1/ug, ug = ujy/uy.

Then
y' = us,
uy = cos(y)y = usus,
us, = —sin(y)y’ = —uqus,
uh = e' = ug,
uy = uj + 2us = ugus + 2us,
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More Substantial Example
- -

If 4/ = 1/(siny + 2¢),
let u; = siny, us = cosy, ug =e€
Then

Loug = ug + 2us, us = 1/ug, ug = u)y/uy.
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More Substantial Example
- -

If 4/ = 1/(siny + 2¢),

let u; = siny, us = cosy, us = et

, Uy = Uy + 2us, us = 1/ug, ug = ujy/uy.

Then
y' = us,
uy = cos(y)y = usus,
us, = —sin(y)y’ = —uqus,
uh = e' = ug,
uy = uj + 2us = ugus + 2us,
ul = —uly/us = —usue,
up = (ugul — ulf)/ug = (uous + 2us) us — uz

= (—ujusus — UgUsUg)Us — u6 —

— —ulug — ’LLQ’LL%’LL(; — ug

£
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More Substantial Example
- -

If y/ = 1/(siny + 2¢"),

let u; = siny, us = cosy, us = et

, Uy = Uy + 2u3, us = 1/ug, ug = uy/uq.

Then If in addition
y' = us, U7 = U1Us, Ug = U2Us,
u) = cos(y)y = usus, Uy = Uslg, Uy = UZ,
up = —sin(y)y’ = —uius,
uh = e' = ug,
uy = uj + 2us = ugus + 2us,
ug = —uj/uj = —usug,
up = (ugul — ulf)/ug = (uous + 2us) us — uz

= (—urusUs — UUsUe)Us — u6 —

= —ulug — ’LLQ’LL%’LL(; — ug

7.
’§§ [V\SESS N J

SITY

PSM for Odes — p. 14/17



-

More Substantial Example

If 4/ = 1/(siny + 2¢),

let u; = siny, us = cosy, ug =e€

Then
y' = us,
uy = cos(y)y = usus,
us, = —sin(y)y’ = —uqus,
uh = e' = ug,
uy = uj + 2us = ugus + 2us,
ul = —uly/us = —usue,
up = (ugul — ulf)/ug = (uous + 2us) us — uz

t

(—urusus — ugUsUeg)Us — u% —

—ulug — ’LLQ’LL%’LL(; — ug

-

, Uy = Uy + 2us, us = 1/ug, ug = ujy/uy.

If in addition

U7 = U1Us, Ug = U2U5,
Ug — UsUe, U0 — u%
then ¢’ = us, v} = us,
uh = —u7, ufy = us,

uy = ug~+2us, Uy = —ug,

— 2
Ug = UTUIQ — USU9 — Ug-

|

PSM for Odes — p. 14/17



-

More Substantial Example

If 4/ = 1/(siny + 2¢),

let u; = siny, us = cosy, ug =e€

Then
y' = us,
uy = cos(y)y = usus,
us, = —sin(y)y’ = —uqus,
uh = e' = ug,
uy = uj + 2us = ugus + 2us,
ul = —uly/us = —usue,
Ug =

"@ AMES
BEMADION

t

, Ug = U1 + 2us,

(ugul) — w?) /ui = (ugus + 2u3z) us — u

(—urusus — ugUsUeg)Us — u6 —

—ulu‘:? — ’LLQ’LL%’LL(; — u%

SITY

-

us = 1/uy, ug = uy/ug.
If in addition

U7 = U1Us5, Ug = U2Us5,

2
Ug = UsUg, U10 = Uk,

then ¢’ = us, v} = us,

/ /
u2 — —’LL7, US — ’LL3,
/
uy = ug~+2us, Uy = —ug,
! 2
Ug = UTUIQ — USU9 — Ug-

7 Cauchy products per
term, no transcendental

functions!
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Another Example
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If ¥/ = cos (1 + 63Siny),

f\
& ?]AMES
N MADISON

IIIIIIIIII



Another Example

o N

If ¥/ = cos (1 + 63Siny),
let u; = siny, us = cosy, uz = €31, uy = cos(1 + us), us = sin(1 + u3).
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Another Example

o N

If y = cos (1 + e*5inY),
let u; = siny, us = cosy, uz = €31, uy = cos(1 + us), us = sin(1 + u3).
Then

/I __
Y = Uy,
/I
U1 = U2Uy4,
/I
Uy = —U1U4,

us = 3uzu] = 3ugusuy,

Uy = —usuh = —3usUzUgUs,
ut = uquy = 3usuzu.
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Another Example

o N

If ¥/ = cos (1 + 63Siny),

let u; = siny, us = cosy, uz = €31, uy = cos(1 + us), us = sin(1 + u3).

Then If in addition
Y = ua, U = U2U4, UT = U3 UG,
uy = Uy,
Uy = —U1U4,

us = 3uzu] = 3ugusuy,

Uy = —usuh = —3usUzUgUs,
ut = uquy = 3usuzu.
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Another Example
B -

If ¥/ = cos (1 + 63Siny),

let u; = siny, us = cosy, uz = €31, uy = cos(1 + us), us = sin(1 + u3).
Then If in addition
Y = ua, U = U2U4, U7 = U3UE,
/ /
Uy = uguy, then y' = uy, v} = ug,
/ /
Ub = —uiuyg, uhr = 3ug,
Uy = —U1Uy, 2 14, Uy = SUs
uy = —3usuz, Uy = 3uguy.

us = 3uzu] = 3ugusuy,
Uy = —usuh = —3usUzUgUs,

ut = uquy = 3usuzu.
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Another Example

-

If y = cos (1 + e*5nY),

-

let u; = siny, us = cosy, uz = €31, uy = cos(1 + us), us = sin(1 + u3).

Then
y’ = U4,
U] = UgUa4,
Uy = —U1 Uy,

us = 3uzu] = 3ugusuy,

= —usuy = —3UgU3U4LUs5,

S
\Ph\

ut = uquy = 3usuzu.

e
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If in addition

U = U2U4, U7 = U3 UG,
then vy = uy, v = ug,
UhH = —uiuyg, uhy = 3ug,

uy = —3usuz, Uy = 3uguy.

5 Cauchy products per
term, no transcendental
functions.
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History

JMU: Picard iteration = Taylor series for polynomial systems (Parker T
& Sochacki 1996), at most quadratic, can de-couple, algebraic

structure (Carothers et al. 2005), A priori error bounds (Warne et al.
2006), Power series substitution, minimizing computation, regular
singular points, “better” differential equation representation, delay,
Chebyshev etc. (2008-current)

® Automatic Differentiation (AD) community (1959-present): Powerful
tool for numerically calculating derivatives, extended to Taylor series
(80’s), can hide details from user, not as well known as it should be.
® Fehlberg 1964 NASA report: N-body problem, factor of five
Improvement.
® Kerner (1980) polynomial systems (few examples).
Z " ® Holonomic function theory.
A PIAMES 4 -
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Future Directions

® C(Clear understandable document.

°

Implement automatic translator/solver.

® Implement a priori error estimate, investigate order/time step size
balance.

® Further theoretical advances (regular singular points, analytic
functions, normality of numbers).

® Delay differential equations.

® Effectively symplectic solver.
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