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Outline

A history (and many derivations) of most formulas for π:

Regular polygon bounds (Archimedes)

Infinite product with square roots (Viète)

Infinite product with integers (Wallis)

Leibniz rule and related infinite series

Machin’s extensions

Arithmetic-Geometric mean

A single digit

The spigot algorithm
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Regular Polygon Bounds

First developed by Archimedes (˜287-212 BCE), and used for 1900 years.
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Regular Polygon Bounds

First developed by Archimedes (˜287-212 BCE), and used for 1900 years.

With a circle of radius r and circumfer-
ence 2πr, draw inner and outer regu-
lar polygons with n sides, where θ =

π/n is half the angle subtended by
sides.
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Regular Polygon Bounds

First developed by Archimedes (˜287-212 BCE), and used for 1900 years.

With a circle of radius r and circumfer-
ence 2πr, draw inner and outer regu-
lar polygons with n sides, where θ =

π/n is half the angle subtended by
sides. Then inner and outer perime-
ters are 2nr sin θ and 2nr tan θ and
2nr sin θ < 2πr < 2nr tan θ, or

n sin θ < π < n tan θ.

Doubling number of sides k times, n becomes 2kn and θ becomes θ/2k:

2kn sin

(
θ

2k

)

< π < 2kn tan

(
θ

2k

)
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Doubling Number of Sides

Archimedes chose n = 6, so θ = π/6, sin θ = 1/2 and tan θ = 1/
√

3. Then
3 < π < 6/

√
3 = 2

√
3.
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Doubling Number of Sides

Archimedes chose n = 6, so θ = π/6, sin θ = 1/2 and tan θ = 1/
√

3. Then
3 < π < 6/

√
3 = 2

√
3.

To improve bounds (find sin(θ/2), tan(θ/2) given sin θ, tan θ), Archimedes
knew cot(θ/2) = cot θ + csc θ and csc2(θ/2) = 1 + cot2(θ/2).
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Doubling Number of Sides

Archimedes chose n = 6, so θ = π/6, sin θ = 1/2 and tan θ = 1/
√

3. Then
3 < π < 6/

√
3 = 2

√
3.

To improve bounds (find sin(θ/2), tan(θ/2) given sin θ, tan θ), Archimedes
knew cot(θ/2) = cot θ + csc θ and csc2(θ/2) = 1 + cot2(θ/2).

Or tan
θ

2
=

sin θ

1 + cos θ
=

1
1+cos θ

sin θ
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Doubling Number of Sides

Archimedes chose n = 6, so θ = π/6, sin θ = 1/2 and tan θ = 1/
√

3. Then
3 < π < 6/

√
3 = 2

√
3.

To improve bounds (find sin(θ/2), tan(θ/2) given sin θ, tan θ), Archimedes
knew cot(θ/2) = cot θ + csc θ and csc2(θ/2) = 1 + cot2(θ/2).

Or tan
θ

2
=

sin θ

1 + cos θ
=

1
1+cos θ

sin θ

=
1

1

sin θ + 1

tan θ

=
sin θ tan θ

tan θ + sin θ
,
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Doubling Number of Sides

Archimedes chose n = 6, so θ = π/6, sin θ = 1/2 and tan θ = 1/
√

3. Then
3 < π < 6/

√
3 = 2

√
3.

To improve bounds (find sin(θ/2), tan(θ/2) given sin θ, tan θ), Archimedes
knew cot(θ/2) = cot θ + csc θ and csc2(θ/2) = 1 + cot2(θ/2).

Or tan
θ

2
=

sin θ

1 + cos θ
=

1
1+cos θ

sin θ

=
1

1

sin θ + 1

tan θ

=
sin θ tan θ

tan θ + sin θ
, and

tan
θ

2
sin θ = tan

θ

2
· 2 sin

θ

2
cos

θ

2
= 2 sin2 θ

2
,
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Doubling Number of Sides

Archimedes chose n = 6, so θ = π/6, sin θ = 1/2 and tan θ = 1/
√

3. Then
3 < π < 6/

√
3 = 2

√
3.

To improve bounds (find sin(θ/2), tan(θ/2) given sin θ, tan θ), Archimedes
knew cot(θ/2) = cot θ + csc θ and csc2(θ/2) = 1 + cot2(θ/2).

Or tan
θ

2
=

sin θ

1 + cos θ
=

1
1+cos θ

sin θ

=
1

1

sin θ + 1

tan θ

=
sin θ tan θ

tan θ + sin θ
, and

tan
θ

2
sin θ = tan

θ

2
· 2 sin

θ

2
cos

θ

2
= 2 sin2 θ

2
, so

sin
θ

2
=

√

1

2
tan

θ

2
sin θ.
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Doubling cont’d

Let αi = n2i sin(θ/2i), βi = n2i tan(θ/2i), then α0 = 3, βi = 2
√

3, and

βi+1 =
2αiβi

αi + βi
and αi+1 =

√

αiβi+1.
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Doubling cont’d

Let αi = n2i sin(θ/2i), βi = n2i tan(θ/2i), then α0 = 3, βi = 2
√

3, and

βi+1 =
2αiβi

αi + βi
and αi+1 =

√

αiβi+1.

We can show at each step the gap reduces by about four, about 3 decimal
places per 5 steps.
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Doubling cont’d

Let αi = n2i sin(θ/2i), βi = n2i tan(θ/2i), then α0 = 3, βi = 2
√

3, and

βi+1 =
2αiβi

αi + βi
and αi+1 =

√

αiβi+1.

We can show at each step the gap reduces by about four, about 3 decimal
places per 5 steps. The combination (βi + 2αi)/3 → π with error reducing
by a factor of 16 at each step.
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Doubling cont’d

Let αi = n2i sin(θ/2i), βi = n2i tan(θ/2i), then α0 = 3, βi = 2
√

3, and

βi+1 =
2αiβi

αi + βi
and αi+1 =

√

αiβi+1.

We can show at each step the gap reduces by about four, about 3 decimal
places per 5 steps. The combination (βi + 2αi)/3 → π with error reducing
by a factor of 16 at each step.

Archimedes doubled four times and approximated square roots

(satisfying inequalities) to find 3
10

71
< π < 3

1

7
.
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Doubling cont’d

Let αi = n2i sin(θ/2i), βi = n2i tan(θ/2i), then α0 = 3, βi = 2
√

3, and

βi+1 =
2αiβi

αi + βi
and αi+1 =

√

αiβi+1.

We can show at each step the gap reduces by about four, about 3 decimal
places per 5 steps. The combination (βi + 2αi)/3 → π with error reducing
by a factor of 16 at each step.

Archimedes doubled four times and approximated square roots

(satisfying inequalities) to find 3
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71
< π < 3

1

7
.

Ludolph von Ceulen (1596) formed polygons with 60 × 229 ≈ 32 × 109

sides ⇒ 20 decimal places.
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Doubling cont’d

Let αi = n2i sin(θ/2i), βi = n2i tan(θ/2i), then α0 = 3, βi = 2
√

3, and

βi+1 =
2αiβi

αi + βi
and αi+1 =

√

αiβi+1.

We can show at each step the gap reduces by about four, about 3 decimal
places per 5 steps. The combination (βi + 2αi)/3 → π with error reducing
by a factor of 16 at each step.

Archimedes doubled four times and approximated square roots

(satisfying inequalities) to find 3
10

71
< π < 3

1

7
.

Ludolph von Ceulen (1596) formed polygons with 60 × 229 ≈ 32 × 109

sides ⇒ 20 decimal places. In 1615 he increased it to 32 decimal
places.
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Viète’s Polygon (1593)

The area of an n-sided regular polygon is

A(n) = n × area △ OAB
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The area of an n-sided regular polygon is

A(n) = n × area △ OAB

= n × 2 × 1

2
(r cosβ)(r sin β)
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= nr2 cosβ sinβ
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Viète’s Polygon (1593)

The area of an n-sided regular polygon is

A(n) = n × area △ OAB

= n × 2 × 1

2
(r cosβ)(r sin β)

= nr2 cosβ sinβ = 1

2
nr2 sin(2β).

The area of a 2n-sided polygon (n → 2n, β → β/2) is A(2n) = nr2 sinβ,
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Viète’s Polygon (1593)

The area of an n-sided regular polygon is

A(n) = n × area △ OAB

= n × 2 × 1

2
(r cosβ)(r sin β)

= nr2 cosβ sinβ = 1

2
nr2 sin(2β).

The area of a 2n-sided polygon (n → 2n, β → β/2) is A(2n) = nr2 sinβ, so

A(n)

A(2n)
=

nr2 cosβ sinβ

nr2 sinβ
= cosβ.
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Viète (cont’d)

Similarly,
A(2n)

A(4n)
= cos

(
β

2

)

,
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Viète (cont’d)

Similarly,
A(2n)

A(4n)
= cos

(
β

2

)

,
A(4n)

A(8n)
= cos

(
β

4

)

,
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Viète (cont’d)

Similarly,
A(2n)

A(4n)
= cos

(
β

2

)

,
A(4n)

A(8n)
= cos

(
β

4

)

, etc, and so

A(n)

A(2kn)
=

A(n)

A(2n)

A(2n)

A(4n)

A(4n)

A(8n)
· · · A(2k−1n)

A(2kn)
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Viète (cont’d)

Similarly,
A(2n)
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β

2

)

,
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(
β
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A(n)
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A(4n)
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β

4
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2k−1
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Viète (cont’d)

Similarly,
A(2n)

A(4n)
= cos

(
β

2

)

,
A(4n)

A(8n)
= cos

(
β

4

)

, etc, and so

A(n)

A(2kn)
=

A(n)

A(2n)

A(2n)

A(4n)

A(4n)

A(8n)
· · · A(2k−1n)

A(2kn)
= cosβ cos

β

2
cos

β

4
· cos β

2k−1
.

As k → ∞, polygon → circle and A(2kn) → πr2,
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Viète (cont’d)

Similarly,
A(2n)

A(4n)
= cos

(
β

2

)

,
A(4n)

A(8n)
= cos

(
β

4

)

, etc, and so

A(n)

A(2kn)
=

A(n)

A(2n)

A(2n)

A(4n)

A(4n)

A(8n)
· · · A(2k−1n)

A(2kn)
= cosβ cos

β

2
cos

β

4
· cos β

2k−1
.

As k → ∞, polygon → circle and A(2kn) → πr2, so
(

1

nr2 sin 2β

)

πr2
= cos β cos

β

2
cos

β

22
· · ·
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Viète (cont’d)

Similarly,
A(2n)

A(4n)
= cos

(
β

2

)

,
A(4n)

A(8n)
= cos

(
β

4

)

, etc, and so

A(n)

A(2kn)
=

A(n)

A(2n)

A(2n)

A(4n)

A(4n)

A(8n)
· · · A(2k−1n)

A(2kn)
= cosβ cos

β

2
cos

β

4
· cos β

2k−1
.

As k → ∞, polygon → circle and A(2kn) → πr2, so
(

1

nr2 sin 2β

)

πr2
= cos β cos

β

2
cos

β

22
· · · or π =

n sin 2β

2 cosβ cos β
2

cos β
22 · · ·

.
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Viète (cont’d)

Choose n = 4 and β = π/4,
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Viète (cont’d)

Choose n = 4 and β = π/4,

then sin 2β = 1, cos β = 1/
√

2 and cos
θ

2
=

√

1

2
+

1

2
cos θ,
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Viète (cont’d)

Choose n = 4 and β = π/4,

then sin 2β = 1, cos β = 1/
√

2 and cos
θ

2
=

√

1

2
+

1

2
cos θ, so

π =
2

√
1

2

√

1

2
+ 1

2

√
1

2

√

1

2
+ 1

2

√

1

2
+ 1

2

√
1

2
· · ·
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Viète (cont’d)

Choose n = 4 and β = π/4,

then sin 2β = 1, cos β = 1/
√

2 and cos
θ

2
=

√

1

2
+

1

2
cos θ, so

π =
2

√
1

2

√

1

2
+ 1

2

√
1

2

√

1

2
+ 1

2

√

1

2
+ 1

2

√
1

2
· · ·

or π =
2

∏∞
i=0

ai
where a0 = 1/

√
2 and ai+1 =

√

(1 + ai)/2.

Formulas for π – p. 9/31



Viète (cont’d)

Choose n = 4 and β = π/4,

then sin 2β = 1, cos β = 1/
√

2 and cos
θ

2
=

√

1

2
+

1

2
cos θ, so

π =
2

√
1

2

√

1

2
+ 1

2

√
1

2

√

1

2
+ 1

2

√

1

2
+ 1

2

√
1

2
· · ·

or π =
2

∏∞
i=0

ai
where a0 = 1/

√
2 and ai+1 =

√

(1 + ai)/2.

The first infinite product in mathematics, but converges slowly and all
those square roots are difficult.
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Euler’s Generalization

By applying sin θ = 2 cos
θ

2
sin

θ

2
repeatedly,
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Euler’s Generalization

By applying sin θ = 2 cos
θ

2
sin

θ

2
repeatedly,

sin θ

θ
= cos

θ

2

sin θ
2

θ
2
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Euler’s Generalization

By applying sin θ = 2 cos
θ

2
sin

θ

2
repeatedly,

sin θ

θ
= cos

θ

2

sin θ
2

θ
2

= cos
θ

2
cos

θ

4

sin θ
4

θ
4
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Euler’s Generalization

By applying sin θ = 2 cos
θ

2
sin

θ

2
repeatedly,

sin θ

θ
= cos

θ

2

sin θ
2

θ
2

= cos
θ

2
cos

θ

4

sin θ
4

θ
4

= · · ·

= cos
θ

2
cos

θ

4
cos

θ

8
· · · cos θ

2n

sin θ
2n

θ
2n

.
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Euler’s Generalization

By applying sin θ = 2 cos
θ

2
sin

θ

2
repeatedly,

sin θ

θ
= cos

θ

2

sin θ
2

θ
2

= cos
θ

2
cos

θ

4

sin θ
4

θ
4

= · · ·

= cos
θ

2
cos

θ

4
cos

θ

8
· · · cos θ

2n

sin θ
2n

θ
2n

.

︸ ︷︷ ︸

→1
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Euler’s Generalization

By applying sin θ = 2 cos
θ

2
sin

θ

2
repeatedly,

sin θ

θ
= cos

θ

2

sin θ
2

θ
2

= cos
θ

2
cos

θ

4

sin θ
4

θ
4

= · · ·

= cos
θ

2
cos

θ

4
cos

θ

8
· · · cos θ

2n

sin θ
2n

θ
2n

.

︸ ︷︷ ︸

→1

Set θ = π/2 to get Viète’s result.
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John Wallis (1655)

Before calculus, used a long and torturous argument to show the

equivalent of
∫ 1

0

√

1 − x2 dx =
π

4
.
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sinm x dx.
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John Wallis (1655)

Before calculus, used a long and torturous argument to show the

equivalent of
∫ 1

0

√

1 − x2 dx =
π

4
. Easier: Let Im =

∫ π/2

0

sinm x dx.

Using recurrence relations (integration by parts twice),
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2 · 4 · 6 · · · (2n)

π

2
and I2n+1 =
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3 · 5 · 7 · · · (2n + 1)
.
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John Wallis (1655)

Before calculus, used a long and torturous argument to show the

equivalent of
∫ 1

0

√

1 − x2 dx =
π

4
. Easier: Let Im =

∫ π/2

0

sinm x dx.

Using recurrence relations (integration by parts twice),

I2n =
1 · 3 · 5 · · · (2n − 1)

2 · 4 · 6 · · · (2n)

π

2
and I2n+1 =

2 · 4 · 6 · · · (2n)

3 · 5 · 7 · · · (2n + 1)
.

Then

I2n

I2n+1

=
π

2

1 · 3 · 5 · · · (2n − 1)

2 · 4 · 6 · · · (2n)

3 · 5 · 7 · · · (2n + 1)

2 · 4 · 6 · · · (2n)

=
π

2

(1 · 3)(3 · 5)(5 · 7) · · · [(2n − 1)(2n + 1)]

22 · 42 · 62 · · · (2n)2
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1 · 3 · 5 · · · (2n − 1)

2 · 4 · 6 · · · (2n)

π

2
and I2n+1 =

2 · 4 · 6 · · · (2n)

3 · 5 · 7 · · · (2n + 1)
.

Then

I2n

I2n+1

=
π

2

1 · 3 · 5 · · · (2n − 1)

2 · 4 · 6 · · · (2n)

3 · 5 · 7 · · · (2n + 1)

2 · 4 · 6 · · · (2n)

=
π

2

(1 · 3)(3 · 5)(5 · 7) · · · [(2n − 1)(2n + 1)]

22 · 42 · 62 · · · (2n)2
=

π

2

∞∏

n=1

4n2 − 1

4n2
.
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Wallis (cont’d)

Now on [0, π/2], 0 ≤ sinx ≤ 1 so sinm+1 x ≤ sinm x and Im+1 ≤ Im.
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Wallis (cont’d)

Now on [0, π/2], 0 ≤ sinx ≤ 1 so sinm+1 x ≤ sinm x and Im+1 ≤ Im.

So

1 ≤ I2n

I2n+1

Formulas for π – p. 12/31



Wallis (cont’d)

Now on [0, π/2], 0 ≤ sinx ≤ 1 so sinm+1 x ≤ sinm x and Im+1 ≤ Im.

So

1 ≤ I2n

I2n+1

≤ I2n−1

I2n+1
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Wallis (cont’d)

Now on [0, π/2], 0 ≤ sinx ≤ 1 so sinm+1 x ≤ sinm x and Im+1 ≤ Im.

So

1 ≤ I2n

I2n+1

≤ I2n−1

I2n+1

=
2 · 4 · 6 · · · (2n − 2)

1 · 3 · 5 · · · (2n − 1)
· 3 · 5 · 7 · · · (2n − 1)(2n + 1)

2 · 4 · 6 · · · (2n − 2)(2n)
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Wallis (cont’d)

Now on [0, π/2], 0 ≤ sinx ≤ 1 so sinm+1 x ≤ sinm x and Im+1 ≤ Im.

So

1 ≤ I2n

I2n+1

≤ I2n−1

I2n+1

=
2 · 4 · 6 · · · (2n − 2)

1 · 3 · 5 · · · (2n − 1)
· 3 · 5 · 7 · · · (2n − 1)(2n + 1)

2 · 4 · 6 · · · (2n − 2)(2n)

=
2n + 1

2n
= 1 +

1

2n
.
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Wallis (cont’d)

Now on [0, π/2], 0 ≤ sinx ≤ 1 so sinm+1 x ≤ sinm x and Im+1 ≤ Im.

So

1 ≤ I2n

I2n+1

≤ I2n−1

I2n+1

=
2 · 4 · 6 · · · (2n − 2)

1 · 3 · 5 · · · (2n − 1)
· 3 · 5 · 7 · · · (2n − 1)(2n + 1)

2 · 4 · 6 · · · (2n − 2)(2n)

=
2n + 1

2n
= 1 +

1

2n
.

So as n → ∞,
I2n

I2n+1

→ 1 and
π

2
=

∞∏

n=1

4n2

4n2 − 1
.
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Wallis (cont’d)

Now on [0, π/2], 0 ≤ sinx ≤ 1 so sinm+1 x ≤ sinm x and Im+1 ≤ Im.

So

1 ≤ I2n

I2n+1

≤ I2n−1

I2n+1

=
2 · 4 · 6 · · · (2n − 2)

1 · 3 · 5 · · · (2n − 1)
· 3 · 5 · 7 · · · (2n − 1)(2n + 1)

2 · 4 · 6 · · · (2n − 2)(2n)

=
2n + 1

2n
= 1 +

1

2n
.

So as n → ∞,
I2n

I2n+1

→ 1 and
π

2
=

∞∏

n=1

4n2

4n2 − 1
.

Still converges slowly, but at least no square roots.
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Calculus Beginnings

The geometric series a + ar + ar2 + · · · + arn has sum
a(1 − rn+1)

(1 − r)
.
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Calculus Beginnings

The geometric series a + ar + ar2 + · · · + arn has sum
a(1 − rn+1)

(1 − r)
.

With a = 1, r = −t2,

1 − t2 + t4 − t6 + · · · + (−1)nt2n =
1 − (−t2)n+1

1 + t2
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Calculus Beginnings

The geometric series a + ar + ar2 + · · · + arn has sum
a(1 − rn+1)

(1 − r)
.

With a = 1, r = −t2,

1 − t2 + t4 − t6 + · · · + (−1)nt2n =
1 − (−t2)n+1

1 + t2

=
1

1 + t2
− (−1)n+1t2n+2

1 + t2
,
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Calculus Beginnings

The geometric series a + ar + ar2 + · · · + arn has sum
a(1 − rn+1)

(1 − r)
.

With a = 1, r = −t2,

1 − t2 + t4 − t6 + · · · + (−1)nt2n =
1 − (−t2)n+1

1 + t2

=
1

1 + t2
− (−1)n+1t2n+2

1 + t2
, or

1

1 + t2
= 1 − t2 + t4 − t6 + · · · + (−1)nt2n + (−1)n+1 t2n+2

1 + t2
.
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arctan Series

Integrate both sides with respect to t from 0 to x where −1 ≤ x ≤ 1:

arctan(x) = x− x3

3
+

x5

5
− x7

7
+ · · ·+(−1)n x2n+1

2n + 1
+(−1)n+1

∫ x

0

t2n+2

1 + t2
dt.
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arctan Series

Integrate both sides with respect to t from 0 to x where −1 ≤ x ≤ 1:

arctan(x) = x− x3

3
+

x5

5
− x7

7
+ · · ·+(−1)n x2n+1

2n + 1
+(−1)n+1

∫ x

0

t2n+2

1 + t2
dt.

But,

∣
∣
∣
∣

∫ x

0

t2n+2

1 + t2
dt

∣
∣
∣
∣
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arctan Series

Integrate both sides with respect to t from 0 to x where −1 ≤ x ≤ 1:

arctan(x) = x− x3

3
+

x5

5
− x7

7
+ · · ·+(−1)n x2n+1

2n + 1
+(−1)n+1

∫ x

0

t2n+2

1 + t2
dt.

But,

∣
∣
∣
∣

∫ x

0

t2n+2

1 + t2
dt

∣
∣
∣
∣
≤

∫ |x|

0

t2n+2 dt
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arctan Series

Integrate both sides with respect to t from 0 to x where −1 ≤ x ≤ 1:

arctan(x) = x− x3

3
+

x5

5
− x7

7
+ · · ·+(−1)n x2n+1

2n + 1
+(−1)n+1

∫ x

0

t2n+2

1 + t2
dt.

But,

∣
∣
∣
∣

∫ x

0

t2n+2

1 + t2
dt

∣
∣
∣
∣
≤

∫ |x|

0

t2n+2 dt ≤ |x|2n+3

2n + 3
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arctan Series

Integrate both sides with respect to t from 0 to x where −1 ≤ x ≤ 1:

arctan(x) = x− x3

3
+

x5

5
− x7

7
+ · · ·+(−1)n x2n+1

2n + 1
+(−1)n+1

∫ x

0

t2n+2

1 + t2
dt.

But,

∣
∣
∣
∣

∫ x

0

t2n+2

1 + t2
dt

∣
∣
∣
∣
≤

∫ |x|

0

t2n+2 dt ≤ |x|2n+3

2n + 3
≤ 1

2n + 3
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arctan Series

Integrate both sides with respect to t from 0 to x where −1 ≤ x ≤ 1:

arctan(x) = x− x3

3
+

x5

5
− x7

7
+ · · ·+(−1)n x2n+1

2n + 1
+(−1)n+1

∫ x

0

t2n+2

1 + t2
dt.

But,

∣
∣
∣
∣

∫ x

0

t2n+2

1 + t2
dt

∣
∣
∣
∣
≤

∫ |x|

0

t2n+2 dt ≤ |x|2n+3

2n + 3
≤ 1

2n + 3
→ 0 as n → ∞.
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arctan Series

Integrate both sides with respect to t from 0 to x where −1 ≤ x ≤ 1:

arctan(x) = x− x3

3
+

x5

5
− x7

7
+ · · ·+(−1)n x2n+1

2n + 1
+(−1)n+1

∫ x

0

t2n+2

1 + t2
dt.

But,

∣
∣
∣
∣

∫ x

0

t2n+2

1 + t2
dt

∣
∣
∣
∣
≤

∫ |x|

0

t2n+2 dt ≤ |x|2n+3

2n + 3
≤ 1

2n + 3
→ 0 as n → ∞.

So

arctanx = x − x3

3
+

x5

5
− x7

7
+ · · · + (−1)n x2n+1

2n + 1
+ · · · .
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arctan Series

Integrate both sides with respect to t from 0 to x where −1 ≤ x ≤ 1:

arctan(x) = x− x3

3
+

x5

5
− x7

7
+ · · ·+(−1)n x2n+1

2n + 1
+(−1)n+1

∫ x

0

t2n+2

1 + t2
dt.

But,

∣
∣
∣
∣

∫ x

0

t2n+2

1 + t2
dt

∣
∣
∣
∣
≤

∫ |x|

0

t2n+2 dt ≤ |x|2n+3

2n + 3
≤ 1

2n + 3
→ 0 as n → ∞.

So

arctanx = x − x3

3
+

x5

5
− x7

7
+ · · · + (−1)n x2n+1

2n + 1
+ · · · .

Leibniz & Gregory (independently 1670) set x = 1:

π

4
= 1 − 1

3
+

1

5
− 1

7
+ · · · =

∞∑

i=0

(−1)i

2i + 1
.
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arctan Series

Integrate both sides with respect to t from 0 to x where −1 ≤ x ≤ 1:

arctan(x) = x− x3

3
+

x5

5
− x7

7
+ · · ·+(−1)n x2n+1

2n + 1
+(−1)n+1

∫ x

0

t2n+2

1 + t2
dt.

But,

∣
∣
∣
∣

∫ x

0

t2n+2

1 + t2
dt

∣
∣
∣
∣
≤

∫ |x|

0

t2n+2 dt ≤ |x|2n+3

2n + 3
≤ 1

2n + 3
→ 0 as n → ∞.

So

arctanx = x − x3

3
+

x5

5
− x7

7
+ · · · + (−1)n x2n+1

2n + 1
+ · · · .

Leibniz & Gregory (independently 1670) set x = 1:

π

4
= 1 − 1

3
+

1

5
− 1

7
+ · · · =

∞∑

i=0

(−1)i

2i + 1
.

Converges very slowly (5000 terms for 3 digits).
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Better Series

Sharp (1699) set x = π/3, and found 71 digits:

π

6
=

1√
3
− (1/

√
3)3

3
+

(1/
√

3)5

5
− (1/

√
3)7

7
+ · · ·
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Better Series

Sharp (1699) set x = π/3, and found 71 digits:

π

6
=

1√
3
− (1/

√
3)3

3
+

(1/
√

3)5

5
− (1/

√
3)7

7
+ · · ·

=
1√
3

(

1 − 1

3 · 3 +
1

32 · 5 − 1

33 · 7 + · · ·
)

.
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Better Series

Sharp (1699) set x = π/3, and found 71 digits:

π

6
=

1√
3
− (1/

√
3)3

3
+

(1/
√

3)5

5
− (1/

√
3)7

7
+ · · ·

=
1√
3

(

1 − 1

3 · 3 +
1

32 · 5 − 1

33 · 7 + · · ·
)

.

Newton (1676, published much later) expanded 1/
√

1 − x2 and integrated:

arcsin(x) = x +
1

6
x3 +

3

40
x5 + · · · + (2n)!

22n(n!)2
x2n+1

2n + 1
,
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Better Series

Sharp (1699) set x = π/3, and found 71 digits:

π

6
=

1√
3
− (1/

√
3)3

3
+

(1/
√

3)5

5
− (1/

√
3)7

7
+ · · ·

=
1√
3

(

1 − 1

3 · 3 +
1

32 · 5 − 1

33 · 7 + · · ·
)

.

Newton (1676, published much later) expanded 1/
√

1 − x2 and integrated:

arcsin(x) = x +
1

6
x3 +

3

40
x5 + · · · + (2n)!

22n(n!)2
x2n+1

2n + 1
,

and with x = 1/2,

π

3
= 1 +

1

24
+

3

640
+ · · · + (2n)!

24n(n!)2(2n + 1)
+ · · · .
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Euler’s arctan

arctan(x) =

∫ x

0

dt

1 + t2
.
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Euler’s arctan

arctan(x) =

∫ x

0

dt

1 + t2
.

Let t = x
√

1 − s,
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Euler’s arctan

arctan(x) =

∫ x

0

dt

1 + t2
.

Let t = x
√

1 − s, then dt =
−x ds

2
√

1 − s
,
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Euler’s arctan

arctan(x) =

∫ x

0

dt

1 + t2
.

Let t = x
√

1 − s, then dt =
−x ds

2
√

1 − s
, t : 0, x ⇒ s : 1, 0,
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Euler’s arctan

arctan(x) =

∫ x

0

dt

1 + t2
.

Let t = x
√

1 − s, then dt =
−x ds

2
√

1 − s
, t : 0, x ⇒ s : 1, 0, and

1 + t2 = 1 + x2(1 − s) =
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Euler’s arctan

arctan(x) =

∫ x

0

dt

1 + t2
.

Let t = x
√

1 − s, then dt =
−x ds

2
√

1 − s
, t : 0, x ⇒ s : 1, 0, and

1 + t2 = 1 + x2(1 − s) = (1 + x2) − x2s =
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Euler’s arctan

arctan(x) =

∫ x

0

dt

1 + t2
.

Let t = x
√

1 − s, then dt =
−x ds

2
√

1 − s
, t : 0, x ⇒ s : 1, 0, and

1 + t2 = 1 + x2(1 − s) = (1 + x2) − x2s =(1 + x2)
(

1 − x2

1+x2 s
)

.
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Euler’s arctan

arctan(x) =

∫ x

0

dt

1 + t2
.

Let t = x
√

1 − s, then dt =
−x ds

2
√

1 − s
, t : 0, x ⇒ s : 1, 0, and

1 + t2 = 1 + x2(1 − s) = (1 + x2) − x2s =(1 + x2)
(

1 − x2

1+x2 s
)

.

So

arctan(x) =
x

1 + x2

∫ 1

0

ds

2
√

1 − s

1

1 −
(

x2

1+x2 s
)
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Euler’s arctan

arctan(x) =

∫ x

0

dt

1 + t2
.

Let t = x
√

1 − s, then dt =
−x ds

2
√

1 − s
, t : 0, x ⇒ s : 1, 0, and

1 + t2 = 1 + x2(1 − s) = (1 + x2) − x2s =(1 + x2)
(

1 − x2

1+x2 s
)

.

So

arctan(x) =
x

1 + x2

∫ 1

0

ds

2
√

1 − s

1

1 −
(

x2

1+x2 s
)

=
x

1 + x2

∫ 1

0

∞∑

n=0

x2n

(1 + x2)n

sn

2
√

1 − s
ds.
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Euler’s arctan (cont’d)

Let s = sin2 θ,
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Euler’s arctan (cont’d)

Let s = sin2 θ, ds = 2 sin θ cos θ dθ,
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Euler’s arctan (cont’d)

Let s = sin2 θ, ds = 2 sin θ cos θ dθ, s : 0, 1 ⇒ θ : 0, π/2.
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Euler’s arctan (cont’d)

Let s = sin2 θ, ds = 2 sin θ cos θ dθ, s : 0, 1 ⇒ θ : 0, π/2. Then

∫ 1

0

sn

2
√

1 − s
ds =

∫ π/2

0

sin2n θ

2
√

1 − sin2 θ
2 sin θ cos θ dθ
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Euler’s arctan (cont’d)

Let s = sin2 θ, ds = 2 sin θ cos θ dθ, s : 0, 1 ⇒ θ : 0, π/2. Then

∫ 1

0

sn

2
√

1 − s
ds =

∫ π/2

0

sin2n θ

2
√

1 − sin2 θ
2 sin θ cos θ dθ

=

∫ π/2

0

sin2n+1 θ dθ =
22n(n!)2

(2n + 1)!
.
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Euler’s arctan (cont’d)

Let s = sin2 θ, ds = 2 sin θ cos θ dθ, s : 0, 1 ⇒ θ : 0, π/2. Then

∫ 1

0

sn

2
√

1 − s
ds =

∫ π/2

0

sin2n θ

2
√

1 − sin2 θ
2 sin θ cos θ dθ

=

∫ π/2

0

sin2n+1 θ dθ =
22n(n!)2

(2n + 1)!
.

So arctan(x) =
x

1 + x2

∞∑

n=0

22n(n!)2

(2n + 1)!

(
x2

1 + x2

)n

,
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Euler’s arctan (cont’d)

Let s = sin2 θ, ds = 2 sin θ cos θ dθ, s : 0, 1 ⇒ θ : 0, π/2. Then

∫ 1

0

sn

2
√

1 − s
ds =

∫ π/2

0

sin2n θ

2
√

1 − sin2 θ
2 sin θ cos θ dθ

=

∫ π/2

0

sin2n+1 θ dθ =
22n(n!)2

(2n + 1)!
.

So arctan(x) =
x

1 + x2

∞∑

n=0

22n(n!)2

(2n + 1)!

(
x2

1 + x2

)n

, and with x = 1,

π = 2
∞∑

n=0

2n(n!)2

(2n + 1)!
= 2

(

1 +
1

3
+

1 · 2
3 · 5 +

1 · 2 · 3
3 · 5 · 7 + · · ·

)

.
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Euler’s arctan (cont’d)

Let s = sin2 θ, ds = 2 sin θ cos θ dθ, s : 0, 1 ⇒ θ : 0, π/2. Then

∫ 1

0

sn

2
√

1 − s
ds =

∫ π/2

0

sin2n θ

2
√

1 − sin2 θ
2 sin θ cos θ dθ

=

∫ π/2

0

sin2n+1 θ dθ =
22n(n!)2

(2n + 1)!
.

So arctan(x) =
x

1 + x2

∞∑

n=0

22n(n!)2

(2n + 1)!

(
x2

1 + x2

)n

, and with x = 1,

π = 2
∞∑

n=0

2n(n!)2

(2n + 1)!
= 2

(

1 +
1

3
+

1 · 2
3 · 5 +

1 · 2 · 3
3 · 5 · 7 + · · ·

)

.

This converges very fast.
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Machin

Double angle formulas give tan 2θ =
2 tan θ

1 − tan2 θ
and tan 4θ =

2 tan 2θ

1 − tan2 2θ
.
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Machin

Double angle formulas give tan 2θ =
2 tan θ

1 − tan2 θ
and tan 4θ =

2 tan 2θ

1 − tan2 2θ
.

Let tan θ =
1

5
,

Formulas for π – p. 18/31



Machin

Double angle formulas give tan 2θ =
2 tan θ

1 − tan2 θ
and tan 4θ =

2 tan 2θ

1 − tan2 2θ
.

Let tan θ =
1

5
, then tan 2θ =

2/5

1 − 1/25
=

5

12
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Machin

Double angle formulas give tan 2θ =
2 tan θ

1 − tan2 θ
and tan 4θ =

2 tan 2θ

1 − tan2 2θ
.

Let tan θ =
1

5
, then tan 2θ =

2/5

1 − 1/25
=

5

12
and

tan 4θ =
2 · 5/12

1 − 25/144
=

120

119
, which is nearly one.
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Machin

Double angle formulas give tan 2θ =
2 tan θ

1 − tan2 θ
and tan 4θ =

2 tan 2θ

1 − tan2 2θ
.

Let tan θ =
1

5
, then tan 2θ =

2/5

1 − 1/25
=

5

12
and

tan 4θ =
2 · 5/12

1 − 25/144
=

120

119
, which is nearly one.

Since tan(x + y) =
tanx + tan y

1 − tanx tan y
and tan(π/4) = 1,
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Machin

Double angle formulas give tan 2θ =
2 tan θ

1 − tan2 θ
and tan 4θ =

2 tan 2θ

1 − tan2 2θ
.

Let tan θ =
1

5
, then tan 2θ =

2/5

1 − 1/25
=

5

12
and

tan 4θ =
2 · 5/12

1 − 25/144
=

120

119
, which is nearly one.

Since tan(x + y) =
tanx + tan y

1 − tanx tan y
and tan(π/4) = 1,

tan
(

4θ − π

4

)

=
tan 4θ − 1

1 + tan 4θ
=

1/119

239/119
=

1

239
.
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Machin

Double angle formulas give tan 2θ =
2 tan θ

1 − tan2 θ
and tan 4θ =

2 tan 2θ

1 − tan2 2θ
.

Let tan θ =
1

5
, then tan 2θ =

2/5

1 − 1/25
=

5

12
and

tan 4θ =
2 · 5/12

1 − 25/144
=

120

119
, which is nearly one.

Since tan(x + y) =
tanx + tan y

1 − tanx tan y
and tan(π/4) = 1,

tan
(

4θ − π

4

)

=
tan 4θ − 1

1 + tan 4θ
=

1/119

239/119
=

1

239
.

So

arctan

(
1

239

)

= 4θ − π

4
= 4 arctan

(
1

5

)

− π

4
.
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Machin (cont’d)

π

4
= 4 arctan

(
1

5

)

− arctan

(
1

239

)
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Machin (cont’d)

π

4
= 4 arctan

(
1

5

)

− arctan

(
1

239

)

= 4

(
1

5
− 1

3 · 53
+

1

5 · 55
− 1

7 · 57
+ · · ·

)

−
(

1

239
− 1

3 · 2393
+

1

5 · 2395
− 1

7 · 2397
+ · · ·

)
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Machin (cont’d)

π

4
= 4 arctan

(
1

5

)

− arctan

(
1

239

)

= 4

(
1

5
− 1

3 · 53
+

1

5 · 55
− 1

7 · 57
+ · · ·

)

−
(

1

239
− 1

3 · 2393
+

1

5 · 2395
− 1

7 · 2397
+ · · ·

)

=
4

5

(

1 − 1

3

4

100
+

1

5

42

1002
− 1

7

43

1003
+ · · ·

)

−
1

239

(

1 − 1

3

1

57121
+

1

5

1

571212
− 1

7

1

571213
+ · · ·

)

.
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Machin (cont’d)

π

4
= 4 arctan

(
1

5

)

− arctan

(
1

239

)

= 4

(
1

5
− 1

3 · 53
+

1

5 · 55
− 1

7 · 57
+ · · ·

)

−
(

1

239
− 1

3 · 2393
+

1

5 · 2395
− 1

7 · 2397
+ · · ·

)

=
4

5

(

1 − 1

3

4

100
+

1

5

42

1002
− 1

7

43

1003
+ · · ·

)

−
1

239

(

1 − 1

3

1

57121
+

1

5

1

571212
− 1

7

1

571213
+ · · ·

)

.

First series is relatively easy in decimals, and the second converges very
quickly.
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Machin (cont’d)

π

4
= 4 arctan

(
1

5

)

− arctan

(
1

239

)

= 4

(
1

5
− 1

3 · 53
+

1

5 · 55
− 1

7 · 57
+ · · ·

)

−
(

1

239
− 1

3 · 2393
+

1

5 · 2395
− 1

7 · 2397
+ · · ·

)

=
4

5

(

1 − 1

3

4

100
+

1

5

42

1002
− 1

7

43

1003
+ · · ·

)

−
1

239

(

1 − 1

3

1

57121
+

1

5

1

571212
− 1

7

1

571213
+ · · ·

)

.

First series is relatively easy in decimals, and the second converges very
quickly.

Machin (1706) found 100 decimal places.
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Euler (again!)

Since tan(x − y) =
tanx − tan y

1 + tanx tan y
,

tan

(

arctan

(
1

p

)

− arctan

(
1

p + q

))

=

1

p − 1

p+q

1 + 1

p
1

p+q
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Euler (again!)

Since tan(x − y) =
tanx − tan y

1 + tanx tan y
,

tan

(

arctan

(
1

p

)

− arctan

(
1

p + q

))

=

1

p − 1

p+q

1 + 1

p
1

p+q

=
p + q − p

p(p + q) + 1
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Euler (again!)

Since tan(x − y) =
tanx − tan y

1 + tanx tan y
,

tan

(

arctan

(
1

p

)

− arctan

(
1

p + q

))

=

1

p − 1

p+q

1 + 1

p
1

p+q

=
p + q − p

p(p + q) + 1

=
q

p2 + pq + 1
,
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Euler (again!)

Since tan(x − y) =
tanx − tan y

1 + tanx tan y
,

tan

(

arctan

(
1

p

)

− arctan

(
1

p + q

))

=

1

p − 1

p+q

1 + 1

p
1

p+q

=
p + q − p

p(p + q) + 1

=
q

p2 + pq + 1
,

so

arctan

(
1

p

)

= arctan

(
1

p + q

)

+ arctan

(
q

p2 + pq + 1

)

.
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Euler (cont’d)

arctan

(
1

p

)

= arctan

(
1

p + q

)

+ arctan

(
q

p2 + pq + 1

)

.
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Euler (cont’d)

arctan

(
1

p

)

= arctan

(
1

p + q

)

+ arctan

(
q

p2 + pq + 1

)

.

With p = 1, q = 1, π/4 = arctan(1/2) + arctan(1/3).
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Euler (cont’d)

arctan

(
1

p

)

= arctan

(
1

p + q

)

+ arctan

(
q

p2 + pq + 1

)

.

With p = 1, q = 1, π/4 = arctan(1/2) + arctan(1/3).

With p = 2, q = 1, arctan(1/2) = arctan(1/3) + arctan(1/7), so
π/4 = 2 arctan(1/3) + arctan(1/7).
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Euler (cont’d)

arctan

(
1

p

)

= arctan

(
1

p + q

)

+ arctan

(
q

p2 + pq + 1

)

.

With p = 1, q = 1, π/4 = arctan(1/2) + arctan(1/3).

With p = 2, q = 1, arctan(1/2) = arctan(1/3) + arctan(1/7), so
π/4 = 2 arctan(1/3) + arctan(1/7).

With p = 3, q = 4, arctan(1/3) = arctan(1/7) + arctan(2/11), so
π/4 = 3 arctan(1/7) + 2 arctan(2/11).
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Euler (cont’d)

arctan

(
1

p

)

= arctan

(
1

p + q

)

+ arctan

(
q

p2 + pq + 1

)

.

With p = 1, q = 1, π/4 = arctan(1/2) + arctan(1/3).

With p = 2, q = 1, arctan(1/2) = arctan(1/3) + arctan(1/7), so
π/4 = 2 arctan(1/3) + arctan(1/7).

With p = 3, q = 4, arctan(1/3) = arctan(1/7) + arctan(2/11), so
π/4 = 3 arctan(1/7) + 2 arctan(2/11).

With p = 11/2, q = 3/2, arctan(2/11) = arctan(1/7) + arctan(3/79), so
π/4 = 5 arctan(1/7) + 2 arctan(3/79).
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Euler (cont’d)

π/4 = 5 arctan(1/7) + 2 arctan(3/79).
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Euler (cont’d)

π/4 = 5 arctan(1/7) + 2 arctan(3/79).

Using his formula
(

x =
1

7
→ x2

1 + x2
=

2

100
, x =

3

79
→ x2

1 + x2
=

144

105

)

,
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Euler (cont’d)

π/4 = 5 arctan(1/7) + 2 arctan(3/79).

Using his formula
(

x =
1

7
→ x2

1 + x2
=

2

100
, x =

3

79
→ x2

1 + x2
=

144

105

)

,

π

4
=

7

10

(

1 +
2

3

2

100
+

2 · 4
3 · 5

22

1002
+

2 · 4 · 6
3 · 5 · 7

23

1003
+ · · ·

)

+
7584

105

(

1 +
2

3

144

105
+

2 · 4
3 · 5

1442

1010
+

2 · 4 · 6
3 · 5 · 7

1443

1015
+ · · ·

)

.
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Euler (cont’d)

π/4 = 5 arctan(1/7) + 2 arctan(3/79).

Using his formula
(

x =
1

7
→ x2

1 + x2
=

2

100
, x =

3

79
→ x2

1 + x2
=

144

105

)

,

π

4
=

7

10

(

1 +
2

3

2

100
+

2 · 4
3 · 5

22

1002
+

2 · 4 · 6
3 · 5 · 7

23

1003
+ · · ·

)

+
7584

105

(

1 +
2

3

144

105
+

2 · 4
3 · 5

1442

1010
+

2 · 4 · 6
3 · 5 · 7

1443

1015
+ · · ·

)

.

Great for decimal calculation, Euler found 20 digits in one hour by hand!
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Machin-like Formulae

Rutherford (1824) used
π/4 = 4 arctan(1/5) + arctan(1/70) + arctan(1/99) to find 154 digits.
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Machin-like Formulae

Rutherford (1824) used
π/4 = 4 arctan(1/5) + arctan(1/70) + arctan(1/99) to find 154 digits.

Dahse (1844) used π/4 = arctan(1/2) + arctan(1/5) + arctan(1/8) to
find 205 digits.
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Machin-like Formulae

Rutherford (1824) used
π/4 = 4 arctan(1/5) + arctan(1/70) + arctan(1/99) to find 154 digits.

Dahse (1844) used π/4 = arctan(1/2) + arctan(1/5) + arctan(1/8) to
find 205 digits.

Ferguson (1945) used
π/4 = 3 arctan(1/4) + arctan(1/20) + arctan(1/1985) to find 528 digits
– last hand calculation.
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Machin-like Formulae

Rutherford (1824) used
π/4 = 4 arctan(1/5) + arctan(1/70) + arctan(1/99) to find 154 digits.

Dahse (1844) used π/4 = arctan(1/2) + arctan(1/5) + arctan(1/8) to
find 205 digits.

Ferguson (1945) used
π/4 = 3 arctan(1/4) + arctan(1/20) + arctan(1/1985) to find 528 digits
– last hand calculation.

Guillard & Boyer (1974) used
π/4 = 12 arctan(1/18) + 8 arctan(1/57) − 5 arctan(1/239) and
π/4 = 6 arctan(1/8) + 2 arctan(1/57) + arctan(1/239) to first break a
million digits.
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Yet more series

There are hundreds of series approximations to π. (Google “pi formulas” check out

the Mathworld website). Using modular forms:
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Yet more series

There are hundreds of series approximations to π. (Google “pi formulas” check out

the Mathworld website). Using modular forms:

Ramanujan (1914):
1

π
=

√
8

9801

∞∑

n=0

(4n)!

(n!)4
(1103 + 26390n)

3964n
,
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Yet more series

There are hundreds of series approximations to π. (Google “pi formulas” check out

the Mathworld website). Using modular forms:

Ramanujan (1914):
1

π
=

√
8

9801

∞∑

n=0

(4n)!

(n!)4
(1103 + 26390n)

3964n
, eight digits per

term.
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Yet more series

There are hundreds of series approximations to π. (Google “pi formulas” check out

the Mathworld website). Using modular forms:

Ramanujan (1914):
1

π
=

√
8

9801

∞∑

n=0

(4n)!

(n!)4
(1103 + 26390n)

3964n
, eight digits per

term. Gosper (1985) ⇒ 17 × 106 digits.
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Yet more series

There are hundreds of series approximations to π. (Google “pi formulas” check out

the Mathworld website). Using modular forms:

Ramanujan (1914):
1

π
=

√
8

9801

∞∑

n=0

(4n)!

(n!)4
(1103 + 26390n)

3964n
, eight digits per

term. Gosper (1985) ⇒ 17 × 106 digits.

Borwein & Borwein (1993):
1

π
= 12

∞∑

n=0

(−1)n(6n)!(13591409 + 545140134n)

(n!)3(3n)!(6403203)n+1/2
,
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Yet more series

There are hundreds of series approximations to π. (Google “pi formulas” check out

the Mathworld website). Using modular forms:

Ramanujan (1914):
1

π
=

√
8

9801

∞∑

n=0

(4n)!

(n!)4
(1103 + 26390n)

3964n
, eight digits per

term. Gosper (1985) ⇒ 17 × 106 digits.

Borwein & Borwein (1993):
1

π
= 12

∞∑

n=0

(−1)n(6n)!(13591409 + 545140134n)

(n!)3(3n)!(6403203)n+1/2
,

fourteen digits per term.
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Yet more series

There are hundreds of series approximations to π. (Google “pi formulas” check out

the Mathworld website). Using modular forms:

Ramanujan (1914):
1

π
=

√
8

9801

∞∑

n=0

(4n)!

(n!)4
(1103 + 26390n)

3964n
, eight digits per

term. Gosper (1985) ⇒ 17 × 106 digits.

Borwein & Borwein (1993):
1

π
= 12

∞∑

n=0

(−1)n(6n)!(13591409 + 545140134n)

(n!)3(3n)!(6403203)n+1/2
,

fourteen digits per term. Others give 25, 37, even 50 digits per term.
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Yet more series

There are hundreds of series approximations to π. (Google “pi formulas” check out

the Mathworld website). Using modular forms:

Ramanujan (1914):
1

π
=

√
8

9801

∞∑

n=0

(4n)!

(n!)4
(1103 + 26390n)

3964n
, eight digits per

term. Gosper (1985) ⇒ 17 × 106 digits.

Borwein & Borwein (1993):
1

π
= 12

∞∑

n=0

(−1)n(6n)!(13591409 + 545140134n)

(n!)3(3n)!(6403203)n+1/2
,

fourteen digits per term. Others give 25, 37, even 50 digits per term.

Lucas (2008): using series expansions related to
∫ 1

0

x
4n(1 − x)4n

1 + x2
dx, formed

series where each term can give an arbitrary number of digits.
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Arithmetic-Geometric Mean

Given a0 = a ≥ b0 = b > 0, let an+1 = (an + bn)/2 and bn+1 =
√

anbn.
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Arithmetic-Geometric Mean

Given a0 = a ≥ b0 = b > 0, let an+1 = (an + bn)/2 and bn+1 =
√

anbn.

If an ≥ bn ≥ 0,
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Arithmetic-Geometric Mean

Given a0 = a ≥ b0 = b > 0, let an+1 = (an + bn)/2 and bn+1 =
√

anbn.

If an ≥ bn ≥ 0, then an+1 = (an + bn)/2
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Arithmetic-Geometric Mean

Given a0 = a ≥ b0 = b > 0, let an+1 = (an + bn)/2 and bn+1 =
√

anbn.

If an ≥ bn ≥ 0, then an+1 = (an + bn)/2 ≤ (an + an)/2 = an
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Arithmetic-Geometric Mean

Given a0 = a ≥ b0 = b > 0, let an+1 = (an + bn)/2 and bn+1 =
√

anbn.

If an ≥ bn ≥ 0, then an+1 = (an + bn)/2 ≤ (an + an)/2 = an and

bn+1 =
√

anbn
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Arithmetic-Geometric Mean

Given a0 = a ≥ b0 = b > 0, let an+1 = (an + bn)/2 and bn+1 =
√

anbn.

If an ≥ bn ≥ 0, then an+1 = (an + bn)/2 ≤ (an + an)/2 = an and

bn+1 =
√

anbn ≥
√

bnbn = bn.
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Arithmetic-Geometric Mean

Given a0 = a ≥ b0 = b > 0, let an+1 = (an + bn)/2 and bn+1 =
√

anbn.

If an ≥ bn ≥ 0, then an+1 = (an + bn)/2 ≤ (an + an)/2 = an and

bn+1 =
√

anbn ≥
√

bnbn = bn. Also, since
(√

an −
√

bn

)2 ≥ 0,
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Arithmetic-Geometric Mean

Given a0 = a ≥ b0 = b > 0, let an+1 = (an + bn)/2 and bn+1 =
√

anbn.

If an ≥ bn ≥ 0, then an+1 = (an + bn)/2 ≤ (an + an)/2 = an and

bn+1 =
√

anbn ≥
√

bnbn = bn. Also, since
(√

an −
√

bn

)2 ≥ 0,
an − 2

√
anbn + bn ≥ 0,
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Arithmetic-Geometric Mean

Given a0 = a ≥ b0 = b > 0, let an+1 = (an + bn)/2 and bn+1 =
√

anbn.

If an ≥ bn ≥ 0, then an+1 = (an + bn)/2 ≤ (an + an)/2 = an and

bn+1 =
√

anbn ≥
√

bnbn = bn. Also, since
(√

an −
√

bn

)2 ≥ 0,
an − 2

√
anbn + bn ≥ 0, (an + bn)/2 ≥

√
anbn,
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Arithmetic-Geometric Mean

Given a0 = a ≥ b0 = b > 0, let an+1 = (an + bn)/2 and bn+1 =
√

anbn.

If an ≥ bn ≥ 0, then an+1 = (an + bn)/2 ≤ (an + an)/2 = an and

bn+1 =
√

anbn ≥
√

bnbn = bn. Also, since
(√

an −
√

bn

)2 ≥ 0,
an − 2

√
anbn + bn ≥ 0, (an + bn)/2 ≥

√
anbn, an+1 ≥ bn+1,
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Arithmetic-Geometric Mean

Given a0 = a ≥ b0 = b > 0, let an+1 = (an + bn)/2 and bn+1 =
√

anbn.

If an ≥ bn ≥ 0, then an+1 = (an + bn)/2 ≤ (an + an)/2 = an and

bn+1 =
√

anbn ≥
√

bnbn = bn. Also, since
(√

an −
√

bn

)2 ≥ 0,
an − 2

√
anbn + bn ≥ 0, (an + bn)/2 ≥

√
anbn, an+1 ≥ bn+1, so

a ≥ an ≥ an+1 ≥ bn+1 ≥ bn ≥ b.
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Arithmetic-Geometric Mean

Given a0 = a ≥ b0 = b > 0, let an+1 = (an + bn)/2 and bn+1 =
√

anbn.

If an ≥ bn ≥ 0, then an+1 = (an + bn)/2 ≤ (an + an)/2 = an and

bn+1 =
√

anbn ≥
√

bnbn = bn. Also, since
(√

an −
√

bn

)2 ≥ 0,
an − 2

√
anbn + bn ≥ 0, (an + bn)/2 ≥

√
anbn, an+1 ≥ bn+1, so

a ≥ an ≥ an+1 ≥ bn+1 ≥ bn ≥ b.

Additionally, 0 ≤ an+1 − bn+1 = (an + bn)/2 −
√

anbn, so
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Arithmetic-Geometric Mean

Given a0 = a ≥ b0 = b > 0, let an+1 = (an + bn)/2 and bn+1 =
√

anbn.

If an ≥ bn ≥ 0, then an+1 = (an + bn)/2 ≤ (an + an)/2 = an and

bn+1 =
√

anbn ≥
√

bnbn = bn. Also, since
(√

an −
√

bn

)2 ≥ 0,
an − 2

√
anbn + bn ≥ 0, (an + bn)/2 ≥

√
anbn, an+1 ≥ bn+1, so

a ≥ an ≥ an+1 ≥ bn+1 ≥ bn ≥ b.

Additionally, 0 ≤ an+1 − bn+1 = (an + bn)/2 −
√

anbn, so

0 ≤ 1

2

(

an − 2
√

an

√

bn + bn

)
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Arithmetic-Geometric Mean

Given a0 = a ≥ b0 = b > 0, let an+1 = (an + bn)/2 and bn+1 =
√

anbn.

If an ≥ bn ≥ 0, then an+1 = (an + bn)/2 ≤ (an + an)/2 = an and

bn+1 =
√

anbn ≥
√

bnbn = bn. Also, since
(√

an −
√

bn

)2 ≥ 0,
an − 2

√
anbn + bn ≥ 0, (an + bn)/2 ≥

√
anbn, an+1 ≥ bn+1, so

a ≥ an ≥ an+1 ≥ bn+1 ≥ bn ≥ b.

Additionally, 0 ≤ an+1 − bn+1 = (an + bn)/2 −
√

anbn, so

0 ≤ 1

2

(

an − 2
√

an

√

bn + bn

)

=
1

2

(√
an −

√

bn

)2

·
(√

an +
√

bn

)2

(√
an +

√
bn

)2
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Arithmetic-Geometric Mean

Given a0 = a ≥ b0 = b > 0, let an+1 = (an + bn)/2 and bn+1 =
√

anbn.

If an ≥ bn ≥ 0, then an+1 = (an + bn)/2 ≤ (an + an)/2 = an and

bn+1 =
√

anbn ≥
√

bnbn = bn. Also, since
(√

an −
√

bn

)2 ≥ 0,
an − 2

√
anbn + bn ≥ 0, (an + bn)/2 ≥

√
anbn, an+1 ≥ bn+1, so

a ≥ an ≥ an+1 ≥ bn+1 ≥ bn ≥ b.

Additionally, 0 ≤ an+1 − bn+1 = (an + bn)/2 −
√

anbn, so

0 ≤ 1

2

(
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√
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√
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)
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√
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·
(√
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√

bn

)2

(√
an +

√
bn

)2

=
(an − bn)2

2
(√

an +
√

bn

)2
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,

so convergence is quadratic, doubling the number of similar digits at each
step. Call this limit M(a, b).
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π from the AGM

Let I(a, b) =

∫ π/2

0

(
a2 cos2 θ + b2 sin2 θ

)−1/2
dθ.
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π from the AGM

Let I(a, b) =

∫ π/2

0

(
a2 cos2 θ + b2 sin2 θ

)−1/2
dθ. Then it turns out that

I(a, b) = I(a1, b1) = I(a2, b2) = · · · I(an, bn) = · · ·,
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π from the AGM

Let I(a, b) =

∫ π/2

0

(
a2 cos2 θ + b2 sin2 θ

)−1/2
dθ. Then it turns out that

I(a, b) = I(a1, b1) = I(a2, b2) = · · · I(an, bn) = · · ·, and since
I(c, c) = π/(2c), π = 2M(a, b)I(a, b).
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π from the AGM

Let I(a, b) =

∫ π/2

0

(
a2 cos2 θ + b2 sin2 θ

)−1/2
dθ. Then it turns out that

I(a, b) = I(a1, b1) = I(a2, b2) = · · · I(an, bn) = · · ·, and since
I(c, c) = π/(2c), π = 2M(a, b)I(a, b).

Now I
(

1,
√

1 − k2

)

=

∫ π/2

0

dt
√

1 − k2 sin2 t
= K(k), the complete elliptic

integral of the first kind,
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(
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)−1/2
dθ. Then it turns out that
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∫ π/2
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= K(k), the complete elliptic

integral of the first kind, so π = 2M
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1 − k2
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K(k) (Gauss, 1866).
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π from the AGM

Let I(a, b) =

∫ π/2

0

(
a2 cos2 θ + b2 sin2 θ

)−1/2
dθ. Then it turns out that

I(a, b) = I(a1, b1) = I(a2, b2) = · · · I(an, bn) = · · ·, and since
I(c, c) = π/(2c), π = 2M(a, b)I(a, b).

Now I
(

1,
√

1 − k2

)

=

∫ π/2

0

dt
√

1 − k2 sin2 t
= K(k), the complete elliptic

integral of the first kind, so π = 2M
(
1,
√

1 − k2
)
K(k) (Gauss, 1866).

Brent, Salamin (independently 1976): Set k = 1/
√

2,
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π from the AGM

Let I(a, b) =

∫ π/2

0

(
a2 cos2 θ + b2 sin2 θ

)−1/2
dθ. Then it turns out that

I(a, b) = I(a1, b1) = I(a2, b2) = · · · I(an, bn) = · · ·, and since
I(c, c) = π/(2c), π = 2M(a, b)I(a, b).

Now I
(

1,
√

1 − k2

)

=

∫ π/2

0

dt
√

1 − k2 sin2 t
= K(k), the complete elliptic

integral of the first kind, so π = 2M
(
1,
√

1 − k2
)
K(k) (Gauss, 1866).

Brent, Salamin (independently 1976): Set k = 1/
√

2, then

π =
4M(1, 1/

√
2)2

1 − ∑∞
j=1

2j+1c2
j

, where c2
n = a2

n − b2
n,

(an), (bn) series from the AGM algorithm to evaluate M(1, 1/
√

2).
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π from the AGM

Let I(a, b) =

∫ π/2

0

(
a2 cos2 θ + b2 sin2 θ

)−1/2
dθ. Then it turns out that

I(a, b) = I(a1, b1) = I(a2, b2) = · · · I(an, bn) = · · ·, and since
I(c, c) = π/(2c), π = 2M(a, b)I(a, b).

Now I
(

1,
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)

=

∫ π/2

0

dt
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1 − k2 sin2 t
= K(k), the complete elliptic

integral of the first kind, so π = 2M
(
1,
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)
K(k) (Gauss, 1866).

Brent, Salamin (independently 1976): Set k = 1/
√

2, then

π =
4M(1, 1/

√
2)2

1 − ∑∞
j=1

2j+1c2
j

, where c2
n = a2

n − b2
n,

(an), (bn) series from the AGM algorithm to evaluate M(1, 1/
√

2).
Converges quadratically!
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π from the AGM

Let I(a, b) =

∫ π/2

0

(
a2 cos2 θ + b2 sin2 θ

)−1/2
dθ. Then it turns out that

I(a, b) = I(a1, b1) = I(a2, b2) = · · · I(an, bn) = · · ·, and since
I(c, c) = π/(2c), π = 2M(a, b)I(a, b).

Now I
(

1,
√

1 − k2

)

=

∫ π/2

0

dt
√

1 − k2 sin2 t
= K(k), the complete elliptic

integral of the first kind, so π = 2M
(
1,
√

1 − k2
)
K(k) (Gauss, 1866).

Brent, Salamin (independently 1976): Set k = 1/
√

2, then

π =
4M(1, 1/

√
2)2

1 − ∑∞
j=1

2j+1c2
j

, where c2
n = a2

n − b2
n,

(an), (bn) series from the AGM algorithm to evaluate M(1, 1/
√

2).
Converges quadratically! Quartic up to nonic versions are available.
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Bailey-Borwein-Plouffe (1995)

π =

∫ 1

0

16y − 16

y4 − 2y3 + 4y − 4
dy =

∞∑

n=0

(
4

8n + 1
− 2

8n + 4
− 1

8n + 5
− 1

8n + 6

)(
1

16

)n
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Bailey-Borwein-Plouffe (1995)

π =

∫ 1

0

16y − 16

y4 − 2y3 + 4y − 4
dy =

∞∑

n=0

(
4

8n + 1
− 2

8n + 4
− 1

8n + 5
− 1

8n + 6

)(
1

16

)n

Proof relies upon (k < 8)
∫ 1/

√
2

0

xk−1

1 − x8
=

∫ 1/
√

2

0

∞∑

i=0

xk−1+8i dx =
1

2k/2

∞∑

i=0

1

16i(8i + k)
.
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π =

∫ 1

0

16y − 16

y4 − 2y3 + 4y − 4
dy =

∞∑

n=0

(
4

8n + 1
− 2

8n + 4
− 1

8n + 5
− 1

8n + 6

)(
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)n

Proof relies upon (k < 8)
∫ 1/

√
2

0

xk−1

1 − x8
=

∫ 1/
√

2

0

∞∑

i=0

xk−1+8i dx =
1

2k/2

∞∑

i=0

1

16i(8i + k)
.

Proof came later – formula was found by brute force search and number
recognition algorithms.
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Bailey-Borwein-Plouffe (1995)

π =

∫ 1

0

16y − 16

y4 − 2y3 + 4y − 4
dy =

∞∑

n=0

(
4

8n + 1
− 2

8n + 4
− 1

8n + 5
− 1

8n + 6

)(
1

16

)n

Proof relies upon (k < 8)
∫ 1/

√
2

0

xk−1

1 − x8
=

∫ 1/
√

2

0

∞∑

i=0

xk−1+8i dx =
1

2k/2

∞∑

i=0

1

16i(8i + k)
.

Proof came later – formula was found by brute force search and number
recognition algorithms.

Hundreds more have been found of similar form.
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BBP for Digit Extraction

The BBP formula can be used to find the dth digit of π in base 16 without knowing

or calculating the previous digits!
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BBP for Digit Extraction

The BBP formula can be used to find the dth digit of π in base 16 without knowing

or calculating the previous digits!

Consider the first term:

S1 =

∞∑

n=0

1

(16n)(8n + 1)
=

d∑

n=0

1

(16n)(8n + 1)
+

∞∑

n=d+1

1

(16n)(8n + 1)
.
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BBP for Digit Extraction

The BBP formula can be used to find the dth digit of π in base 16 without knowing

or calculating the previous digits!

Consider the first term:

S1 =

∞∑

n=0

1

(16n)(8n + 1)
=

d∑

n=0

1

(16n)(8n + 1)
+

∞∑

n=d+1

1

(16n)(8n + 1)
.

Times 16d so in hexadecimal d digits are before the decimal point:

16d
S1 =

d∑

n=0

16d−n

8n + 1
+

∞∑

n=d+1

16d−n

8n + 1
.
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BBP for Digit Extraction

The BBP formula can be used to find the dth digit of π in base 16 without knowing

or calculating the previous digits!

Consider the first term:

S1 =

∞∑

n=0

1

(16n)(8n + 1)
=

d∑

n=0

1

(16n)(8n + 1)
+

∞∑

n=d+1

1

(16n)(8n + 1)
.

Times 16d so in hexadecimal d digits are before the decimal point:

16d
S1 =

d∑

n=0

16d−n

8n + 1
+

∞∑

n=d+1

16d−n

8n + 1
.

To find the fractional part (and particularly the (d + 1)st digit) use modular

arithmetic to quickly evaluate the first sum, and use a few terms of the second to
ensure the first digit is accurate:

frac(16d
S1) =

d∑

n=0

16d−n mod 8n + 1

8n + 1
mod 1 +

∞∑

n=d+1

16d−n

8n + 1
mod 1.
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The Spigot Algorithm

Rabinowitz & Wagon (1995): Recall Euler’s formula

π = 2

(

1 +
1

3
+

1 · 2
3 · 5 +

1 · 2 · 3
3 · 5 · 7 + · · ·

)

.
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The Spigot Algorithm

Rabinowitz & Wagon (1995): Recall Euler’s formula

π = 2

(

1 +
1
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+

1 · 2
3 · 5 +

1 · 2 · 3
3 · 5 · 7 + · · ·

)

.

Written in factored form,

π = 2 +
1

3

(

2 +
2

5

(

2 +
3

7
(2 + · · ·)

))

.
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The Spigot Algorithm

Rabinowitz & Wagon (1995): Recall Euler’s formula

π = 2

(

1 +
1

3
+

1 · 2
3 · 5 +

1 · 2 · 3
3 · 5 · 7 + · · ·

)

.

Written in factored form,

π = 2 +
1

3

(

2 +
2

5

(

2 +
3

7
(2 + · · ·)

))

.

Now compare to a decimal expansion, like

π = 3.14159 · · · = 3 +
1

10

(

1 +
1

10

(

4 +
1

10

(

1 +
1

10
(5 + · · ·)

)))

.

Formulas for π – p. 29/31



The Spigot Algorithm

Rabinowitz & Wagon (1995): Recall Euler’s formula

π = 2

(

1 +
1

3
+

1 · 2
3 · 5 +

1 · 2 · 3
3 · 5 · 7 + · · ·

)

.

Written in factored form,

π = 2 +
1

3

(

2 +
2

5

(

2 +
3

7
(2 + · · ·)

))

.

Now compare to a decimal expansion, like

π = 3.14159 · · · = 3 +
1

10

(

1 +
1

10

(

4 +
1

10

(

1 +
1

10
(5 + · · ·)

)))

.

Euler’s formula is thus 2.22222 . . . in a variable base representation.
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Implementation

So

Start with an integer array of twos.
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Implementation

So

Start with an integer array of twos.

Multiply each digit by ten, then normalize by finding quotient and
remainder with respect to each digit’s base, carrying the quotient,
keeping the remainder.

Formulas for π – p. 30/31



Implementation

So

Start with an integer array of twos.

Multiply each digit by ten, then normalize by finding quotient and
remainder with respect to each digit’s base, carrying the quotient,
keeping the remainder.

If the left-most digit is greater then ten, it is the next provisional digit.
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Implementation

So

Start with an integer array of twos.

Multiply each digit by ten, then normalize by finding quotient and
remainder with respect to each digit’s base, carrying the quotient,
keeping the remainder.

If the left-most digit is greater then ten, it is the next provisional digit.

Repeat until done.
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Implementation

So

Start with an integer array of twos.

Multiply each digit by ten, then normalize by finding quotient and
remainder with respect to each digit’s base, carrying the quotient,
keeping the remainder.

If the left-most digit is greater then ten, it is the next provisional digit.

Repeat until done.

Provisional digits?
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Implementation

So

Start with an integer array of twos.

Multiply each digit by ten, then normalize by finding quotient and
remainder with respect to each digit’s base, carrying the quotient,
keeping the remainder.

If the left-most digit is greater then ten, it is the next provisional digit.

Repeat until done.

Provisional digits? Its possible that a sequence of nines could be followed
by a ten, replacing 99 . . . 9 by 10 . . . 0.
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Implementation

So

Start with an integer array of twos.

Multiply each digit by ten, then normalize by finding quotient and
remainder with respect to each digit’s base, carrying the quotient,
keeping the remainder.

If the left-most digit is greater then ten, it is the next provisional digit.

Repeat until done.

Provisional digits? Its possible that a sequence of nines could be followed
by a ten, replacing 99 . . . 9 by 10 . . . 0. Our variable base allows for non
unique real representations, like in base ten, 0.9̄ = 1.
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Implementation

So

Start with an integer array of twos.

Multiply each digit by ten, then normalize by finding quotient and
remainder with respect to each digit’s base, carrying the quotient,
keeping the remainder.

If the left-most digit is greater then ten, it is the next provisional digit.

Repeat until done.

Provisional digits? Its possible that a sequence of nines could be followed
by a ten, replacing 99 . . . 9 by 10 . . . 0. Our variable base allows for non
unique real representations, like in base ten, 0.9̄ = 1.

Spigot algorithm? Exact arithmetic produces successive digits of π.
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Conclusion

We’ve seen examples of nearly every way to calculate π.

Another talk could discuss π in mathematics away from circles...
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Conclusion

We’ve seen examples of nearly every way to calculate π.

Another talk could discuss π in mathematics away from circles...

The primary purpose of the DATA statement is to give names to constants;
instead of referring to pi as 3.141592653589793 at every appearance, the
variable PI can be given that value with a DATA statement and used
instead of the longer form of the constant. This also simplifies modifying
the program, should the value of pi change.

– FORTRAN manual for Xerox Computers
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