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What is (0)?
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What is f(0)?  What is f(1)7
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What is f(0)?  What is f(1)?  What is f(2)?
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What is f(0)?  What is f(1)?  What is f(2)?

Sketch a graph. (calculator?)
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What is f(0)?  What is f(1)?  What is f(2)?

Sketch a graph. (calculator?)

0.0 0.5 L 1.5 20 25 3.0

What happens to the values for f(x) when x is very close to but
not equal to 27
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By restricting x to values sufficiently close to (but not quite equal
to) 2, we can make the values of f(x) stay as close as we want to
a particular number = ...
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By restricting x to values sufficiently close to (but not quite equal
to) 2, we can make the values of f(x) stay as close as we want to
a particular number = ...

We say that the /imit of f as x approaches 2 is this number, and
write

lim f(x) = lim ——— —2

xX—2 x—2 \/X2+6X—4
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Some similar limit questions:

. 2_
> limyo X557

. ‘/X2+4
> lim, o x—3

> lime1x3+x—3

2
. x“+4
> limy o =2
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Some similar limit questions:

. 2_
> limyo X557

. ‘/X2+4
> lim, o x—3

> lime1x3+x—3

2
. x“+4
> limy o =2

The first is similar to limy_,» except that it should be

x—2
- - X2+6X-_4-v -
much easier to find a value for the limit without a calculator.
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Some similar limit questions:

. 2_
> limyo X557

. ‘/X2+4
> lim, o x—3

> lime1x3+x—3

2
. x“+4
> limy o =2

The first is similar to limy_,» except that it should be

x—2
- - X2+6X-_4-v -
much easier to find a value for the limit without a calculator.The
2nd and 3rd are a bit different, but rather easier questions.
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Some similar limit questions:

. 2_
> limyo X557

. ‘/X2+4
> lim, o x—3

> lime1x3+x—3

. 2

> limy,, X3
The first .|s 5|m|I.ar to limy_o Veirox 4’ ex.cept that it should be
much easier to find a value for the limit without a calculator.The
2nd and 3rd are a bit different, but rather easier questions. The
last has problems all its own.
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Ilm)Hg s 4 and limy_» \/ZXT_; , are more interesting limits than

limy_s» ‘/ﬁ The first two are sometimes called “indeterminate
forms.” For the first two limits, both the numerator and
denominator are getting close to 0. “ % " is not a number ... it
really is not anything at all other than a meaningless expression.

We have to do some additional work to figure out what the limit is.
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Ilm)Hg and limy,_.o \/QXT_62 , are more interesting limits than

limy_s» ‘/ﬁ The first two are sometimes called “indeterminate
forms.” For the first two limits, both the numerator and
denominator are getting close to 0. “ % " is not a number ... it
really is not anything at all other than a meaningless expression.

We have to do some additional work to figure out what the limit is.

In limy_» VX 3 , the numerator is getting close to v/4 +4 = 2V2
and the denominator is getting close to 2-3 = -1, so the whole

fraction has limit 2\[ = —2V2.
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A formal definition of the idea of limit? Later.
For now, a less formal version:
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A formal definition of the idea of limit? Later.
For now, a less formal version:

Suppose f is a function and L and ¢ are real numbers.

(a) Limit: If the values of a function f(x) approach L as x approaches ¢, then we say
that L is the limit of f(x) as x approaches ¢ and we write

]zi_rgf(x) =0

Calculus with Functions MATH 231, Chapter 1



A formal definition of the idea of limit? Later.
For now, a less formal version:

Suppose f is a function and L and ¢ are real numbers.

(a) Limit: If the values of a function f(x) approach L as x approaches ¢, then we say
that L is the limit of f(x) as x approaches ¢ and we write

]zi_rgf(x) =0

Note: The “limit" does not in any way depend on the actual value
of f at the point c. f(c) may not even exist, or f(c) may be a
number that is different from L. It is true that often f(c) = L as it
did in some of the previous examples, but this is in no way required
in order for the limit to exist.
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The graph of f(x) = \/X2X+7_62X_4 on a larger scale:
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Suppose f is a function and L and ¢ are real numbers.

(a) Limit: If the values of a function f(x) approach L as x approaches ¢, then we say
that L is the limit of f (x) as x approaches ¢ and we write

]zg_ﬂf(x) =L.

(b) Limit at Infinity: If the values of a function f(x) approach L as x grows without
bound, then we say that L is the limit of f(x) as x approaches oo and we write

) =1
() Infinite Limit: If the values of a function f(x) grow without bound as x approaches c,
then we say that oo is the limit of f (x) as x approaches c and we write
)l[lir} f@) = o0.
(d) Infinite Limit at Infinity: If the values of a function f(x) grow without bound as

x grows without bound, then we say that oo is the limit of f(x) as x approaches oo
and we write

Jim S = e
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Suppose f is a function and L and ¢ are real numbers.

(a) Limit: If the values of a function f(x) approach L as x approaches ¢, then we say
that L is the limit of f (x) as x approaches ¢ and we write

lim f(x) = L.
p=v;
(b) Limit at Infinity: If the values of a function f(x) approach L as x grows without
bound, then we say that L is the limit of f(x) as x approaches oo and we write
) =1
() Infinite Limit: If the values of a function f(x) grow without bound as x approaches c,
then we say that oo is the limit of f (x) as x approaches c and we write
lim f(x) = co.
p=vi

(d) Infinite Limit at Infinity: If the values of a function f(x) grow without bound as
x grows without bound, then we say that oo is the limit of f(x) as x approaches oo
and we write

Jim S = e

A nonconstant function f has a horizontal asymptote at y = L if one or both of the
following are true:

x]irglo = or JE_l)ir_noo =
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Another example:

2x* 1
lim ~——— =

x—0 X

Explain why this limit does not exist. A calculator may be a help.
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Another example:

2x* 1
lim ~——— =

x—0 X

Explain why this limit does not exist. A calculator may be a help.
plot NE -1to1l
X

Plot
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Another example:

2x* 1
lim ~——— =

x—0 X

Explain why this limit does not exist. A calculator may be a help.
plot NE -1to1l
X

Plot
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A similar example for which a calculator may not be needed:
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A similar example for which a calculator may not be needed:

In both of the above, when we look for a limit we get different
answers depending on the “direction” we are coming from.
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X2_ . .
In the case of 2X L we could say that if we approach 0 using
only numbers greater than 0, i.e. “from the right,” then there is a

limit, and we can write

¥ 1
lim —— =~ 0.83255
x—0t X

(the actual number is 1//n(2) ). Similarly we have:

pL— |
M A~ _0.83255

lim
x—0— X
lim M -1
x—2t X — 2
x—2
lim =-1
x—2— X — 2
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/5x2
In the case of 2X =L we could say that if we approach 0 using
only numbers greater than 0, i.e. “from the right,” then there is a
limit, and we can write
2 —1
lim ——— ~0.83255

x—0t X

(the actual number is 1//n(2) ). Similarly we have:

2x* 1
Iirg — =~ —0.83255
x—0— X
lim M -1
x—2+ X — 2
-2
im X2

x—=2— X — 2

Vol

X

. -2 .
and limy_» % do not exist.

Note again that limyx_

Overall there is a limit if both the left and right limit exist and the
left and right limit are the same number.
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If the values of a function f(x) approach a value L as x approaches c from the left, we say
that L is the left-hand limit of f(x) as x approaches c and we write

im f(x) = L.

If the values of a function f(x) approach a value R as x approaches c from the right, we
say that R is the right-hand limit of f(x) as x approaches ¢ and we write

lim f) = R
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If the values of a function f(x) approach a value L as x approaches c from the left, we say
that L is the left-hand limit of f(x) as x approaches c and we write

im f(x) = L.

If the values of a function f(x) approach a value R as x approaches c from the right, we
say that R is the right-hand limit of f(x) as x approaches ¢ and we write

lim f) = R

A function f has a vertical asymptote at x = c if one or more of the following are true:

im f(x) =00, lm f(x) =00, lim f(x)=—co, or lim f(x)=—oco.
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If the values of a function f(x) approach a value L as x approaches c from the left, we say
that L is the left-hand limit of f(x) as x approaches c and we write

im f(x) = L.

If the values of a function f(x) approach a value R as x approaches c from the right, we
say that R is the right-hand limit of f(x) as x approaches ¢ and we write

lim f() = R.

A function f has a vertical asymptote at x = c if one or more of the following are true:

lim f(x) =00, lim f(x) =00, lim f(x)=—-00, or lim f(x) = —o0.
x—=>ct X—=Cc X—ct xX—=Cc

I‘imlf(x) =00 ‘]in{nif(x) = —00, ‘]in{tf(x) =00 lim f(x) =10

v y y
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y = h(x)

y=f@ y=g®

Y y

3 X

b4 2z o

. I & \
-2 82 1 2\ 3 x ~3 —2_#=1 1 2\3 x

. i

;2 i

—~g -3
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y=f@ y=g® y="hk)

Y Y
3 3
4 2 3
I 1 \
F1
1 2\ 3 -3 -2 /1 1 g
=1
=2
—3
S
‘\;
1\{)
5 4 3 2 1 1 2 3 4 5 x
0
@ -1
2
3
-4
-5
-6

In the graph directly above, what if anything can you say about
the limits as x — —2? x - 0? x - 2? x =+ 27? x =277
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Some more examples:

i z2-27-3 i z2-27-3
Bl z2—-9 il z2 -9

. z2—-27+43 . w—2
lim ——— im ———M—
z—3 z2 -9 w—2 W2—4W—|-4

34+ h)2+(3+h)—12

jim SR+ (34 h) lim (1 + h)
h—0 h h—0
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Limits as x — +o00o are always directly related to the existence of
horizontal asymptotes. Some additional examples are below. For
some of these, you should be able to reason your way to an answer
without a graph. For the next to last, you may know something
about the behavior of “exponentials.” And the last one might take
some extra algebra.

i z2—-2z-3 i 322 -2z-3
an;o z2_9 ergo 5z2 -0

o Z3-22-3 o z2-27-3
lim ——mM— lim ———
Z—00 z—0 Z—00 5 -9

3-2z-3

lim 2 —<2—° lim Vz24+z—z
Z—00 2z Z—00
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“Formal” definition of limits (an introduction to error analysis).

Calculus with Functions MATH 231, Chapter 1



The limit lln} fx) = L means that for all € > 0, there exists § > 0 such that
ifxe(—38cU(cc+8), thenf(x) e (L—¢, L+e).
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The left limit lim f(x) = L means that for all € > 0, there exists § > 0 such that
- ifxe(c—38,0), thenf(x) e (L—¢,L+e).
The right limitxlii'rca_ f() = L means that for all € > 0, there exists § > 0 such that
ifxe(ce+é), thenfx) e (L—¢, L+e).
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The left limit lim f(x) = L means that for all € > 0, there exists § > 0 such that
- ifxe(c—8,c), thenf(x) € (L —¢,L+e).
The right limitxlii'rca_ f() = L means that for all € > 0, there exists § > 0 such that
ifxe(ce+é), thenfx) e (L—¢, L+e).

For a Limit to Exist, the Left and Right Limits Must Exist and Be Equal
lim f(x) = Lif and only if im f(x) = L and lim f(x) = L.
x—c x—c >ct
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The infinite limit lim f(x) = oo means that for all M > 0, there exists § > 0 such that
X—=>C

ifxe (c—8,c)U(c+d), thenf(x) € (M, o0).

The limit at infinity r]jm f(x) = L means that for all € > 0, there exists N > 0 such
— 00

that
ifx e (N, 00), thenf(x) € (L —¢,L+e¢).

The infinite limit at infinity xlir{.lo f(®) = oo means that for all M > 0, there exists

N > 0 such that
ifx € (N, 00), then f(x) € (M, 00).
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The notion of a continuous function or of continuity is fairly
intuitive. Assuming that below is the graph of y = g(x) for some
function g, we would say that g is continuous everywhere except 4
values of x. Where is g discontinuous?
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A function f is continuous at x = c if lim f(x) = f(c).
XxX—=C

Calculus with Ful
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A function f is continuous at x = c if lim f(x) = f(c).
XxX—=C

A function f is left continuous at x = cif lim f(x) = f(c) and is right continuous at
X=c
w=cif im¥f ()I=fi(e)}
x—=>ct
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A function f is continuous on an interval I if it is continuous at every pointin the interior
of I, right continuous at any closed left endpoint, and left continuous at any closed right
endpoint.

Calculus with Functions MATH 231, Chapter 1



A function f is continuous on an interval I if it is continuous at every pointin the interior

of I, right continuous at any closed left endpoint, and left continuous at any closed right
endpoint.

Suppose f is discontinuous at x = c. We say thatx = cis a
(a) removable discontinuity if ;Elg f(x) exists but is not equal to f(c);
(b) jump discontinuity if x]irfl* f(x) and x]jﬂ f(x) both exist but are not equal;
(c) infinite discontinuity if one or both of xlimr f(x) and x% () is infinite.
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The Extreme Value Theorem

Iff is continuous on a closed interval [g, b], then there exist values M and m in the interval
[a, b] such that f(M) is the maximum value of f (x) on [a, b] and f () is the minimum value
of f(x) on [a, b].

The Intermediate Value Theorem

If f is continuous on a closed interval [g, b], then for any K strictly between f(a) and f(b),
there exists at least one c € (g, b) such that f(c) = K.
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Rules for Calculating Limits of Combinations
If }z_{r} f(x) and chi_Q}g(x) exist, then the following rules hold for their combinations:

Constant Multiple Rule: ;];1_13} kf(x) = kl“f} f (), for any real number k.
Sum Rule: }IIIE}(f ) +g) = ;E}}f () + lim g ®)
Difference Rule: ]jm( flx) —gl) = ].im f ) — lim g(x)
Product Rule: l1m(f ()g) = (lim f1 (x))(]Jm g)

x—>C

lim f (x)
Quotient Rule: alrl—»cg g = L_;g @ if 11m g(x) = 0

Composition Rule: ’]cm}: flg@) =f (lm} g(x)), if f is continuous at J]g} gx)

Calculus with Functions MATH 231, Chapter 1



Rules for Calculating Limits of Combinations
If E}; f(x) and Hg(x) exist, then the following rules hold for their combinations:
Constant Multiple Rule: ;];1_13} kf(x) = kl“f} f (), for any real number k.
Sum Rule: }l[l_r’rl(f ) +g) = ;E}}f () + lim g ®)
Difference Rule: ]jm( flx) —gl) = lim f(x) — lim g(x)
Product Rule: llm(f ()g) = (lim f(x))(llm g)

x—>C

lim £ (x)
Quotient Rule: Jl(l_’cg g = L‘;f Pk if hmg(x) #0

Composition Rule: ’]cm}: flg@) =f (lm} g(x)), if f is continuous at J]g} gx)

Combinations of Continuous Functions Are Continuous

If f and g are continuous at x = ¢ and k is any constant, then the functions kf, f + g,
f — & and fg are also continuous atx = c.

Moreover, if g(c) # 0, then f is continuous at x = ¢, and if f is also continuous at g(c),

then f o g is continuous at x =c.
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The Cancellation Theorem for Limits
If ],}-rf} g(x) exists, and f is a function that is equal to g for all x sufficiently close to c except
possibly at c itself, then ;]chI} )= }[Lrlicg(x).
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The Cancellation Theorem for Limits
If ],}-rf} g(x) exists, and f is a function that is equal to g for all x sufficiently close to c except
possibly at c itself, then ;]chI} )= }(me g).

Some more examples:

z2-2z-3 o z2—-27-3

z—3 z2 — 9 z—1 z2 — 9
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The Cancellation Theorem for Limits
If ],}-rf} g(x) exists, and f is a function that is equal to g for all x sufficiently close to c except
possibly at c itself, then ;]E‘lI} )= )l(l_’mc g).

Some more examples:

z2-2z-3 o z2—-27-3
lim —— lim ———
z—3 22—9 z—1 22—9
. z2—-27z+43 . w—2
m ————— im ———m——
z—3 z2 -9 w—2 W2—4W—|-4
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The Cancellation Theorem for Limits
If ],}-rf} g(x) exists, and f is a function that is equal to g for all x sufficiently close to c except

possibly at c itself, then ;]E‘lI} )= )l(l_’mc g).

Some more examples:

. z2—-27-3 o z2—-27-3
||m7 ||m7
z—3 22—9 z—1 22—9

. z2—-27z+43 . w—2
lim ——— lim ————
z—3 z2 -9 w—2 W2—4W—|-4

34+ h)2+(3+h)—12

jim 3R+ (34 h) lim (1 + h)#
h—0 h h—0
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Limits Whose Denominators Approach Zero from the Right or the Left

(a) Ifhm ) 55 of the form L then lim £ Bl oy
80 x—c g

(b) Ifhm f (x) is of the form 1 thenlimf® — _oo.

—cgl)

Limits Whose Denominators Become Infinite Approach Zero
(@ If lim i) 1softheform 1 then lim f® —o.

( ) X—>00 g(x)
(b) If hm f (x) is of the form —, then ].III'I g g))
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Indeterminate Forms for Limits

Each of the following is an indeterminate form, meaning that a limit in one of these
forms may or may not exist, depending on the situation:
0 0

— — 0-00 00 — 00 0° 12 )
0 e5]
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Indeterminate Forms for Limits

Each of the following is an indeterminate form, meaning that a limit in one of these
forms may or may not exist, depending on the situation:
0 0

— — 0-00 00 — 00 0° 12 oc?
0 e5]

Non-Indeterminate Forms for Limits
(a) Alimitin any of these forms must be equal to 0:

1 0] 0 0 ol
5] 0 1
(b) Alimitin any of these forms must be oco:
il 0 0 o0 1
o - — 00 + 00 00 - 00 00 00
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The Squeeze Theorem for Limits

If I(x) < f(x) < u(x) for all x sufficiently close to ¢, but not necessarily at x = ¢, and if
J]ﬂi_r)r} I(x) and ]ii_r&u(x) are both equal to L, then ]]c.i;r’r}f(x) =3

Similar results hold for limits at infinity and one-sided limits.
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The Squeeze Theorem for Limits

If I(x) < f(x) < u(x) for all x sufficiently close to ¢, but not necessarily at x = ¢, and if
;];jiré I(x) and ]ii_r&u(x) are both equal to L, then J]‘.i;r’I})"(x) =3

Similar results hold for limits at infinity and one-sided limits.

I(x) < f() < u()

y
3l u(x)
24
1 )
+ X
2 3\ 4

1(x)
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