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Let f (x) = x−2√
x2+6x−4 .

What is f (0)? What is f (1)? What is f (2)?

Sketch a graph. (calculator?)

What happens to the values for f (x) when x is very close to but
not equal to 2?

Calculus with Functions MATH 231, Chapter 1

By restricting x to values sufficiently close to (but not quite equal
to) 2, we can make the values of f (x) stay as close as we want to
a particular number = ...

We say that the limit of f as x approaches 2 is this number, and
write

lim
x→2

f (x) = lim
x→2

x − 2√
x2 + 6x − 4

= ...
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Some similar limit questions:

I limx→2
x2−4
x−2

I limx→2

√
x2+4
x−3

I limx→1 x
3 + x − 3

I limx→2
x2+4
x−2

The first is similar to limx→2
x−2√

x2+6x−4 , except that it should be

much easier to find a value for the limit without a calculator.The
2nd and 3rd are a bit different, but rather easier questions. The
last has problems all its own.
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limx→2
x2−4
x−2 and limx→2

x−2√
x2+6x−4 are more interesting limits than

limx→2

√
x2+4
x−3 . The first two are sometimes called “indeterminate

forms.” For the first two limits, both the numerator and
denominator are getting close to 0. “ 0

0 ” is not a number ... it
really is not anything at all other than a meaningless expression.
We have to do some additional work to figure out what the limit is.

In limx→2

√
x2+4
x−3 , the numerator is getting close to

√
4 + 4 = 2

√
2

and the denominator is getting close to 2-3 = -1, so the whole

fraction has limit 2
√
2

−1 = −2
√

2.
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A formal definition of the idea of limit? Later.
For now, a less formal version:

Note: The “limit” does not in any way depend on the actual value
of f at the point c . f (c) may not even exist, or f (c) may be a
number that is different from L. It is true that often f (c) = L as it
did in some of the previous examples, but this is in no way required
in order for the limit to exist.
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The graph of f (x) = x−2√
x2+6x−4 on a larger scale:
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Another example:

lim
x→0

√
2x2 − 1

x

Explain why this limit does not exist. A calculator may be a help.
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A similar example for which a calculator may not be needed:

lim
x→2

|x − 2|
x − 2

In both of the above, when we look for a limit we get different
answers depending on the “direction” we are coming from.
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In the case of

√
2x2−1
x , we could say that if we approach 0 using

only numbers greater than 0, i.e. “from the right,” then there is a
limit, and we can write

lim
x→0+

√
2x2 − 1

x
≈ 0.83255

(the actual number is
√

ln(2) ). Similarly we have:

lim
x→0−

√
2x2 − 1

x
≈ −0.83255

lim
x→2+

|x − 2|
x − 2

= 1

lim
x→2−

|x − 2|
x − 2

= −1

Note again that limx→0

√
2x2−1
x and limx→2

|x−2|
x−2 do not exist.

Overall there is a limit if both the left and right limit exist and the
left and right limit are the same number.
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In the graph directly above, what if anything can you say about
the limits as x → −2? x → 0? x → 2? x → 2+? x → 2−?
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Some more examples:

lim
z→3

z2 − 2z − 3

z2 − 9
lim
z→1

z2 − 2z − 3

z2 − 9

lim
z→3

z2 − 2z + 3

z2 − 9
lim
w→2

w − 2

w2 − 4w + 4

lim
h→0

(3 + h)2 + (3 + h)− 12

h
lim
h→0

(1 + h)
1
h
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Limits as x → ±∞ are always directly related to the existence of
horizontal asymptotes. Some additional examples are below. For
some of these, you should be able to reason your way to an answer
without a graph. For the next to last, you may know something
about the behavior of “exponentials.” And the last one might take
some extra algebra.

lim
z→∞

z2 − 2z − 3

z2 − 9
lim
z→∞

3z2 − 2z − 3

5z2 − 9

lim
z→∞

z3 − 2z − 3

z − 9
lim
z→∞

z2 − 2z − 3

z5 − 9

lim
z→∞

z3 − 2z − 3

2z
lim
z→∞

√
z2 + z − z
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“Formal” definition of limits (an introduction to error analysis).
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The notion of a continuous function or of continuity is fairly
intuitive. Assuming that below is the graph of y = g(x) for some
function g , we would say that g is continuous everywhere except 4
values of x . Where is g discontinuous?
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Some more examples:

lim
z→3

z2 − 2z − 3

z2 − 9
lim
z→1

z2 − 2z − 3

z2 − 9

lim
z→3

z2 − 2z + 3

z2 − 9
lim
w→2

w − 2

w2 − 4w + 4

lim
h→0

(3 + h)2 + (3 + h)− 12

h
lim
h→0

(1 + h)
1
h
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