Association between categorical variables

Income NotTooHappy | PrettyHappy | VeryHappy Total
AboveAverage 21(7%) 159(55%) 110(38%) | 290(100%

Average 53(8%) 372(58%) 221(34%) | 646(100%
BelowAverage 94(22%) 249(59%) 83(19%) | 426(100%

source: Franklin and Agresti, 2007, p. 486.

Q: Are Income and Happiness independent?
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Independence between categorical variables

Income NotTooHappy | PrettyHappy | VeryHappy | Total
Above Average 12% 57% 31% 100%
Average 12% 57% 31% 100%
Below Average 12% 57% 31% 100%

Two categorical variables are independent (have no relationship) if the
population conditional distributions for one of them are identical at
each category of the other.
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Test independence between two categorical variables

Gender | believe | not believe total
male 60(60%) 40(40%) | 100(100%)

female | 150(75%) | 50(25%) | 200(100%)
total 210 90 300

(James Madison University)
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Expected cell count under independence

Under independence:

expected cell count=OW T‘)Ttgkl)’;g%lcﬁgn Total

expected cell count for

cell(1,1)=row 1 total*column 1 total/table total=1°3:310 = 70.
100x90

cell (1, 2)2003%(1)0 — 30

cell(2,1)= 203080 =140

cell(2,2)=20:%0 _ g0,
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Expected cell count

Gender | believe | not believe total
male 70(70%) 30(30%) | 100(100%)

female | 140(70%) | 60(30%) | 200(100%)
total 210 90 300

(James Madison University)
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chi-square test

chi-square test statistic
B=3 (Observed Cell Count - Expected Cell Count)? = (O—E)?
- Expected Cell Count E
d.f.=(r-1)(c-1), where r=number of rows, c=number of columns.

Sample size requirement: each expected cell count > 5.

In this example,

Hp : Gender and Belief are independent.

H; - Genderzand Beliefzare not indezpendent. ,

2= (60;070) i (40530) n (1501—41040) n (50&?0) — 714
df=(2-1)x(2-1)=1.

The P-value =P(x? > 7.14) < 0.01.

Reject Hy. Data show that gender and belief are dependent
(associated).
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chi-square distribution table

hi-Square Distribution Table

The shaded area is equal to o for

] Xoo X

a | ¥ o | e

To00 | 0000 | om0l

Com

TG | 2700
0211

2199
26206

SLIT Ry 01870 | 105020
50.196 6912 113145 | 118136 | 1 125200
728 9% 1isos | 124349 | 190561 | 135807 | 190,169
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Exercise
Internet Internet
Community Type | Broadband | No broadband
Urban 300(0.52) 276(0.48)
Suburban 521(0.49) 542(0.51)
Rural 174(0.31) 387(0.69)

Q: Are Internet Connection Type and Community Type independent?

(James Madison University)
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Check your understanding exercise

heart attack | no heart attack | total

placebo 28 656 684
aspirin 18 658 676
total 46 1314 1360

Test the null hypothesis that having a heart attack is independent of
whether one takes placebo or aspirin. Use o = 0.05.
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Solutions

Hp: Having a heart attack is independent of whether one takes placebo

or aspirin.

H, : Having a heart attack is NOT independent of whether one takes

placebo or aspirin.

Expected counts for the 4 cells are:

cell (1, 1): 88326 — 23 1
cell(1, 2): 884:1314 — 660.9

cell (2, 1): 87836 — 22 9

cell (2, 2): 676*;314 = 653.1

2= I on e

df=(2-1)(2- 1) 1.

The p-value =P(x? > 2.16) > 0.10. We fail to reject Hy. There is not

sufficient evidence that having a heart attack depends on whether one

takes placebo or aspirin.

18-22.9)%2 | (658—653.1)2
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|
Testing Hy : p1 = p2

Placebo: 28 had heart attacks out of 684 people.

Aspirin: 18 had heart attacks out of 676 people.

p1 : probability of getting heart attacks for a person who takes placebo,
p- : probability of getting heart attacks for a person who takes aspirin.
Hp : p1 = p» (independence)

Hy : p1 # p2 (dependence)

z= \/ﬁ%, p1, po are sample proportions

Pooled proportion: p = ﬁ: f,ji X;: number of successes in sample i.
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Example continued

p1 = 28/684 = 0.0409, p, = 18/676 = 0.0266, p = 535145 = 0.0338,
P 0.0409—0.0266 — 146

/0.033840.9612( 555 + 555
P-value = 2P(z > 1.46) = 0.144.
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]
exercise

Among a random sample of 160 men, 55 had nightmare often,
among a random sample of 192 women, 60 had nightmare often.
Test HO Pvm = Pw

vs Hi : pm # pw

using both the chi square test and the z test.
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]
solutions

pm = 55/160 = 0.344, pyy = 60/192 = 0.313, p = 33433, = 0.327.
z = 0.344-0.313 — 0.62.

1/0.327x0.673(1/160+1/192)
The P-value = 2P(z > 0.62) = 0.535.
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solutions
nightmare often | not often | total
man 55(52.3) 105(107.7) | 160
woman 60(62.7) 132(129.3) | 192
total 115 237 352
The expected cell counts are in parenthesis.
55-52.3 105-107.7)2 | (60—62.7 132-129.3)2
2= 53) 4 (0510777 627) + 13212937 _ .38,
d.f.=1, p-value is between 0.1 and 0.9.
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Z test for the believe in heaven example

Gender | believe not believe total
male 60(60%) 40(40%) | 100(100%)
female | 150(75%) | 50(25%) | 200(100%)
total 210 90 300
Ho L Pm = Pw
L Pm # Pw-

pM—60/100 060,0W—150/200 0.75,p=210/300 = 0.7.

0.60—0.75

~ 1/0.7¢0.3%(1/100+1/200)

p-value = 2p(z < —2.67) =

(James Madison University)

—2.67,
0.0076.
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Short cut formula for 2 by 2 table:

Level 1 Level 2 Total

Level 1 a b a+b
Level 2 c d c+d
Total a+c b+d

2 N(ad—bc)?

where N=a+b+c+d

X" = (ato)(b+d)(atb)(c+d)
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