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‘Table A2 Cumulative Normal Distribution (continued)

z 000 001 002 003 004 005 006 007 008 009
00 | 5000 5040 5080 5120 Sl60 5199 5239 5279 5319 5359
o1 S8 543 S8 SSI7 S5 596 5636 5675 ST4 5753
02 | 5793 5832 58T 5910 5048 5987 6026 6064 6103 6141
03 6179 6207 @55 6293 631 6365 6406 6443 6450 6517
04| 6554 691 6628 6661 6700 6736 6772 6808 6844 6879
05 6915 695 6985 7019 7054 7088 7123 7157 719 7224
06 | ;57 91 04 7357 239 1422 7454 3486 517 3549
07 IS0 7611 J6%2 7673 TI04 T34 7764 7194 783 7852
08 881 1910 7939 7967 7995 023 S0SI K078 8106 8133
09 BIS9 BIS6 02 B2 5264 B89 8IS B0 8365 8O
10 B3 S48 K6l 8IS SSO8 s3I 8SSE 85T 8599 s621
11 8643 665 8686 BI08 579 8749 ATI0 K0 880 880
12 Bs49 5K S BT 8925 944 8962 K050 8997 90l
13 901 904 S066 9082 9099 SIS 9131 9147 962 9177
L4 912 9207 92 926 951 9265 92719 992 9306 9319
L5 93 9345 9357 9370 9382 9394 5406 418 5429 o4l
L6 | 91520 9463 9474 9184 9495 9505 9515 9525 9535 9ds
17 9554 9564 9573 952 9591 9599 9608 9616 9625 9633
18 | 9641 969 965 9661 96T 9678 9686 9693 9699 9706
19 973 9715 o726 972 973 S14 910 9156 9761 9767
20 | 972 978 9783 9788 9793 9798 9803 908 9812 9817

9821 9826 K0 9§34 O3S M2 9Rd6 OBSD 9854 98T

9%61 981 68 9%T1 985 ONIS 9SS 9884 9887 9890

9593 9896 998 9901 9904 9906 9909 991 9913 9916
24 | 9918 9920 9922 9925 907 9929 9931 9932 9934 9936
25 993 9940 9941 9943 9945 9946 9948 9949 9951 9952
26 | 9953 9955 9956 9957 9959 9960 9961 9962 9963 9964
27 995 996 9967 9968 9969 9970 9971 9972 9973 9974
28 | 997 9975 9976 9971 99T 9978 9979 9979 9980 9981
29 99Kl 992 9952 O9K3 9984 9984 985 9985 9986 9986
30| 9987 9987 9987 988 998 99RO 9980 9989 9990 9990
a1 9990 9991 9991 9991 9992 9992 9992 9992 9993 9993
32| 9993 9993 9994 9994 9994 9994 9994 9995 9995 9995
33 9995 9995 995 9996 9996 9996 9996 9996 9996 9997
34| 9997 9997 9997 9997 9997 9997 9997 9997 9997 9998
35 9995 0998 9995 9995 9998 9998 9998 9998 9998 9998
36 | 9998 9995 9999 9999 9999 9999 9999 9999 9999 9999
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Law of Large Numbers: from chapter 5

Law of large numbers: The sample mean approaches the population
mean when the sample size grows.

(James Madison University) February 13, 2021 3/26



Density curves
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When a histogram has many narrow rectangles, we can use a smooth
curve to approximate the histogram. The curve is called a probability
density curve which describes the overall pattern of a distribution. A
density curve is always on or above the horizontal axis, and has area
exactly 1 underneath it.
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The area under the density curve between two values is the proportion
of population values that fall between these two values.
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. The following figure is a probability density curve that represents the lifetime, in months, of a
certain type of laptop battery.

a. Find the proportion of batteries with lifetimes between 12 and 18 months.
b. Find the proportion of batteries with lifetimes less than 18 months.
c. What is the probability that a randomly chosen battery lasts more than 18 months?

Area=0.3% Ara=025

0 6 12 18 24 30 36 42 48
Answmiar

The answers are 0.25 in a), 0.6 in b) and 0.4 in c).
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A normal distribution is described by a normal density curve. A
normal distribution is completely specified by its mean x and standard
deviation o.

The Empirical rule:

Approximately 68% of the observations fall within o of 1.
Approximately 95% of the observations fall within 2o of .
Approximately 99.7% of the observations fall within 3o of (.

Figure 6.5.

(James Madison University) February 13, 2021 7/26



I
e = 09.7%
I
I
I [
I [
I [
: IL' = 95%
I [
I [
I [
E [ <« = 68% ——>
I
1—-30 u-2c u—-o u u+o u+2o u+ic
L

(James Madison University) February 13, 2021 8/26



I
example

Adult female heights in North America have approximately a normal
distribution with ¢ = 65 inches and o = 3.5 inches.

About 68% of the heights fall between

[65 — 3.5,65 + 3.5] = [61.5,68.5] inches.

About 95% of the heights fall between

[65 — 2% 3.5,65 + 2 % 3.5] = [58,72] inches.

About 99.7% of the heights fall between

[65 — 3 % 3.5,65 + 3 % 3.5] = [54.5,75.5] inches.
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Z-Score

If x is an observation from a distribution that has mean . and standard
deviation o, the standardized value of x is
z=Xt,

o2
This standardized value is often called a z-score.
A z-score measure how many standard deviations a value is away
from the mean.
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I
standard normal distribution

The standard normal distribution has mean 0 and standard
deviation 1.

If a variable x has any normal distribution N(u, o), then
z = I has the standard normal distribution.
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Standard normal table

Standard Normal Probabilities

5962

Table entry for z is the area under the standard normal curve
to the left of z.

z .04 .05 07 .08
0.0 5000 .5040 .5080 .5120 .5160 5199 5239 5279 5319
00 5398 543 S48 B517 BERV Sh86 SEaEL v 574
0.2 5793 5832 5871 .5910 .5048 .5087 .6026 .6064  .6103
0.3 6179 6217 6255 6293 T .6331 6368 | 6406 6443 | 6480
0.4 6554 6591 .6628 .6664 .6700 6736 .6772 6808  .6844
05 6515 6950 6985 7019 054 088 - ius. Jis7 7160
0.6 7257 7291 7324 7357 7389 7422 7454 .7486 .7517
0.7° 7580 gBi1 | Jow) RIS 0A i3 Tied 7794 T80
08 7881 7910 7939 7967 7995 8023 .8051 .807/8 .8106
0.9 .8159 .8186  .8212 8238 | 8264 8289 .8315 .B8340  .8365
1.0  .8413 8438 8461 .8485 .8508 .8531 .8554 .8577  .8599
1.1 8643 8665 8686  .8708 8729 8749 8770 8790 8810

tﬁ- .8849 8869 .8888 8907 .8925  .8944 .8980 8997
13,9032 9049 .9066 | .9082 9099 | 91i5 9131 9147 9162
14 9192 9207 9222 9236 .9251 .9265 .9279 .9292  .9306
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.5359
5753
6141
6517
.6879
7224
7549
7852
8133
8389
8621
.8830
9015
9177
9319
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Find area

. Find each of the shaded areas under the standard normal curve.

a. 1.25
b. 0.36

Answer

. Find each of the shaded areas under the standard normal curve.

a. =071 162

Answers: 0.8944; 0.3594; 0.7085.
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Summary

@ Find the area to the left of z: use the area in the table.
@ Find the area to the right z: 1 - area to the left of z.

@ Find the area between two z scores: find the area to the left of
each and use bigger area - smaller area.
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More exercise

Find the area to the left of z=-1.96. Answer: 0.0250.
Find the area to the right of z=1.58. Answer: 1-0.9429=0.0571.
Find the area between z=-1.65 and z=1.65. 0.9505-0.0495=0.9010.
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Find a z score according to a given area

Table entry.

Standard Normal Probabilities

= () wen

Table entry for z is the area under the standard normal curve

to the left of z.

Foul 221
z .00 01 .02 .03 .04 .05 .06 .07
0.0 5000 .5040 .5080 .5120 .5160 .5199 .5239  .5279
0.1 5398 | '5438] 5478 /55{7 | 5557 5596 | .5636 @ 5675
0.2 5793 5832 .5871 .5910 .5948  .5987 .6026  .6064
0.3 6179 6217 6255 6293 6331 6368 6406 6443
04 6554 .6591 .6628  .6664 .6700 6736 .6772  .6808
0.5 16915 | 6950  .6985 7019 7054 7088 7123 7157
0.6 7257 7291 7324 .7357 7389 7422 7454  .7486
0.7 575800 BTl i ea2 T 6T 04T sd ues s
0.8 7881 7910 7939 .7967 .7995 .8023 .8051 .8078 .8106
0.9 8159 8186 8212 8238 8264 8289 8315 8340  .8365
10 8413 8438  .8461  .8485 .8508 .8531 .8554 .8577  .8599
8643 8665 8686 8708 8729 8749 8770  .8790 _.8810
(7q (.ss49~—ﬂ869 —8888——8907 89258944 8962 .8980~
70032 | 9049 9066 9082 | 9099 = 9115 0131 9147 ‘9162
1.4 9192 .9207 .9222 9236 .9251 .9265 .9279 .9292  .9306
15 19332 9345 9357 9370 9382 9394 9406 .9418 .9429
16 9452 9463 9474 9484 9495 9505 .9515 .9525 .9535
17 9554 9564 9573 9582 9591 9599 .9608 9616  .9625
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.8133
.8389

8621
18830
.9015
9177
9319
19441
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19633
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|
Find the z score given an area

Always use the area to the left of the z score to find the corresponding
z score.

Notation z, : the area to the right of z, is «.
Zo.005 = 1.96, 72501 = 2.33, 2505 = 1.645.
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Applications of the general normal distribution

It is reported the length of pregnancy is approximately normally
distributed with © = 272 and o = 9 days. What proportion of
pregnancies last longther than 280 days? Between 252 and 298 days?

The z score of 280 is 2225272 — 0.89,
P(x > 280) = P(z > 0.89) = 1 — 0.8133 = 0.1867.

Z.‘TZ 280
=089

P(252 < x < 298) = P(—2.22 < z < 2.89) = 0.9981 — 0.0132 =
0.9849.
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exercise

Suppose the test scores follow a normal distribution with © = 82 and
o = 4. Find the proportion of test scores that

fall below 88,

fall above 88,

fall below 75,

fall between 75 and 88.
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answer: P(x < 88) = P(z < 8382) = P(z < 1.50) = 0.9332,
P(x >88) =1—0.9332 = 0. 0668,

P(x < 75) = P(z < —1.75) = 0.0401.

P(75 < x < 88) = 0.9332 — 0.0401 = 0.8931.
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Find a value given a proportion

Find a value given a proportion.

X=pu+2zZxo.

example 6.10.

IQ scores i = 100, 0 = 15. Find the 90th percentile of the test scores.
We want find x such that 90% of the scores are below x.

Or the area to the left of x is 0.90.

The corresponding z = 1.28 and
X=p+2z0=100+1.28x15=119.2.
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Example

Female heights 1 = 65 inches, ¢ = 3.5 inches.

1). Find x such that 80% of the heights are below this x.
the area to the left of x is 0.80.
z=0.84,and x = u+ zo =65+ 0.84 « 3.5 = 67.94 inches.

2). Find x such that 5% of the heights are above x.
the area to the right of x is 0.05.

the area to the left of x is 0.95.
z=1.645x=65+1.64+3.5=70.76.
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exercise

Final exam scores have approximately normal distribution with mean
76 and standard deviation 8. The instructor give a C to scores between
70 and 80.

1). About what proportion of students get a C?

2). Find the upper quartile Qs of test scores, i.e., 75% of the test

scores are below this value.
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1)
P(70 < x < 80) = P(~0.75 < z < 0.5) = 0.6915 — 0.2266 = 0.4649.

2) note from p=0.75, we get
z=0.67,and x = u+ zo =76 + 0.67 x« 8 = 81.36.
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]
Exercises

58. The weight of 2-month old male babies is normally distributed with
1 = 11.5 pounds and ¢ = 2.7 pounds.
a). What proportion of babies weigh more than 13.5 pounds?

59. The diastolic blood pressures of adult women in US are normally

distributed with ;. = 80.5 and o = 9.9.
a). Find the 35th percentile of the blood pressure.
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solutions

P(x > 13.5) = P(z > 132 115) = P(z > 0.74) = 1 — 0.7704 = 0.2296.
About 23% of babies weigh more than 13.5 Ib.

P=0.35,z=-0.39,x =80.5—-0.39«9.9 = 76.64.
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