Introduction to Inference

Statistical inference draws conclusions about a population from
sample data.

Conditions about estimating a population mean u:

1. We have a SRS from the population.

2. The variable has a normal distribution N(x, o) or n > 30.

3. We know population standard deviation o (this assumption is
unrealistic and will be relaxed later).
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Confidence intervals for

A point estimate is a single number that is used to estimate an
unknown parameter.

A level (1 — «)100% confidence interval for a parameter has

1. an interval of the form

point estimate + margin of error

2. a confidence level (1 — a)100% which gives the success rate for the
method.
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I
Confidence interval

where z = z, 5.
Common critical values:
90% : 20.05 = 1.645
95% : Z0.025 = 1.96
99% : Zy.005 = 2.576
Example 7.3.
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The sampling distribution of x

el

Note here o3y = %=

The empirical rule says 95% of the x s are within 2 (1.96 to be exact)
ox of u, so a margin of error 203 can guarantee a 95% success rate.
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Find the z critical value

1-a=.95

=.025

—_— e mm — ==
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use p=1=Confidencelevel o ,_ 1+ Confidencelevel i the z chart to find z.

e.g., for 92% confidence interval, use p=1222 = 0.96 to find z = 1.75.
for 88% confidence interval, use p=1+3-88 = 0.94 to find z = 1.55.
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example

Example 7.5. A simple random sample of 6 cereal boxes produces
x = 20.25 ounces. The fill weights are normally distributed with

o = 0.2. Get a 90% CI for the mean fill weight.

Zo.05 = 1.645, the Clis

x+1 .645% =20.25+1 .645% =20.25+0.1343 = (20.12,20.38) oz.
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Exercises

A random sample of n = 360 three month boys produce a sample
mean weight x = 25.5 pounds. Suppose the population standard
deviation is given as o = 5.3.

Get a 95% ClI for the population mean weight.

(James Madison University) October 16, 2020 8/47



Solutions

Zg.025 = 1.96,

53 _ —
25.5£1.96 * 560 = 25.5 +0.55 = (24.95,26.05) Ib.
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Exercise

Section 7.1 prob. 43.
The mean math SAT score of a random sample of 100 freshmen is
458. Assume o = 116. Find a 99% ClI for the population mean.

458 + 2.576\}% = 458 4+ 29.88 = (458.12,487.88).
For confidence level=0.99, use p = 0.995 in the z chart to find

z = 2.57 or z = 2.58, a more exact value is z = 2.576.
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Margin of error

Note margin of error (denoted by m) in the confidence interval is

g
m=z——

vn
sample size needed to achieve a certain margin of error:
zZo

=27y

m
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I
Example 7.7

The weight of mice fed a certain diet is normally distributed with o = 3
grams. How many mice must be weighted so than a 95% CI will have a
margin of error of 0.5 grams?

— 3
0.5= 1.96%
or

n_ (1 .96 x 3
05
We always round up n when computing the needed sample size.

)2 = 138.30 ~ 139

(James Madison University) October 16, 2020 12/47



Exercise 51

In a random sample of 100 electronic components, the mean life time
was 125 hours. Assume that the components lifetimes are normally
distributed with population standard deviation o = 20 hours.

a). Construct a 98% CI for the mean battery life.

b). Find the sample size needed so that a 99% CI will have a margin of
error of 3.
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Solutions

a). Zoo1 =2.33, X+ 2%

=125 +£2.33 28 = 125 £ 4.66 = (120.34,129.66).
b)Z0.005 = 2.576, N = (22)2 = (2578:20)2 _ 295,
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Unknown population standard deviation

Conditions: SRS
Population distribution is normal or n > 30.
We do not know ¢
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Replace o with s

Recall ox = %
X_
z= U/\;% ~ Normal(0,1)
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t distribution

t with 10 degrees Standard normal

of freedom

t with 4 degrees
t with 1 degree of freedom

of freedom

—

——
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t and z critical value

Area =0.025 Area = 0.025

Area = 0.95

t critical value with d.f. =9 -2.262 0 2.262

Area =0.025 Area = 0.025

Area=0.95

1
z critical value -1.96 1.96
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Confidence interval

level (1 — «)100% confidence interval:

X+t /2%.

Example 7.12.

A sample of 123 people reported the number of hours spent on
internet per week, x = 8.20, s = 9.84 hours. Get a 95% ClI for .

X+ 1,25 =820+1.984 984 _ 8.20 + 1.7603 = (6.44,9.96) hours.

V123
Exercise 29, 31.
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Exercise

The healing rate of wounds made on 18 newts was measured with a
sample mean of 25.67 micrometers per hour and a standard deviation
s = 8.324. A stem-and-leaf plot of data does not show obvious
departure form normality. Get a 95% ClI for the population mean.

(James Madison University) October 16, 2020 20/47



t Table

cum. prob tso s Uso tes tao tos Lars Lo o5 Loon o905
one-tail 0.50 0.25 0.20 0.15 0.10 0.05 0.025 0.01 0.005 0.001 0.0005]
two-tails| 1.00 0.50 0.40 0.30 0.20 0.10 0.05 0.02 0.01 0.002 0.001

df|
1 0000 1000 1376 1963 3078 6314 1271 3182 6366 31831 63662
2| 0.000 0.816 1.061 1.386 1.886 2,920 4303 6.965 9925 22327 31599
3] 0.000 0.765 0.978 1.250 1638 2.353 3.182 4541 5.841 10215 12.924
4 0.000 0.741 0.941 1.190 1533 2132 2776 3.747 4.604 7173 8.610
5| 0.000 0.727 0.920 1.156 1.476 2.015 2571 3.365 4.032 5.893 6.869
3 0.000 0.718 0.906 1134 1.440 1.943 2.447 3.143 3.707 5.208 5.959
7] 0.000 0.711 0.896 1119 1415 1.895 2.365 2.998 3.499 4.785 5.408
8 0.000 0.706 0.889 1108 1.397 1.860 2.306 2.896 3.355 4501 5.041
9| 0.000 0.703 0.883 1.100 1.383 1.833 2.262 2.821 3.250 4.297 4781
10| 0.000 0.700 0.879 1.093 1372 1812 2.228 2764 3.169 4.144 4587
11] 0.000 0.697 0.876 1.088 1.363 1.796 2201 2718 3.106 4.025 4.437
12| 0.000 0.695 0.873 1.083 1.356 1.782 2179 2681 3.055 3.930 4318
13| 0.000 0.694 0.870 1.079 1.350 1771 2.160 2.650 3.012 3.852 4221
14] 0.000 0.692 0.868 1.076 1.345 1.761 2.145 2.624 2977 3.787 4.140
15| 0.000 0.691 0.866 1.074 1.341 1.753 2.131 2.602 2.947 3.733 4.073
16| 0.000 0.690 0.865 1.071 1.337 1.746 2.120 2,583 2921 3.686 4.015
17] 0.000 0.689 0.863 1.069 1.333 1.740 2.110 2.567 2.898 3.646 3.965
18] 0.000 0.688 0.862 1.067 1.330 1734 2101 2552 2.878 3610 3922
19| 0.000 0.688 0.861 1.066 1328 1729 2.093 2539 2.861 3579 3.883
20| 0.000 0.687 0.860 1.064 1.325 1725 2.086 2528 2.845 3.552 3.850
21 0.000 0.686 0.859 1.063 1323 1721 2.080 2518 2831 3.527 3.819
22| 0.000 0.686 0.858 1.061 1321 1717 2074 2508 2819 3.505 3.792
23] 0.000 0.685 0.858 1.060 1319 1714 2.069 2500 2.807 3.485 3.768
24 0.000 0.685 0.857 1.059 1318 1711 2.064 2.492 2797 3.467 3.745
25 0.000 0.684 0.856 1.058 1.316 1.708 2.060 2.485 2.787 3.450 3.725
26 0.000 0.684 0.856 1.058 1315 1.706 2.056 2.479 2779 3.435 3.707
27| 0.000 0.684 0.855 1.057 1314 1703 2.052 2473 2771 3.421 3.690
28] 0.000 0.683 0.855 1.056 1313 1701 2.048 2.467 2.763 3.408 3674
29 0.000 0.683 0.854 1.055 1311 1.699 2.045 2.462 2.756 3.396 3.659
30| 0.000 0.683 0.854 1.055 1.310 1.697 2.042 2.457 2.750 3.385 3.646
40| 0000 0681 0851 1050 1303 1684 2021 2423 2704 3307 3551
60| 0.000 0.679 0.848 1.045 1.296 1671 2.000 2.390 2.660 3.232 3.460
80 0.000 0.678 0.846 1.043 1.292 1.664 1.990 2374 2639 3.195 3416
100 0.000 0.677 0.845 1.042 1.290 1.660 1.984 2.364 2626 3174 3.390
1000 0.000 0.675 0.842 1.037 1.282 1.646 1.962 2.330 2.581 3.098 3.300
z 0.000 0.674 0.842 1.036 1.282 1.645 1.960 2.326 2.576 3.090 3.291
0% 50% 60% 70% 80% 90% 95%  98%  99% 99.8% 99.9%
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‘Table A2 Cumulative Normal Distribution (continued)

z 000 001 002 003 004 005 006 007 008 009
00 | 5000 5040 5080 5120 Sl60 5199 5239 5279 5319 5359
o1 S8 543 S8 SSI7 S5 596 5636 5675 ST4 5753
02 | 5793 5832 58T 5910 5048 5987 6026 6064 6103 6141
03 6179 6207 @55 6293 631 6365 6406 6443 6450 6517
04| 6554 691 6628 6661 6700 6736 6772 6808 6844 6879
05 6915 695 6985 7019 7054 7088 7123 7157 719 7224
06 | ;57 91 04 7357 239 1422 7454 3486 517 3549
07 IS0 7611 J6%2 7673 TI04 T34 7764 7194 783 7852
08 881 1910 7939 7967 7995 023 S0SI K078 8106 8133
09 BIS9 BIS6 02 B2 5264 B89 8IS B0 8365 8O
10 B3 S48 K6l 8IS SSO8 s3I 8SSE 85T 8599 s621
11 8643 665 8686 BI08 579 8749 ATI0 K0 880 880
12 Bs49 5K S BT 8925 944 8962 K050 8997 90l
13 901 904 S066 9082 9099 SIS 9131 9147 962 9177
L4 912 9207 92 926 951 9265 92719 992 9306 9319
L5 93 9345 9357 9370 9382 9394 5406 418 5429 o4l
L6 | 91520 9463 9474 9184 9495 9505 9515 9525 9535 9ds
17 9554 9564 9573 952 9591 9599 9608 9616 9625 9633
18 | 9641 969 965 9661 96T 9678 9686 9693 9699 9706
19 973 9715 o726 972 973 S14 910 9156 9761 9767
20 | 972 978 9783 9788 9793 9798 9803 908 9812 9817

9821 9826 K0 9§34 O3S M2 9Rd6 OBSD 9854 98T

9%61 981 68 9%T1 985 ONIS 9SS 9884 9887 9890

9593 9896 998 9901 9904 9906 9909 991 9913 9916
24 | 9918 9920 9922 9925 907 9929 9931 9932 9934 9936
25 993 9940 9941 9943 9945 9946 9948 9949 9951 9952
26 | 9953 9955 9956 9957 9959 9960 9961 9962 9963 9964
27 995 996 9967 9968 9969 9970 9971 9972 9973 9974
28 | 997 9975 9976 9971 99T 9978 9979 9979 9980 9981
29 99Kl 992 9952 O9K3 9984 9984 985 9985 9986 9986
30| 9987 9987 9987 988 998 99RO 9980 9989 9990 9990
a1 9990 9991 9991 9991 9992 9992 9992 9992 9993 9993
32| 9993 9993 9994 9994 9994 9994 9994 9995 9995 9995
33 9995 9995 995 9996 9996 9996 9996 9996 9996 9997
34| 9997 9997 9997 9997 9997 9997 9997 9997 9997 9998
35 9995 0998 9995 9995 9998 9998 9998 9998 9998 9998
36 | 9998 9995 9999 9999 9999 9999 9999 9999 9999 9999
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Solution
n=18, d.f. =17,
25.67 & 2.1 10% = 25.67 +4.14 = (21.53,29.81) hours.
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I
example

Gas bubbles inside ancient amber gives the following nitrogen
(percent).

63.4, 65.0, 64.4,63.3, 54.8, 64.5, 60.8, 49.1, 51.

X =59.59, s = 6.26.

Get a 90% ClI for 1, the mean nitrogen content in ancient air.

(James Madison University) October 16, 2020 24/47



Cl: 59.59 + 1.860 6}6 = 59.59 + 3.88 = (55.71,63.47).
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Exercise

Six measurements were made of the mineral content ( in percent) of
spinach. It is reasonable to assume the population is approximately
normal:

19.1, 20.8, 20.8, 21.4, 20.5, 17.4.

Get a 95% ClI for the mean mineral content.

x =20.0,s = 1.49,

Cl:20.0 2571 % 1.49/v/6 = 20 + 1.56 = (18.44,21.56).

Note: 20.0 & 2.571 % 1.49/v/6 = 20.0 + (2.571  1.49/1/6).
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One sample t test

Ho:p=mpo.
. R—p

test statistic ¢ = ; fg

example 16.3.

exercise 16.8, 16.9, 16.10.
16.10: Amber gas data: test Hy : = 78.1
Hy:p#78.1.
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Robustness of t procedures

The conditions for using the t procedures:
1. The sample is SRS.

2. n < 15: data appear close to normal.
3. n > 15: no outliers or strong skewness.
4. n > 40: okay for skewed distribution.
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exercise

Seven subjects who identified themselves as Buddhist reported hours
per week watching TV of:

2,1,1,3,2,3,2.

Assume the TV watching time of a budddist is approximately normally
distributed.

1). Estimate the sample mean X and sample standard deviation s.

2). Construct a 90% confidence interval for x, the mean TV watching
time per week for all Buddhists.
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X =2,5=0.816.
2 +1.943 x0.816/\/7 = (1.40, 2.60) hours.
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A random sample of emissions is taken from an incinerator for 4 days
this year. The observations were:

2, 3, 3, and 2 grams of dioxin per day.

Construct a 90% confidence interval for the mean emission of dioxin
per day.
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X+ 1S =25+2353+0577/v4 = (1.82,3.18) grams.

5
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sampling distribution of p

population proportion: p
sample proportion: p = %
X : number of successes in the sample.

1—
/’Lﬁ:p‘)o—b: M

For large n, approximately p ~ Normal (p, 1/ @).
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Cl for p

Sample size needed: np > 10 and n(1 — p) > 10. (at least 10
successes and 10 failures in the sample)
Data come from a random sample.

(1 — a)100%Cl is:

f)iz\/Ln_p).

(James Madison University) October 16, 2020 34/47



Example

When the 2000 GSS asked subjects whether they would be willing to
accept cuts in their standard of living to protect the environment, 344 of
1170 subjects said yes. Find a 95% confidence interval for the
population proportion who would say yes.

The sample proportion is p = 344/1170 = 0.294

A 95% Cl:

p+1.96+/P0-P) — 0294+ 1.96,/0294:0706 _ 0 294 + 0.026 =
(0.268,0.320).
exercise: 23, page 327.
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Exercise

In 2008 a GSS asked 182 people whether they received health
insurance from their employers. A total of 60 people said they did. Get
a 95% CI for the population proportion.
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Solution

p = 60/182 = 0.330.
95% Cl: 0.330 & 1.96,/ 2:330:0670 — 0.330 + 0.068 = (0.262, 0.398).
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sample size for desired margin of error

m= z\/"’(1 P) and
2

= p(1 - p)(2)

Use p = 1/2if a value for p is unavailable.
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Example 7.14

Among a sample of 517 music teachers, 403 believe that video games
have a positive effect on music education. Estimate the sample size
needed so that a 95% CI will have a margin of error of 0.03.

p= 2% =0.7795,

n=p(1—p)(£)? =0.7795 x (1 — 0.7795)(1%£)2 ~ 734.

exercise 30 page 328:

1). A gallup poll estimates the proportion of people who believe the
economy is getting better to be 0.33. What sample size is needed so
that the 95% CI will have a margin of error 0.037?

2).Estimate sample size needed if no estimate of p is available.
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Solutions

a. n=0.33x0.67({:55)% = 944.

[95)

b. n = 0.50 * 0.50(:35)? = 1068.
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Exercise

A researcher wants to estimate the population proportion of frogs with

fungus infection in a pond. Her sample proportion is p=0.35 based on
a sample of 100.

1). Construct a 95% confidence interval for the population proportion p.
2). Construct a 99% confidence interval for p.
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Solutions

1). 0.35 = 1.96, /03505 — 0354 0.09 = (0.26,0.44).
2). 0.35 +£2.576,/ 2324065 — 0.35 +- 0.12 = (0.23,0.47).
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Cls for small samples

adjusted sample proportion: p = %2
Replace p and n with p and i1 = n+ 4 in the Cl formula.

biz1/Lr:l~))
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Exercise

2. A 2008 GSS survey asked 182 whether they received health
insurance from their employers and 60 of them said yes.

Get a 90% ClI for the population proportion who receive health
insurance from their employers.
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p = 60/182 = 0.330.
90% Cl: 0.330 = 1.645,/2:33%:8.670 — 0.330 + 0.057 = (0.273,0.387).
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|
Example

The General Social Survey recently asked 1294 people whether they
performed any volunteer work during the past year. A total of 517
people said they did.

1). Find a point estimate for the proportion of people who performed
volunteer work during the past year.

2). Construct a 95% confidence interval for the proportion of people
who performed volunteer work during the past year.

3). A sociologist states that 50% of Americans perform volunteer work
in a given year. Does the confidence interval contradict his statement?
Explain.
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Solutions

1). p = 35z = 0.400.
2). 0.400 + 1.96,/.400 * .600/1294 = 0.400 =+ 0.027 = (0.373,0.427).

3). Yes, the confidence interval contradicts his statement as .50 is not
included in the interval.
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