Bayes estimators

Given 0, X1, -, X iid ~ f(x|0).
prior g(6).

joint distribution: f(x1,--- ,x,|0)g(0)
posterior g(0|x1, -, Xn).
Estimator T = h(Xy,- -, Xp).
Loss: L(t,0)

Risk: R(T,0) = ErL(T,0)
Bayes risk of T is

R(T,g) = [o R(T,0)g(#)db.

T is Bayes estimator if
R(T,g)=infr R(T,g).



To minimize Bayes risk, we only need to minimize the conditional
expected loss given each x observed.



Binomial model

X ~ bin(x|n,0)

prior g(0) ~ unif(0,1).

posterior g(f|x) ~ beta(x +1,n— x + 1).

Beta distribution:

F(x) = f5E (1 — x)71,0 <x <LEX) = 355
For squared error loss, the Bayes estimator is

posterior mean ﬁi;

If X is a random variable, choose ¢

min E(X — ¢).

c = E(X)




Prior distributions

Where do prior distributions come from?

* a prior knowledge about 6

* population interpretation—(a population of possible 6 values).

* mathematical convenience (conjugate prior)

conjugate distribution— the prior and the posterior distribution are
in the same parametric family.



Conjugate prior distribution

Advantages:

* mathematically convenient

* easy to interpret

* can provide good approximation to many prior opinions
(especially if we allow mixtures of distributions from the conjugate
family)

Disadvantages:

may not be realistic



Binomial model

X0 ~ bin(n, )

0 ~ beta(a, 3).

Beta distribution:

f(x) = r(O{Jrr(ﬁg)) H1- X)ﬁila

0<x<1EX)= %5
g(0]x) = beta(x +a,n—x+p).

_ _xto
posterior mean is 6 = mratd




Binomial model: continued

Under loss function L(t,0) = 6(,21_32)

We need to minimize ,
—0
g(t) = EgxL(t,0) = me%h,%
= *Egx gy — 2tEoix 105 + Eolx 1.
It is a quadratic function of t.

The minimizer is
= EQ\XQ _ atx—1

= 4 = =,
EH\X70(170) a+p+n—2




exercise

Let Xi,---, X, be iid Poisson (), and let A have a gamma (a, [3)
distribution.

1). Find the posterior distribution of .

2). Calculate the posterior mean and variance.

3). Find the Bayes estimator under the loss L(t,\) = @



Solutions

1). The joint distribution of Xi,---, X, given A is

—A\Xj —nA DD x;
p(Xla e aXn‘)\) = H?:l < X,'!)\ =€ H/)\Xi!
the posterior distribution of A is
g()\|X17 e 7Xn) X P(Xh e 7Xn|)\)g(>\)
e~M\Xix B Ae—1g—BA

o E-MIAZIN
[T T(a)
o AZ,—X,'-‘FOC—]-e_(ﬁ"F"))‘ X gamma (Z,’Xi + avﬁ + n)'
2). The posterior mean of X is E(A|xq, - ,x,) = Eﬁi:a
> xita

and the posterior variance is Var(A|xy, -+ ,xp) =

(B+n)? -



3). For simplicity, write x = (x1,- -, X5), we need to minimize
—\)?
ExpL(t,2) = Exp S52E = By (362 — 2t + )
which is a quadratic function of t. The minimizer is
* 1
tt = EX‘X%.
1 1(BEMZiNH Y SN sta—1 o —(B+n)A 4y
Note E/\‘XX = XWAZIX « e ('6 n) d\ =
M xita-1)(B+m)>i5t _  p+n
M3 xita)(B+n)=ixite=t 7 5 ixita—1"
ZI»X,'-‘rO(—l
B+n

and the Bayes estimator is t* =



Let © consists of two points, © = {3, %}

Let A be the real line and L(6,a) = (6 — a)?.

A coin is tossed once and the probability of head is §. Consider the
set of nonrandomized decision rules which are functions from the
set {H, T} to A: d(H) =x,d(T)=y.

Find the Bayes rule with respect to the prior distribution giving
prob. 1/2 to # =1/3 and prob. 1/2 to 6§ = 2/3.



Exercise

Suppose the conditional distribution of given 6 is X |0 ~ bin(3,0),
and the prior distribution of @ is uniform on (0, 1). i.e.,
g(f)=1,0<6<1.

Suppose X = 2 is observed.

1). Find the joint distribution of X and 6.

). Find the probability P(X = 2).

). Derive the conditional distribution of 6 given X = 2.

). Find the conditional mean and variance of 6 given X = 2.

B~ N



