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e [ a simple graph
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e [ a simple graph
@ A adjacency matrix
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e [ a simple graph
@ A adjacency matrix

e L = D — A Laplacian matrix
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An example
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An example

1 111 4 -1 1 -1 -1
11 1 3 -1 -1 -1
1 1 -1 2 -1
A=| 1 1 1| L= -1 3 -1 -1
11 -1 -1 2
11 1 1 -1 -1 -1 4 -1
11 1 1 -1 -1 -1 ~1 4
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@ Both A and L define a map zV(" — zvn)
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@ Both A and L define a map zV(" — zvn)
o Coker(A) = ZV(D) /Im(A) is the Smith group of T
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@ Both A and L define a map zV(" — zvn)
o Coker(A) = ZV(D) /Im(A) is the Smith group of T
o Coker(L) = Zk @ K(I)
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Both A and L define a map zV(" — zvn)
Coker(A) = V(") /Tm(A) is the Smith group of T
Coker(L) = Z* @ K(I)

IC(T) is the critical group (or sandpile group)
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Known critical groups

trees, {0}

n-cycle, Z,

complete graph K, (Z,)" 2

wheel graph W, (n odd), (Z;,)*

line graphs (partial information)

abelian Cayley graphs (partial information)
Hypercube graph Q, (2-part unknown)

Payley, Peisert graphs

many others
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Smith normal form

@ Start with a homomorphism of free abelian groups
M: Z" — 7™
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Smith normal form

@ Start with a homomorphism of free abelian groups
M. zZ" — 7™

@ There exist bases of domain and codomain so that M has
matrix

s, -
52
53

0

where the s; are integers with s;|s; 1 for all /.
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Smith normal form

@ Start with a homomorphism of free abelian groups
M. zZ" — 7™

@ There exist bases of domain and codomain so that M has
matrix

s, -
52
53

0

where the s; are integers with s;|s; 1 for all /.
@ The s; are called the invariant factors of M, and

Coker(M)2Z /512 ® L7 & -

Josh Ducey Critical groups of SRGs



Josh Ducey Critical groups of SRGs



o Let I be an srg(v, k, A\, 1)
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o Let I be an srg(v, k, A\, 1)
0 A2=kI+ ) A+ pu(J—1—A)
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o Let I be an srg(v, k, A\, 1)
0 A2=kI+ ) A+ pu(J—1—A)
o L=k —A
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o Let I be an srg(v, k, A\, 1)
0 A2=kI+ ) A+ pu(J—1—A)
o L=k —A
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o Let I be an srg(v, k, A\, 1)
0 A2=kI+ ) A+ pu(J—1—A)
o L=k —A

L2 4 (N —p—2k)L = (k — k? + Xk — pp — pk)l + pJ
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o Let I be an srg(v, k, A\, 1)
0 A2=kI+ ) A+ pu(J—1—A)
o L=k —A
L2 4 (N —p—2k)L = (k — k? + Xk — pp — pk)l + pJ

If p is a prime and p? exactly divides k — k? + Xk — ji — pk, then
p? is an upper bound for the exponent of the p-primary component
of K(T).
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o L: zZV( 5 7V
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o L: zV(D 7V
@ Restrict L to the subgroup

Y = Z avv‘ Z a, =0

veV(r) veVv(r)
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o L: zV(D 7V
@ Restrict L to the subgroup

Y = Z avv‘ Z a, =
veV(l) veV(l)

@ The previous equation becomes

(L4+(\—p—2k)) L= (k— k>4 Xk — o — pk)l.
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L: zV) - zvV(©)
Restrict L to the subgroup

Y = Z avv‘ Z a, =

veV(l) veV(l)

The previous equation becomes
(L4+(\—p—2k)) L= (k— k>4 Xk — o — pk)l.

@ Consider SNF bases.
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The rook’s graph R,

@ Let R, be the graph having vertex set the squares of an n x n
grid.

Josh Ducey Critical groups of SRGs



The rook’s graph R,

@ Let R, be the graph having vertex set the squares of an n x n
grid.

@ Two squares are adjacent when they lie in the same row or
column.
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The rook’s graph R,
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The rook’s graph R,

e k=2(n—-1)
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The rook’s graph R,

o v=n?
e k=2(n—-1)
e \AN=n-2
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The rook’s graph R,

o v=n?

e k=2(n—-1)
e \=n-2
CTES
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The rook’s graph R,

L2+ (N —p—2K)L = (k — k* + Xk — . — pk)l + pJ
L2+ (=3n)L = (—2n°)] +2J
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The rook’s graph R,

L2+ (N —p—2K)L = (k — k* + Xk — . — pk)l + pJ
L2+ (=3n)L = (—2n°)] +2J

When n is odd, the 2-part of K(R,) is elementary abelian.
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The rook’s graph R,

L2+ (N —p—2K)L = (k — k* + Xk — . — pk)l + pJ
L2+ (=3n)L = (—2n°)] +2J

When n is odd, the 2-part of K(R,) is elementary abelian. In
general,
IC(Rn) o~ (ZZn)(n_2)2+1 ) (Z2n2)2(n_2)
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Another Example.
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Another Example.

Suppose that I is an srg(3250,57,0,1).
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Another Example.

Suppose that I is an srg(3250,57,0,1).
L has spectrum [50]172?, [65]1520,[0]}, so

1
()| = . 501729 . 651520
[ KA = 3555 507" - 65

_ 91728 4975 131510
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Another Example.

Suppose that I is an srg(3250,57,0,1).
L has spectrum [50]172?, [65]1520,[0]}, so

1
KK(F)| = . 501729 . 51520
[ KA = 3555 507" - 65

_ 01728 4975 131519

24 (N —p—2k)L = (k — k® + Xk — jp — pk) + pJ
[2 4 (-115)L = —(2-5%-13)/ + J
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Another Example.

Suppose that I is an srg(3250,57,0,1).
L has spectrum [50]172?, [65]1520,[0]}, so

1
()| = . 501729 . 651520
[ KA = 3555 507" - 65

_ 91728 4975 131510

24 (N —p—2k)L = (k — k® + Xk — jp — pk) + pJ
[2 4 (-115)L = —(2-5%-13)/ + J

K(T) = (Z/22)" " a(2/13Z)*°9(2/52) @ (2/5°Z) " 0(2/5°Z)°
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Localization

L: 2V - zv{©)
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Localization

L: 2V - zv{©)

L: 7,V - 7,V
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Localization
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Localization

L: z,Y" — 7,V

M; = {x € Z," | Lx € p'Z,"}

N; = {p_iLx\x € I\/I,-}

Let e; denote multiplicity of p’ in SNF

dimg, M; = dimp, ker(L) + e; + €41+ - --

and

dimeN;:eo+e1+-"+e,-.
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Consider the inclusions of the eigenspaces of L in these modules:

o VosnZyD C Ay, and so Vs n 2y C Wy
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Consider the inclusions of the eigenspaces of L in these modules:
o VosnZyD C Ay, and so Vs n 2y C Wy

o Vg mz;/(r) C M,

Josh Ducey Critical groups of SRGs



We get the inequalities:

1520 < ey + €
1729 <1+ e + e3.

Case 1: 1520 = ¢y + e; and 1729 = e + e3.
Case 2: 1521 = ¢y + e1 and 1728 = e, + e3.
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We get the inequalities:

1520 < ey + €
1729 <1+ e + e3.

Case 1: 1520 = ¢y + e; and 1729 = e + e3.
Case 2: 1521 = ¢y + e1 and 1728 = e, + e3.
We also know |Syls(K ()| = 5*97, so

4975 = e1 + 2er + 3es.
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Theorem

Let T be an srg(3250,57,0,1). Let ey denote the rank of the
Laplacian matrix of ' over a field of characteristic 5. Then either

Syls(K(I) = (2/52)°°~ & (2/5%2)" " @ (2/5°2)"

or

Syls(K()) 2 (2/52)"% % @ (2/5°2)' " % o (2/532)% 2.
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What is the 5-rank of L?
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Thank you for your attention!
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