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The critical group of a graph

Outline

@ The critical group of a graph
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The critical group of a graph

o [ a simple graph
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The critical group of a graph

o [ a simple graph

@ A adjacency matrix
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The critical group of a graph

o [ a simple graph
@ A adjacency matrix

e L = D — A Laplacian matrix
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The critical group of a graph

An example
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The critical group of a graph

An example

1 111 4 -1 -1 -1 -1
11 1 3 -1 -1 -1
1 1 -1 2 -1
A=| 1 1 1| L= -1 3 -1 -1
11 -1 -1 2
11 1 1 -1 -1 -1 4 -1
11 1 1 -1 -1 -1 -1 4
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The critical group of a graph

@ Both A and L define a map zV({" — zvn)
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The critical group of a graph

@ Both A and L define a map zV({" — zvn)
o Coker(A) = ZY(D) /Im(A) is the Smith group of T
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The critical group of a graph

@ Both A and L define a map zV({" — zvn)
o Coker(A) = ZY(D) /Im(A) is the Smith group of T
o Coker(L) = ZFk @ K(T)
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The critical group of a graph

Both A and L define a map zV({" — zvn)

Coker(A) = ZV(") /Tm(A) is the Smith group of T
Coker(L) = ZK @ K(T)

IC(T) is the critical group (or sandpile group, Jacobian...)

e 6 o6 o
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The critical group of a graph

Both A and L define a map zV({" — zvn)

Coker(A) = ZV(") /Tm(A) is the Smith group of T
Coker(L) = ZK @ K(T)

IC(T) is the critical group (or sandpile group, Jacobian...)

e 6 6 o o

|K(I')| counts number of spanning trees

Josh Ducey Critical group of a graph



The critical group of a graph

Known families of critical groups
o
o
o
o
o
o
o
("]
o

Josh Ducey Critical group of a graph

trees, {0}

n-cycle, Z,

complete graph K, (Zn)”_2

wheel graph W, (n odd), (Z,)*

line graphs (partial information)

abelian Cayley graphs (partial information)
Hypercube graph Q, (2-part unknown)
Payley, Peisert graphs

many others



The critical group of a graph

Smith normal form

@ Start with a homomorphism of free abelian groups
M:zZ" — 7™
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The critical group of a graph

Smith normal form

@ Start with a homomorphism of free abelian groups
M:zZ" — 7™

@ There exist bases of domain and codomain so that M has
matrix

S1
S
53

0

where the s; are integers with s;|s; 1 for all /.
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The critical group of a graph

Smith normal form

@ Start with a homomorphism of free abelian groups
M:zZ" — 7™

@ There exist bases of domain and codomain so that M has
matrix

S1
S
53

i 0
where the s; are integers with s;|s; 1 for all /.
@ The s; are called the invariant factors of M, and

Coker(M)2Z /1 Z ®L]|27 & - -
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Chip-firing

Outline

@ Chip-firing
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Chip-firing

Chip-firing

@ We label each vertex of the graph with an integer—we call the
result a configuration
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Chip-firing

Chip-firing

@ We label each vertex of the graph with an integer—we call the
result a configuration

@ Two configurations v; and v, represent the same element of
the critical group if vi — vo = Lu, or

vi—Lu=w

We can get from v; to vo by chip-firing.
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Chip-firing

Chip-firing

@ We label each vertex of the graph with an integer—we call the
result a configuration

@ Two configurations v; and v, represent the same element of
the critical group if vi — vo = Lu, or

vi—Lu=w

We can get from v; to vo by chip-firing.
@ We may also restrict to configurations with vertices summing

to zero.
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Chip-firing

Example: The rook’s graph R,

@ Let R, be the graph having vertex set the squares of an n x n
grid.
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Chip-firing

Example: The rook’s graph R,

@ Let R, be the graph having vertex set the squares of an n x n
grid.

@ Two squares are adjacent when they lie in the same row or
column.
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Chip-firing

The rook’s graph R,
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Chip-firing

The rook’s graph R,
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Chip-firing

The rook’s graph R,

o v=n?
e k=2(n—-1)
o A=n—-2
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Chip-firing

The rook’s graph R,

o v=n?

e k=2(n—-1)
o A=n—-2
o =2
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Chip-firing

Order of the K(IN)
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Chip-firing

Order of the K(IN)

@ Its adjacency spectrum is

[2)"=D7 [0 — 212772, [2(n — 1))
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Chip-firing

Order of the (')

@ Its adjacency spectrum is

[2)"=D7 [0 — 212772, [2(n — 1))

|S(Ra)| = 2D (n—2)2""2.2(n - 1)
=202 (2(n—2))2"3.2(n—1)(n—2).
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Chip-firing

Order of the K(IN)

@ Its adjacency spectrum is

[2)"=D7 [0 — 212772, [2(n — 1))

|S(Ra)| = 2D (n—2)2""2.2(n - 1)
=202 (2(n—2))2"3.2(n—1)(n—2).
@ L has spectrum

[2n](n—1)2, [n]2n—2’ [0]1
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Chip-firing

Order of the (')

@ Its adjacency spectrum is

[2)"=D7 [0 — 212772, [2(n — 1))

[S(Ry)| = 27D (n = 2)*"2-2(n - 1)
=202 (2(n—2))2"3.2(n—1)(n—2).
@ L has spectrum
n—1)>2 n—
[2n] "1, [AP"2, [0]".
@ Matrix tree theorem implies
1
[K(Ra)l = — - (2m)( 2" =2
_ (2n)(n—2)2+1 . (2n2)2(n—2).
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Chip-firing

Example: IC(Ry)
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Chip-firing

Example: IC(Ry)
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Chip-firing

Example: IC(Ry)
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Chip-firing

Example: IC(Ry)

-8 8 207 -1 -1 ;1)1

8 -8 7| -8 7|7
= =

-1 -1 1

-1 ;1)1
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Chip-firing

Example: IC(Ry)

-8 8 -2 7 -1 -1 -1 -1
8 -8 7| -8 7 -7 6 | -1 -1 -1
= = =
-1 1)1 -1
-1 -1 -1
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Chip-firing

Example: IC(Ry)

-8 8 -2 7 -1 -1 -1 -1
8 -8 7| -8 7 -7 6 | -1 -1 -1
= = = =
-1 -1 1 -1
-1 -1 -1
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Chip-firing

Example: IC(Ry)

The order of the critical group, IC(Ry), is 23° = 34359738368.
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Chip-firing

Example: IC(Ry)

The order of the critical group, IC(Ry), is 23° = 34359738368.

K(Rs) = (Zg)° & (Z32)" .
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Chip-firing

Example: IC(Ry)

-1 1 -1 1 -1 1 -1 1
1 -1 1 -1
1 -1 1 -1
-1 1 -1 1 -1 -1 -3 1 1 1
1
1
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Chip-firing

Example: IC(Ry)

-32 | 32
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Chip-firing

Example: IC(Ry)

-32 | 32
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Chip-firing

Example: IC(Ry)

-32 | 32 271 2] 5 5
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Chip-firing

Example: IC(Ry)

-32 | 32 27| 2| 5 5 313
5 515
= =
5 5|5
5 5|5
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Chip-firing

Example: IC(Ry)

-32 | 32 27| 2| 5 5 313 3
5 515 -4 1 1 1
= = =
5 5|5 -4 1 1 1
5 5|5 -4 1 1 1

p of a graph



Chip-firing

Example: IC(Ry)

-32 | 32 27| 2| 5 5 313 3
5 515 -4 1 1 1
= = = =
5 5|5 -4 1 1 1
5 5|5 -4 1 1 1

p of a graph



Chip-firing

Example: IC(Ry)

These elements generate the group.

-1 1 -1 1 1 1 -1 1
1 1 1 -1
1 -1 1 -1
1 1 1 1 -1 -1 -3 1 1 1
1
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Chip-firing

Example: IC(Ry)
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Chip-firing

Example: IC(Ry)

30111 1] 1 -1 -1 1
+ + =
6| 1|11 31| 1| 1 1 -1
1 1
+ + + =
1 -1
1 1
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A similar game can be played with the adjacency matrix, and with
the graph R,°.
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Chip-firing

A similar game can be played with the adjacency matrix, and with
the graph R,°.

Theorem (D, Gerhard, Watson)

The critical group and Smith group of R, and its complement RS
are given by the following isomorphisms:
— 2 —

’C(Rn) o~ (Z2n)(n 2) +1 @ (Z2n2)2(n 2)

~ (n—2)? 2n—3
S(Rn) = (2») @ (Zo(n—2)) ® Zo(n—1)(n—2)

n—2)>—1 2
K(R7) = (Zn(n—Z))( e (Zn(n-1)(n-2))” ® (Zr2(n-1)(n-2))
2(n—1

S(Rs) = (Z(n—l)) (n=1) D Z(n—l)z-

2(n—2)
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Chip-firing

Example: Kneser graphs

e We let KG(n, k) denote the graph with vertices the size k
subsets of an n element set.

@ A pair of subsets are adjacent if and only if they are disjoint.
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Chip-firing

Example: KG(7,2)
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Chip-firing

Previous work on KG(n,2)

® Acomp - Brouwer and van Eijl (elementary row/col ops, 1993)
® Lcomp - Berget, et al. (critical groups of line graphs, 2012)
e A - Wilson (SNF bases, 1990)
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Chip-firing

Example: KG(7,2)

19 -9
2 -9
3
4
5
6 |9
7
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Chip-firing

Example: KG(7,2)

1|-1 -9
2 -9

31111

4 1|11

5111

6 |10

7
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Chip-firing

Example: KG(7,2)

1 1111 -9
2|111]1]-9
312|211
4121

51111
6

7
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Chip-firing

Example: KG(7,2)

=Y
Q===
(= e e R
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Chip-firing

Example: KG(7,2)
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Chip-firing

Example: KG(7,2)

This shows that the configuration above represents an element of
the critical group with order dividing 9.

Josh Ducey Critical group of a graph



Chip-firing

Example: KG(7,2)

This shows that the configuration above represents an element of
the critical group with order dividing 9.
Z3 (Zg)7 ® Z1g D (2126)5
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Module structures

Outline

© Module structures
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Module structures

Localization

L. zV(D - zvD)
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Module structures

Localization

12
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Module structures

Localization
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Module structures

Localization

L. 7,VO - 7,V



Module structures

Elementary divisors

L 7,Y" - 7,V
o Mi={xez,Y |Lxe piz,Y D}

o N, = {p_iLX|X € M,'}
o Let e denote multiplicity of p’ as elementary divisor of A
° J—
dimeW; = dim]Fp ker(L) +e+ €41+
and

dimypﬁ,’:eo+e1+---+e,-.
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Module structures

Example computation

Let ' = KG(n,2). Matrix-tree theorem gives us:

[n(n;3):| f |:(n74)2(n71):| g

n(n—1)
2

nf_l(n —1)&1(n- 3)f(n —4)8
2f+g—1 ’

(D) =

where f = n—1and g = n(n—3)/2.
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Module structures

Case: p#2,3;p|n—3

F=l(n—-1)6"Y(n—3)f(n—4)8
2f+g—1

k() =12

Say p? || n — 3. We have

af = vp| K(N)| = Zie,- > Zie,- > aZe,-

i>0 i>a i>a
=a(dimM, —1)
>a((f+1)-1)
= af.
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Module structures

Case: p#2,3;p|n—3

F=l(n—-1)6"Y(n—3)f(n—4)8
2f+g—1

k() =12

Say p? || n — 3. We have

af = vp| K(N)| = Zie,- > Zie,- > aZe,-

i>0 i>a i>a
=a(dimM, —1)
>a((f+1)-1)
= af.

Equality throughout. Follows that e, =7, ¢g = g, ¢, =0
otherwise.
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Module structures

In many cases knowledge of the structure of the permutation
module is required. Theory due to G. James (1980s).
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Module structures

In many cases knowledge of the structure of the permutation
module is required. Theory due to G. James (1980s).
Theorem (D, Hill, Sin '17)

Let n > 5. Then the critical group of the Kneser graph
= KG(n,2) has the form

n(n—5)

n—2
Zn—4® (Z (n—4)(n—1) ) D Z(n—a)(n—1)(n—3) ® <Z(n—4)(n—1)(n—3)n> if n is odd,
K(r) = 2 @ @

n(n—5)
2

Zn—a ® (Z (n—4><n—1)>
2 2

n—2
D Z (n—a)(n—1)(n—3) ® <Z(n—4)(n—1)(n—3)n> if n is even.
2 7
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Module structures

In recent work with Peter Sin we have computed the elementary
divisors for the skew-lines graph in PG(n, q).

Josh Ducey Critical group of a graph



Module structures

e [, graph with vertices the 2-dimensional subspaces of an
n-dimensional vector space over Fy (¢ = p*), adjacent when
far apart

A adjacency matrix, L= D — A Laplacian matrix
Complement graph denoted I
ALl

Strongly regular with parameters

v =121,

¥ =alg+ 1["2],
N = [nzl]q+q2 -9
W= (q+1)%
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Module structures

Skew lines, A

o A2=kI+ ) A+pu(J—A-1)

Josh Ducey Critical group of a graph



Module structures

Skew lines, A

o A2=kI+ ) A+pu(J—A-1)
o A: va(r) — va(r)
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Module structures

Skew lines, A

o A2=kI+ ) A+pu(J—A-1)
° A: va(r) — va(r)
02,V =7,10Y
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Module structures

lines, A

A2 =kl + A+ pu(J—A—1)
A: 7,V 7,V

7,V =710y

A’y[A|y — qzll] = q322l
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Module structures

lines, A

A2 =kl + A+ pu(J—A—1)
A: 7,V 7,V

7,V =710y

A’y[A|y — qzll] = q322l

A has spectrum

q'["3% g =[]y a

with respective multiplicities 1,[1], — 1,[3], — [1],-
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Module structures

Skew lines, A

V_2 N Z,Y (" C Moy (A)
V, N7,V (D C Ny(A).
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Module structures

Skew lines, A

o
V_2 N Z,Y (" C Moy (A)
V, N7,V (D C Ny(A).
o
[1],—1<ex+- - +es (1)
[2]g —[1]lg < e+ +et (2)
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Module structures

Skew lines, A
o
V_2 N Z,Y (" C Moy (A)
V, N7,V (D C Ny(A).
o
[1],—1<ex+- +es (1)
[2]g —[1]lg < e+ +et (2)

@ In general, if A, s denotes the zero-intersection incidence
matrix between r-spaces and s-spaces, then we have that

_Ar,s = Ar,lAl,s (mOd pt)

Josh Ducey Critical group of a graph



Module structures

Skew lines, A

Theorem (Brouwer-D-Sin 2011)

Let e; denote the multiplicity of p' as a p-adic elementary divisor

OfA271A1’2.
Q ey =1
Q For i # 4t,
e =Y d(s),
ser(i)
where
riy= |J sHNHa-
6Za<t
0<p<t

Summation over an empty set is interpreted to result in 0.
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Module structures

@ L[: same result as for A, but no e4.
o A’: p-part is cyclic of order pt
e L’': no p-part
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Module structures

Notation: The vector space has dimension n over a field of g = pt

elements.
(n, p, t) || matrix | (elem. div. : multiplicity)
(4,2,1) | A (2:14), (22:8), (23:6), (2*:1)
L (2:14), (22:8), (23:6)
(5:13)
(7 :19)
A (2:1)
(3:8), (3%:14)
L' (3:8), (3%:13)
(5:13)
(7:19)
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Module structures

Notation: The vector space has dimension n over a field of g = p

t

elements.
(n, p, t) || matrix | (elem. div. : multiplicity)
(4,2,2) || A (2:16), (22 :220), (2%:32), (2°: 16), (2°: 36),
(2°:1)
L (2:16), (22 :220), (2% :32), (2°:16), (2°: 36)
(3:1), (3%:271)
(7:271)
(17 : 83)
A (@22
(3:84)
(5:190), (52 : 84)
L (3:271)
(5 : 190), (52 : 83)
7 .
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Module structures

@ ¢, a prime different than p

e Structure of F; GL(n, g)-permutation module on 2-spaces is
able to be understood. (few composition factors)

@ We rely heavily on work of G. James

° IE‘),/(F) has descending filtration with subquotients as Specht
modules

@ Straightforward arithmetic conditions determine the
composition factors and multiplicities of the Specht modules
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Module structures

Final Example.
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Module structures

Final Example.

Suppose that I is an srg(3250,57,0,1).
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Module structures

Final Example.

Suppose that I is an srg(3250,57,0,1).
L has spectrum [50]172%,[65]'520, [0]!, so

1
()| = . 501729 . 651520
_ 01728 4975 131519
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Module structures

Final Example.

Suppose that I is an srg(3250,57,0,1).
L has spectrum [50]172%,[65]'520, [0]!, so

1
()| = . 501729 . 651520
_ 01728 4975 131519

[24 (N —p—2k)L = (k — k? + Xk — p1 — pk)l + pJ
[2+ (—115)L = —(2-5%-13)/ + J
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Module structures

Final Example.

Suppose that I is an srg(3250,57,0,1).
L has spectrum [50]172%,[65]'520, [0]!, so

1
’C Nl = . 501729 . 1520
_ 21728 . 54975 i 131519‘

[24 (N —p—2k)L = (k — k? + Xk — p1 — pk)l + pJ
[2+ (—115)L = —(2-5%-13)/ + J

K(T) = (2/22) " a(Z/132)° e (2/52) ® (2/5°Z) * & (2,/5°7)
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Module structures

Consider the inclusions of the eigenspaces of L in M;, N;:

o Vs OZ;/(F) C Ny, and so Vg5 OZ;/(F) C N
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Module structures

Consider the inclusions of the eigenspaces of L in M;, N;:
o Vs N Z;/(r) C Ny, and so Vg5 N Z!\;/(r) C N
e V5o ﬂZg‘;/(r) C M
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Module structures

We get the inequalities:

1520 < gy + €1
1729 < 1+ e + e3.

Case 1: 1520 = ¢y + e1 and 1729 = e, + e3.
Case 2: 1521 = ¢y + €1 and 1728 = e + es.
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Module structures

We get the inequalities:

1520 < gy + €1
1729 < 1+ e + e3.

Case 1: 1520 = ¢y + e1 and 1729 = e, + e3.
Case 2: 1521 = ¢y + €1 and 1728 = e + es.
We also know |Syls(K(I))| = 54975, so

4975 = €1 + 2ep + 3es.
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Module structures

Theorem

Let T be an srg(3250,57,0,1). Let ey denote the rank of the
Laplacian matrix of I over a field of characteristic 5. Then either

Syls(K(I)) = (Z/5Z)°2% % & (2/5°2) "% & (2/5°2)*°

or

Syls(K(I)) = (Z/5Z)"%2 % @ (2/5°2) """ & (2/5°2)* .
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Module structures

problems

hypercube (2-part)

SNF of other matrices attached to graphs
DRGs

see Stanley’s survey article
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Module structures

Thank you for your attention!
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