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The Smith and critical groups
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The Smith and critical groups

An example

1 111 4 -1 -1 -1 -1
11 1 3 -1 -1 -1
1 1 -1 2 -1
A=| 1 1 1| L= -1 3 -1 -1
11 -1 -1 2
11 1 1 -1 -1 -1 4 -1
11 1 1 -1 -1 -1 -1 4
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The Smith and critical groups

e [ a graph
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e [ a graph

@ A adjacency matrix
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The Smith and critical groups

e [ a graph
@ A adjacency matrix

e L =D — A Laplacian matrix
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The Smith and critical groups

[ a graph

A adjacency matrix

L = D — A Laplacian matrix

A defines a map zV(N — zV(D)
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The Smith and critical groups

[ a graph

A adjacency matrix

A defines a map zV({r) _ zv(I)

°
°

e L =D — A Laplacian matrix

°

o Coker(A) = ZV(")/Im(A) is the Smith group of T
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The Smith and critical groups

[ a graph

A adjacency matrix

L = D — A Laplacian matrix

A defines a map zV(N — zV(D)

Coker(A) = ZV(T) /Tm(A) is the Smith group of T
Coker(L) =Z @ K(T)
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The Smith and critical groups

[ a graph

A adjacency matrix

L = D — A Laplacian matrix

A defines a map zV(N — zV(D)

Coker(A) = ZV(T) /Tm(A) is the Smith group of T
Coker(L) =Z @ K(T)

K(T) is the critical group
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The Smith and critical groups

@ The Smith group seems most fundamental, basic.
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The Smith and critical groups

@ The Smith group seems most fundamental, basic.

@ The critical group has beautiful combinatorial properties.
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The Smith and critical groups

@ The Smith group seems most fundamental, basic.
@ The critical group has beautiful combinatorial properties.

@ By Kirkhoff's Theorem, the order of the critical group is the
number of spanning trees of the graph.
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The Smith and critical groups

@ The Smith group seems most fundamental, basic.
@ The critical group has beautiful combinatorial properties.

@ By Kirkhoff's Theorem, the order of the critical group is the
number of spanning trees of the graph.

@ The critical group also appears in many contexts under many
different names (Picard group, Jacobian group, sandpile
group, chip-firing, etc.)
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The Smith and critical groups

Known critical groups
o
o
o
o
o
o
o
("]
o
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trees

n-cycle

wheel graphs, odd number of vertices

complete graphs

conference graphs on square-free number of vertices
Payley graphs

complete multipartite graphs

abelian Cayley graphs (partial information)

line graphs (partial information)



The Smith and critical groups

@ These groups can be understood in terms of the SNF of the
matrix
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The Smith and critical groups

@ These groups can be understood in terms of the SNF of the
matrix

@ Any integer matrix M is integer equivalent to a unique matrix
of the form

S1
S
53

0

where the s; are integers with s;|s; 1 for all /.
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The Smith and critical groups

@ These groups can be understood in terms of the SNF of the
matrix

@ Any integer matrix M is integer equivalent to a unique matrix
of the form

S1
S
53

0

where the s; are integers with s;|s; 1 for all /.
@ The s; are called the invariant factors of M, and

Coker(M) X Z/s1Z & Z]27 & - - -
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Modules and Smith Normal Form
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© Modules and Smith Normal Form
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Modules and Smith Normal Form

A p-filtration

@ Since abelian groups can be understood in terms of the
p-primary components, same is true for SNF
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A p-filtration

@ Since abelian groups can be understood in terms of the
p-primary components, same is true for SNF

@ We can work one prime at a time.
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Modules and Smith Normal Form

A p-filtration

@ Since abelian groups can be understood in terms of the
p-primary components, same is true for SNF

@ We can work one prime at a time.

@ View matrix entries as coming from some suitable p-adic ring
R, rather than Z.
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Modules and Smith Normal Form

A p-filtration

@ Since abelian groups can be understood in terms of the
p-primary components, same is true for SNF

@ We can work one prime at a time.

@ View matrix entries as coming from some suitable p-adic ring
R, rather than Z.

o M; ={xe RV|L(x) € p'RV(}
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Modules and Smith Normal Form

A p-filtration

@ Since abelian groups can be understood in terms of the
p-primary components, same is true for SNF

We can work one prime at a time.

@ View matrix entries as coming from some suitable p-adic ring
R, rather than Z.

M; = {x € RY(|L(x) € p'RV(D}
RV =My DMy DMy D -
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Modules and Smith Normal Form

A p-filtration

@ Since abelian groups can be understood in terms of the
p-primary components, same is true for SNF

We can work one prime at a time.

@ View matrix entries as coming from some suitable p-adic ring
R, rather than Z.

M; = {x € RY(|L(x) € p'RV(D}
RV =My DMy DMy D -
o FVD =MyDOM DM D
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Modules and Smith Normal Form

A p-filtration

@ e; = number of invariant factors of L exactly divisible by p’
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Modules and Smith Normal Form

A p-filtration

@ e; = number of invariant factors of L exactly divisible by p’
@ 6 = dimF(Wi/MI—f—l)
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Skew Lines

Outline

© Skew Lines
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o Let W be 4-dimensional v.s. over Fq, where g = p!

Joshua Ducey Groups attached to graphs



o Let W be 4-dimensional v.s. over Fq, where g = p!

o Let V(') = L5, the set of lines in P(W).
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o Let W be 4-dimensional v.s. over Fq, where g = p!

o Let V(') = L5, the set of lines in P(W).

@ Two lines are adjacent when skew.
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Let W be 4-dimensional v.s. over Fq, where g = p*

Let V(I') = L», the set of lines in P(W).

Two lines are adjacent when skew.

L is Laplacian, A is adjacency matrix
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Let W be 4-dimensional v.s. over Fq, where g = p*

Let V(I') = L», the set of lines in P(W).
Two lines are adjacent when skew.

L is Laplacian, A is adjacency matrix

Iis an SRG(v, k, A, u) with

v = (+1)(¢*+q+1), k= g* A= ¢*~¢*—q*+q,n = ¢*—¢°.
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Let W be 4-dimensional v.s. over Fq, where g = p*

Let V(I') = L», the set of lines in P(W).
Two lines are adjacent when skew.

L is Laplacian, A is adjacency matrix

Iis an SRG(v, k, A, u) with

v = (+1)(¢*+q+1), k= g* A= ¢*~¢*—q*+q,n = ¢*—¢°.

When g = 2, there are 3854 SRGs with the same parameters.
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Let W be 4-dimensional v.s. over Fq, where g = p*

Let V(I') = L», the set of lines in P(W).
Two lines are adjacent when skew.

L is Laplacian, A is adjacency matrix

Iis an SRG(v, k, A, u) with

v = (+1)(¢*+q+1), k= g* A= ¢*~¢*—q*+q,n = ¢*—¢°.

When g = 2, there are 3854 SRGs with the same parameters.

Our graph is unique among these with minimal 2-rank of 6.

Joshua Ducey Groups attached to graphs



@ The SNF of A was previously computed (Brouwer-D-Sin).
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@ The SNF of A was previously computed (Brouwer-D-Sin).

@ Can quickly see that L and A have same invariant factors for
powers of the prime p.
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@ The SNF of A was previously computed (Brouwer-D-Sin).

@ Can quickly see that L and A have same invariant factors for
powers of the prime p.

o For invariant factors ¢/, ¢ # p, can use the Klein
correspondence and work of Liebeck and Sin-Tiep.
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@ The SNF of A was previously computed (Brouwer-D-Sin).

@ Can quickly see that L and A have same invariant factors for
powers of the prime p.

o For invariant factors ¢/, ¢ # p, can use the Klein
correspondence and work of Liebeck and Sin-Tiep.

e G =Q7(6,q) acts on the lines, preserving adjacency.
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The SNF of A was previously computed (Brouwer-D-Sin).

Can quickly see that L and A have same invariant factors for
powers of the prime p.

For invariant factors ¢/, ¢ # p, can use the Klein
correspondence and work of Liebeck and Sin-Tiep.

G = Q7%(6, q) acts on the lines, preserving adjacency.

For a field F of characteristic £ # p, the FG-module structure
of F£2 is known.
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@ The SNF of A was previously computed (Brouwer-D-Sin).

@ Can quickly see that L and A have same invariant factors for
powers of the prime p.

o For invariant factors ¢/, ¢ # p, can use the Klein
correspondence and work of Liebeck and Sin-Tiep.

e G =Q7(6,q) acts on the lines, preserving adjacency.

@ For a field F of characteristic £ # p, the FG-module structure
of F£2 is known.

@ The modules M; can be identified and their dimensions
computed.
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Skew Lines

There are several cases.
@ case 1: £ #2,01(q*>+1)

o la:l|(qg—1),¢4(¢®+q+1)
o 1b: (1(g—1), 4| (q°+q+1)
o lc:l](g—1), 0| (¢°+q+1) (sol=23)

o case2: L #2, 0| (q>+1)
@ case3: (=2
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Skew Lines

Case 1a
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Skew Lines

Cases 1b, 1c, 2
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Skew Lines

Case 3 (/=2)
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Skew Lines

Result

@ case la: Suppose (? || (g — 1). Then
=g +q¢*+q,e.=qg* + q° e = 0 otherwise
o case 1b: Suppose (7 || (g*> + q+1). Then
=g +gd°+qg,e =qg*+g*>—1,e = 0 otherwise
@ case Ic (¢ =3): Suppose ¢° || (g —1). Then
e0=¢+q¢*+qe =1, €141 = g*+ q%> — 1, e; = 0 otherwise

o case 2: Suppose £ || (g°> +1). Then

90:q4+q2+17ea=q3+q2+q—1,e;:0otherwise




Skew Lines

Result

case 3 (¢ = 2): Suppose ? || (g — 1)(q*> + g+ 1). Then

0=¢+q¢+q-1,
ea=q" —q—q +1,
e1=q +q +q,

e; = otherwise
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Skew Lines

Example

For skew lines in PG(3,7), the Laplacian SNF is:
1231 7168 431 23042050 16758 83790067 5865300%3! 0!

3 32 32 32 32
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Thank you for your attention!
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