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@ Gian-Carlo Rota was born on April 27, 1932 in Vigevano,
Italy.

@ At the age of 13 his family moved to Switzerland.
@ Attended the Colegio Americano de Quito in Ecuador.

@ Earned degrees at Princeton University and Yale University.
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@ Professor at MIT.
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@ Only professor to teach both Math and Philosophy.
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@ Only professor to teach both Math and Philosophy.
@ Abruptly stopped teaching a class mid-semester.
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National Laboratory.
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Professor at MIT.

Only professor to teach both Math and Philosophy.

(]

Abruptly stopped teaching a class mid-semester.

From 1966 until his death was a consultant at Los Alamos
National Laboratory.

Died on April 18, 1999 in his sleep.
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The Conjecture

Rota’s Basis Conjecture (‘89): Given a set of n
bases for an n-dimensional vector space, one can
always make n different, disjoint bases each
containing one vector from each of the original

bases.
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The Conjecture

Rota’s Basis Conjecture (‘89): Given a set of n
bases for an n-dimensional vector space, one can
always make n different, disjoint bases each
containing one vector from each of the original

bases.
This conjecture is stated for any finite dimensional

vector space over any field.
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The Conjecture

One way of looking at the problem is to view the original bases,
{a1,a2,...,an}, {b1, b2, ..., bn}, ..., {ki, ko,... , kn} as the rows
of an array:
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The Conjecture

One way of looking at the problem is to view the original bases,
{a1,a2,...,an}, {b1, b2, ..., bn}, ..., {ki, ko,... , kn} as the rows

of an array:
a]. a2 e an
by by --- b,
ki ko -k,

Rota's Basis Conjecture asserts that there is a way to permute the
entries of each row of this array so that each of the resulting
columns forms a basis.
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The Conjecture

We can also look at this by assigning each basis a color and set it
up like this:
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The Conjecture

We can also look at this by assigning each basis a color and set it
up like this:
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The Conjecture

We can also look at this by assigning each basis a color and set it
up like this:
al a2 ... an

ki ky - kg

Rota’s Basis Conjecture states that one can independently permute
each row, so that all the columns form a basis. That is, each new

column basis will contain exactly one vector of each color, forming
a "rainbow basis.”
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The Conjecture

Example: Let n=3. We can use vectors from R3 to form this

matrix : -
1 0 0
0 1 0
_0_ L . _1_
1] [0 [1]
2 2 0
1 3] [LO0] |LO]
0] [17] [O]
0 0 1
L1/ [0] O]
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The Conjecture

[ [17 o] [o07 ]
0 1 0
0] [O0] [1]
(1] [1] [O]
2 0 2
1 3] [O0] |O0]
0] [Oo] [1]

1 0
Lol L1) LO] ]

After permuting the rows, we can now see that all columns do
indeed form basis’ and we have verified Rota's Basis Conjecture for
this example.

Stephanie N. Bittner Introduction



Progress Made so Far

Alon Tarsi Conjecture (‘92): For Latin Squares of even size n
the number of even Latin Squares of size n and the number of odd
Latin Squares of size n are different.
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Progress Made so Far

How to tell if a Latin Square is even or odd:
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2 31
31 2

Look at the first row: If the first number is greater than the second
number we have an inversion.
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number we have an inversion.

We look at this for every change in number. Then we take
(_1) # of inversions in each row
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each row and column.
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Progress Made so Far

How to tell if a Latin Square is even or odd:

1 2 3
2 31
31 2

Look at the first row: If the first number is greater than the second
number we have an inversion.

We look at this for every change in number. Then we take

(_1) # of inversions in each row

We then repeat this for the columns and get either 1 or (-1) for
each row and column.

Finally we multiply all the 1's and (-1)’s together.

If we get 1 = even L.S and (-1) = odd L.S.
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Progress Made so Far

The Alon Tarsi Conjecture was first shown to imply Rota's Basis
Conjecture over fields of characteristic zero by Huang and Rota in
1994.
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Conjecture over fields of characteristic zero by Huang and Rota in
1994.

It was then done in a much more simple proof by Onn in 1997 .

The conjecture has been verified for all even n < 8 by a computer.
Has also, been verified for n = p + 1 for all odd prime p (Drisko,

1995), and n = p - 1 for all odd prime p (Glynn, 2010 ).

In all these cases, it has been proven for vector spaces over a field
with characteristic zero and some prime characteristics.

Stephanie N. Bittner Introduction



Progress Made so Far

The Alon Tarsi Conjecture was first shown to imply Rota's Basis
Conjecture over fields of characteristic zero by Huang and Rota in
1994.

It was then done in a much more simple proof by Onn in 1997 .

The conjecture has been verified for all even n < 8 by a computer.
Has also, been verified for n = p + 1 for all odd prime p (Drisko,

1995), and n = p - 1 for all odd prime p (Glynn, 2010 ).

In all these cases, it has been proven for vector spaces over a field
with characteristic zero and some prime characteristics.

Wendy Chan (‘95): Solved for n = 3 bases in a rank 3 matroid.
Used the Basis Exchange Theorem and solved the conjecture using
3 cases.
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Famous Rota Quotes

" God created infinity, and man, unable to understand infinity, had
to invent finite sets.”

"A mathematician's work is mostly a tangle of guesswork, analogy,
wishful thinking and frustration, and proof, far from being the core
of discovery, is more often than not a way of making sure that our
minds are not playing tricks.”

"We often hear that mathematics consists mainly of 'proving
theorems.’ Is a writer’s job mainly that of 'writing sentences’ 7"
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Definitions and Theorems
©0000

Matroids

A Matroid has many equivalent definitions; the one most
convenient for our purposes is the basis formulation:
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Definitions and Theorems

@®0000

Matroids

A Matroid has many equivalent definitions; the one most
convenient for our purposes is the basis formulation:

Definition (Matroid)

A Matroid is an ordered pair M = (S, B), where S is a set and B
is a collection of subsets of S (called the bases of M), that
satisfies the following properties:

M1: B is nonempty.

M2 (Basis Exchange):

VB1,By, € B,A; C B;,3A, C B ‘ (Bl—Al)UAQ, (B2—A2)UA1 € B)
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Definitions and Theorems

@®0000

Matroids

A Matroid has many equivalent definitions; the one most
convenient for our purposes is the basis formulation:

Definition (Matroid)

A Matroid is an ordered pair M = (S, B), where S is a set and B
is a collection of subsets of S (called the bases of M), that
satisfies the following properties:

M1: B is nonempty.

M2 (Basis Exchange):

VB1,By, € B,A; C B;,3A, C B ‘ (Bl—Al)UAQ, (B2—A2)UA1 € B)

@ M2 requires that all elements of B be of the same order; we
call this the rank of the matroid.
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Definitions and Theorems
0e000

Matroid Example

members:

o, O N
_ O O W
O = = b
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Definitions and Theorems
0e000

Matroid Example

members:

o, O N
_ O O W
O = = b

S =1{1,2,3,4}
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Definitions and Theorems
0e000

Matroid Example

members:

OO = =
O, O N
— O O W
O = = b

S =1{1,2,3,4}
B ={{1,2,3},{1,3,4},{2,3,4}}
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Definitions and Theorems
00®00

M2 (Basis Exchange)

Allows us to swap elements between two bases to form new bases.
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Definitions and Theorems
00®00

M2 (Basis Exchange)

Allows us to swap elements between two bases to form new bases.

We choose two bases B, B> and a subset of the first basis A;, but
no guarantees are made about Ap

We refer to a choice (Bi, B, A1) as a 3-tuple and the potential
As's as candidates.
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Definitions and Theorems
00®00

M2 (Basis Exchange)

Allows us to swap elements between two bases to form new bases.

We choose two bases B, B> and a subset of the first basis A;, but
no guarantees are made about Ap

We refer to a choice (Bi, B, A1) as a 3-tuple and the potential
As's as candidates.

We use the following notation: B;(A1)/B2(A2)
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Definitions and Theorems
[ee]eY To)

Basis Exchange Example

For n = 3, we are given bases
By = {a1, a2, a3}, Bo = {b1, b2, b3}, B3 = {c1, &2, c3}
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Definitions and Theorems
[ee]eY To)

Basis Exchange Example

For n = 3, we are given bases
By = {a1, a2, a3}, Bo = {b1, b2, b3}, B3 = {c1, &2, c3}

For the 3-tuple (B, By, {a1, a2}), possible candidates for A, are

{b1, bo},{b1, b3}, {b2, b3}. Hence, there are three cases - one for
each candidate.
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Definitions and Theorems
[ee]eY To)

Basis Exchange Example

For n = 3, we are given bases
By = {a1, a2, a3}, Bo = {b1, b2, b3}, B3 = {c1, &2, c3}

For the 3-tuple (B, By, {a1, a2}), possible candidates for A, are
{b1, bo},{b1, b3}, {b2, b3}. Hence, there are three cases - one for
each candidate.

Case 1: Bi({a1,a2})/Ba2({b1, b2}) provides two new bases:
By = {a3, b1, bo}, Bs = {a1, 2, b3}
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Definitions and Theorems
[ee]eY To)

Basis Exchange Example

For n = 3, we are given bases
By = {a1, a2, a3}, Bo = {b1, b2, b3}, B3 = {c1, &2, c3}

For the 3-tuple (B, By, {a1, a2}), possible candidates for A, are
{b1, bo},{b1, b3}, {b2, b3}. Hence, there are three cases - one for
each candidate.

Case 1: Bi({a1,a2})/Ba2({b1, b2}) provides two new bases:
By = {a3, b1, bo}, Bs = {a1, 2, b3}

Now we examine the 3-tuple (Bs, Bs, {b3}), which has candidates

{a},{e},{c3}. Hence, we have another three cases (Case 1-1,
1-2, 1-3).
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Definitions and Theorems
ooooe

Conjecture (Rota's Basis Conjecture for Matroids)

Let M be a matroid of rank n and let B* = By, By, ..., B,, be bases
in M. Then there exists n pairwise disjoint transversals of B* that
are bases.
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Definitions and Theorems
ooooe

Conjecture (Rota's Basis Conjecture for Matroids)

Let M be a matroid of rank n and let B* = By, By, ..., B,, be bases
in M. Then there exists n pairwise disjoint transversals of B* that
are bases.

o If we think of each of the n given bases as having a color, we
can call these pairwise disjoint transversals “rainbow” bases.
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Approaches
000

Wendy Chan’s Approach

Wendy Chan proved the generalized conjecture for n = 3.
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Approaches
000

Wendy Chan’s Approach

Wendy Chan proved the generalized conjecture for n = 3.

o Case 1: Two members of the matroid are dependent

@ Case 2: The join of two elements of one basis is equal to that
of another
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Approaches
000

Wendy Chan’s Approach

Wendy Chan proved the generalized conjecture for n = 3.

o Case 1: Two members of the matroid are dependent

@ Case 2: The join of two elements of one basis is equal to that
of another

@ Case 3: Prove a lemma and use it to prove the conjecture
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Approaches
oceo

My Approach

@ Forget about special cases and lemmas; use only basis
exchange
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My Approach

@ Forget about special cases and lemmas; use only basis
exchange

@ Start with the given n bases, “complete” the matroid step by
step by choosing 3-tuples and using basis exchange
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Approaches
oceo

My Approach

@ Forget about special cases and lemmas; use only basis
exchange

@ Start with the given n bases, “complete” the matroid step by
step by choosing 3-tuples and using basis exchange

@ Once we have a full set of disjoint rainbow bases, we have
proven the conjecture
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Approaches
oceo

My Approach

@ Forget about special cases and lemmas; use only basis
exchange

@ Start with the given n bases, “complete” the matroid step by
step by choosing 3-tuples and using basis exchange

@ Once we have a full set of disjoint rainbow bases, we have
proven the conjecture

o If the matroid is “completed” without proving the conjecture,
we have a counter-example
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Approaches
[ole }

Issues

o () Ax's (where k is the order of Ay), each corresponding to a
new case.

Michael S. Cheung Computational Proof of Rota’s Basis Conjecture for Matroids



Approaches
[ole }

Issues

o () Ax's (where k is the order of Ay), each corresponding to a
new case.

@ Large number of matroids (over 10,000,000 for n = 3; too
large to compute for n = 4)
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Approaches
[ole }

Issues

o () Ax's (where k is the order of Ay), each corresponding to a
new case.
@ Large number of matroids (over 10,000,000 for n = 3; too
large to compute for n = 4)
@ 2" — 2 non-trivial A;'s, up to ('f) bases, meaning up to
2
(”2) (2" = 2) 3-tuples (42,336 for n = 3; 46,373,600 for

n

n=4)
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Choosing the best 3-Tuple
[ 1}

Eliminating 3-Tuples

Some 3-tuples (B1, By, A1) do not need to be considered.

o If the basis exchange property is already satisfied (so no new
bases can be inferred).
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Choosing the best 3-Tuple
[ 1}

Eliminating 3-Tuples

Some 3-tuples (B1, By, A1) do not need to be considered.

o If the basis exchange property is already satisfied (so no new
bases can be inferred).

By = {a1,a}, By = {a1, b2}, A1 = {a1} = Az = {a1} The basis
exchange property simply swaps the two a;'s and returns the same
two bases.
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Choosing the best 3-Tuple
oce

We compare two 3-Tuples with the following criteria, from most to
least important:
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Choosing the best 3-Tuple
oce

We compare two 3-Tuples with the following criteria, from most to
least important:

@ Prefer less cases
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Choosing the best 3-Tuple
oce

We compare two 3-Tuples with the following criteria, from most to
least important:

@ Prefer less cases

@ Prefer more rainbowness in the worst case in each 3-Tuple
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Choosing the best 3-Tuple
oce

We compare two 3-Tuples with the following criteria, from most to
least important:

o Prefer less cases
@ Prefer more rainbowness in the worst case in each 3-Tuple

@ Prefer more disjointness with the rainbow bases in the worst
case in each 3-Tuple
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Eliminating Candidates
®00

Identical Cases

We formalize the concept of two cases being similar (so that only
one must be considered):
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Eliminating Candidates
®00

Identical Cases

We formalize the concept of two cases being similar (so that only
one must be considered):

Two cases result in two sets of bases 31, B> where one contains
the other after permutation of the elements of the matroid.
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Eliminating Candidates
®00

Identical Cases

We formalize the concept of two cases being similar (so that only
one must be considered):

Two cases result in two sets of bases 31, B> where one contains
the other after permutation of the elements of the matroid.

Example

Consider B; = {a1, a2}, Bo = {b1, b2}, A1 = {a1}; we have
candidates {b; }, {bo} that produce these two sets of bases:
{a1, a2} {a1, a2}

{b1, bo} {b1, bo}
{b1, a2} {b2, a2}
{a1, ba} {a1, b1}
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Eliminating Candidates
oeo

Superset Cases

Candidates
resulting in a set of
bases containing
another set of bases
(from a different
case) for which the
conjecture has been
proved.
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Eliminating Candidates
oeo

Superset Cases

D,EF,G
Candidates H,I J
resulting in a set of N ‘
bases containing L M N Kl

another set of bases
(from a different
case) for which the
conjecture has been
proved.

T

Proven! LP O LM QR

| /N

H NO H LP

M
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Eliminating Candidates
oeo

Superset Cases

D,E,F,G
Candidates H,I J
resulting in a set of N ‘
bases containing L M N K|

another set of bases l
(from a different
case) for which the
conjecture has been
proved.

T

Proven! LP O LM QR

| /N

H NO H LP

M
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Eliminating Candidates
oeo

Superset Cases

D,E,F,G
Candidates H,I J
resulting in a set of N ‘
bases containing -l M N K|

another set of bases l
(from a different

T

Proven! LP O LM QR

case) for which the \

conjecture has been A

proved. H NO H LP
M
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Eliminating Candidates
oeo

Superset Cases

D,E,F,G
Candidates H,I J
resulting in a set of N ‘
bases containing -l M N K|

another set of bases l
(from a different

T

Proven! LP-O LM QR

case) for which the \

conjecture has been A

proved. H NO H LP
M
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Eliminating Candidates
oeo

Superset Cases

D,E,F,G
Candidates —~ H,I J
resulting in a set of \/\ ‘
bases containing . M N Kl

another set of bases l
(from a different

T

Proven! "L PO LM Q,R

case) for which the \

conjecture has been A

proved. H i\l,o H LP
M
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Eliminating Candidates
oeo

Superset Cases

D,E,F,G
Candidates —~ H,I J
resulting in a set of \/\ ‘
bases containing . M N Kl

another set of bases l
(from a different

T

Proven! "L P> O- LM Q,R

case) for which the \

conjecture has been A

proved. H i\l,o H LP
M
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Eliminating Candidates
ooe

Proving the Conjecture

@ Eliminate candidates that produce a set of bases proving the
conjecture.
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Eliminating Candidates
ooe

Proving the Conjecture

@ Eliminate candidates that produce a set of bases proving the
conjecture.

o If all candidates eliminated, then the conjecture is proven for
this case
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Results and Future
[1e}

Progress

@ Program can be run for any n

n = 3 proof
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Results and Future
[1e}

Progress

@ Program can be run for any n

@ Proves n = 3 with only one case (as opposed to Wendy
Chan'’s 3 cases)

n = 3 proof
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Results and Future
[1e}

Progress

@ Program can be run for any n

@ Proves n = 3 with only one case (as opposed to Wendy
Chan'’s 3 cases)

e Halfway done proving n = 4 (around 20,000 cases considered)

n = 3 proof
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Results and Future
[1e}

Progress

Program can be run for any n

Proves n = 3 with only one case (as opposed to Wendy
Chan'’s 3 cases)

Halfway done proving n = 4 (around 20,000 cases considered)

n = 3 the only case that has been proven for the vector space
or even the generalized matroid conjecture

n = 3 proof
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