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Overview of gauge theory

X: a smooth manifold

Basic idea in algebraic/differential geometry: Study X through its space of
functions.

Basic idea in gauge theory: Study X through its space of connections.
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Overview of gauge theory

This has been very successful for smooth 4-manifolds.
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Overview of gauge theory

This has been very successful for smooth 4-manifolds.

E.g., the Donaldson invariants.

These are defined by studying the instanton moduli space.
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The instanton moduli space
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The instanton moduli space

Fix a metric on X and a principal G-bundle P — X.
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The instanton moduli space

Fix a metric on X and a principal G-bundle P — X.

Yang-Mills energy of a connection A is the L2-norm of the curvature:

1
YM(A) = §||CU1“V(A)H%2(X)
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The instanton moduli space

Fix a metric on X and a principal G-bundle P — X.

Yang-Mills energy of a connection A is the L2-norm of the curvature:

1
YM(A) = §||CU1“V(A)Hi2(X)

The instantons are the absolute minimizers of Y M.
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The instanton moduli space

Everything is equivariant relative to the gauge group G(P) of bundle
automorphisms of P covering the identity.
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The instanton moduli space

Everything is equivariant relative to the gauge group G(P) of bundle
automorphisms of P covering the identity.

The instanton moduli space is

Minst(X) := {instantons} /G(P)

Example: If P is the trivial S'-bundle, then Miysi(X) = Hip(X).

David L. Duncan (McMaster University) Invariants of surface products 2015 CMS Winter Meeting 5/13



The instanton moduli space

Everything is equivariant relative to the gauge group G(P) of bundle
automorphisms of P covering the identity.

The instanton moduli space is

Minst(X) := {instantons} /G(P)

Example: If P is the trivial S'-bundle, then Miysi(X) = Hip(X).

Typically take G = SU(2) or SO(3) to get something new.
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The instanton moduli space

Many fine aspects of the smooth structure of X are encoded in the basic
topology (e.g., number of components) of Mips(X).
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The instanton moduli space

Many fine aspects of the smooth structure of X are encoded in the basic
topology (e.g., number of components) of Mips(X).

However, the space Mis(X) is, in many ways, not well-understood.
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Special case: Surface products

X = S x X product of surfaces
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Special case: Surface products

X = § x X product of surfaces

Use a product metric

gs +e’gx
for small € > 0.
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Special case: Surface products

X = § x X product of surfaces

Use a product metric
2
8s +e8s
for small € > 0.

P — X non-trivial SO(3)-bundle
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Special case: Surface products

X = § x X product of surfaces

Use a product metric
2
8s +e8s
for small € > 0.

P — X non-trivial SO(3)-bundle

This induces a bundle on S x X by pulling back.
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A theorem
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A theorem

R(T)

SO(3)-representation variety of *
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A theorem

R(X) = SO(3)-representation variety of X

(Not very precise) Theorem

There is a diffeomorphism

Minst(S x £) = {u: S — R(X) | du = 0} .
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A theorem

R(X) = SO(3)-representation variety of X

(Not very precise) Theorem

There is a diffeomorphism

Minst(S x £) = {u: S — R(X) | du = 0} .

The right-hand side is often easier to understand than the left.
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A more precise statement

> closed, connected, oriented; S oriented
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A more precise statement

> closed, connected, oriented; S oriented

Ro(X) = {flat connections on P} /Go(P)
This is a smooth, compact Kahler manifold.
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A more precise statement

Y closed, connected, oriented; S oriented

Ro(X) = {flat connections on P} /Go(P)
This is a smooth, compact Kahler manifold.

Theorem

Assume all moduli spaces are cut out transversely.
(a) [D.-McNamara, '14] There is a natural embedding

Minst(S x ) < {u: S — Ro(¥) | 9u = 0} (1)

whenever dim Mg (S x X) < 3.
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A more precise statement

Y closed, connected, oriented; S oriented

Ro(X) = {flat connections on P} /Go(P)
This is a smooth, compact Kahler manifold.

Theorem

Assume all moduli spaces are cut out transversely.
(a) [D.-McNamara, '14] There is a natural embedding

Minst(S x ) < {u: S — Ro(¥) | 9u = 0} (1)

whenever dim Mg (S x X) < 3.

(b) [D., '15] If S is closed or has cylindrical ends, then (1) is a
diffeomorphism that extends to a homeomorphism over the natural
compactification of each space.
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Discussion

The transversality assumptions can be assured using a suitable
perturbation.
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Discussion

The transversality assumptions can be assured using a suitable
perturbation.

The proof uses the complex gauge action, and the diffeomorphism is
relatively explicit.
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Discussion

The transversality assumptions can be assured using a suitable
perturbation.

The proof uses the complex gauge action, and the diffeomorphism is
relatively explicit.

The result extends to higher dimensional moduli spaces (bubbles/stability
conditions need to be discussed, so it is more difficult to state).
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Discussion

e Jarvis-Norbury ('98) have a similar result over S*.
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Discussion
e Jarvis-Norbury ('98) have a similar result over S*.

e Taking S = R x S gives a new proof of the following theorem.

Theorem (Dostoglou-Salamon, '94)

There is an isomorphism of abelian groups

HFinst (ST x X) 22 QH(Ro(X)). (2)
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Discussion
e Jarvis-Norbury ('98) have a similar result over S*.
e Taking S =R x S! gives a new proof of the following theorem.

Theorem (Dostoglou-Salamon, '94)

There is an isomorphism of abelian groups

HFinst (ST x X) 22 QH(Ro(X)). (2)

e Take S to be 52 with 3 punctures. Then we obtain a geometric proof of
a result of Mufoz.

The group isomorphism (2) is a ring isomorphism.

Theorem (Mufioz, '97) J
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Future directions
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Future directions

Hambleton-Lee used Ming(X) to study finite group actions on X.
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Future directions

Hambleton-Lee used Ming(X) to study finite group actions on X.

Question 1: What do group actions look like on the symplectic moduli
space?

Transversality in the presence of a group action is not well-understood for

Minst(X). (Hambleton-Lee use a weaker version, but do not end up with
smooth moduli spaces.)
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Hambleton-Lee used Ming(X) to study finite group actions on X.

Question 1: What do group actions look like on the symplectic moduli
space?

Transversality in the presence of a group action is not well-understood for
Minst(X). (Hambleton-Lee use a weaker version, but do not end up with
smooth moduli spaces.)

Symplectic geometers (e.g., Seidel, FOOO, Cho-Hong) have been able to
define invariants on symplectic orbifolds to tackle problems in mirror
symmetry.
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Future directions

Hambleton-Lee used Ming(X) to study finite group actions on X.

Question 1: What do group actions look like on the symplectic moduli
space?

Transversality in the presence of a group action is not well-understood for
Minst(X). (Hambleton-Lee use a weaker version, but do not end up with
smooth moduli spaces.)

Symplectic geometers (e.g., Seidel, FOOO, Cho-Hong) have been able to
define invariants on symplectic orbifolds to tackle problems in mirror
symmetry.

Question 2: Can these orbifold techniques be used on our symplectic
moduli space to get around equivariant transversality?
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Thank you for your attention.
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