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ABSTRACT OF THE DISSERTATION

Compactness results for the quilted Atiyah-Floer

conjecture

by David Lee Duncan

Dissertation Director: Chris Woodward

Given a closed connected oriented Riemannian 3-manifold Y equipped with a non-
homotopically trivial function Y — S, one can define an instanton Floer cohomology
group as well as a quilted Lagrangian Floer cohomology group. We develop compactness

results relating the boundary operators.
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Chapter 1

Introduction

In a sequence of papers [14] [15] [18], Floer introduced an invariant for closed connected
oriented 3-manifolds, called instanton Floer cohomology. To describe this, we fix such
a manifold Y and a principal G-bundle @ — Y. The space A(Q) of connections on @
admits a function CS : A(Q) — R, called the Chern-Simons functional. Instanton Floer
cohomology can be viewed as the Morse cohomology of the Chern-Simons functional;
that is, the cohomology of a chain complex (CFinst(Q), Oimst) Where CFingt(Q) is the
abelian group freely generated by the critical points of CS, and the boundary operator
Omst counts isolated gradient flow lines between critical pointSH These critical points
are precisely the flat connections on ), and the gradient trajectories can be viewed as
connections on the 4-manifold R x Y which satisfy the instanton equation.

There are a variety of issues encountered when trying to define this invariant. The
first issue is that, as with finite-dimensional Morse theory, the analysis requires that
all critical points are non-degenerate. This, however, is never the case for the Chern-
Simons functional due to the presence of an infinite dimensional group, called the
gauge group, which acts naturally on the space of connections and (up to a constant)
preserves the Chern-Simons functional. So we should really be working modulo gauge
equivalence. Even modulo the action of the gauge group, we still may have degenerate
critical points. However, at this point, the degeneracy issue is only a finite-dimensional
problem, and non-degeneracy can be achieved by a suitable perturbation of the Chern-
Simons functional, just as in finite-dimensional Morse theory.

As mentioned, to avoid certain analytic difficulties, we consider gauge equivalence

Though it will not be discussed much in this thesis, there is an underlying grading on the chain
complex (CFinst(Q),Oinst). Given our choices, the boundary operator we discuss here increases the
degree, hence Floer cohomology.



classes of flat connections. This brings us to the second issue: the gauge group of-
ten does not act freely on the space of flat connections, which leads to the obvious
differential geometric issues when we quotient by the action. For example, if Q is a
trivial bundle, then the trivial connection is never a free point for the action and so
its gauge equivalence class is always a singular point of the quotient space. A connec-
tion is called irreducible if the gauge group acts locally freely at that connection, and
reducible otherwise. Following Casson (see [I]), Floer’s original approach [14] resolved
the issue of reducibles by assuming that the 3-manifold Y is a homology 3-sphere (i.e.,
H,(Y,Z) = 0), and by taking @ :=Y x SU(2) to be the trivial principal SU(2)-bundle.
The crucial observation is that, in this case, the trivial connection is the only reducible
one, and can easily be excluded. Floer was then able to show that, for a suitable metric
and up to a perturbation of the Chern-Simons functional, there are only finitely many
gauge equivalence classes of flat connections, and the boundary operator squares to

zero, 02, = 0. In particular, the cohomology of the chain complex (CFust(Q), Oinst)

inst
is well-defined in this case. This cohomology is precisely instanton Floer cohomology,
and we denote it by H Fips(Y). Furthermore, H Fips(Y) only depends on Y, and not
the underlying metric.

At about the same time, Floer was working on a similar program in the sym-
plectic category [16] [I7]. To describe this, consider a smooth symplectic manifold
(M,w) equipped with an almost complex structure J, and two Lagrangian submani-
folds Lo, L1 C M. In this set-up, the objective is to define the Morse cohomology of a
function called the symplectic action functional, and thereby arrive at a chain complex
(CFsymp(Lo, L1), Osymp). Under suitable hypotheses on the data, the symplectic action
is defined on the space of paths in M terminating at the L;. The critical points (i.e.,
the generators of CFyymp(Lo, L1)) are the intersection points of the two Lagrangians,
and the gradient flow lines are maps from the unit strip in C to M which satisfy the J-
holomorphic equation and have Lagrangian boundary conditions. Here, non-degeneracy
can be achieved by perturbing the Lagrangians so they intersect transversely. Floer’s
theorem says that in this situation, and for a suitable choice of J, the boundary op-

erator squares to zero. (This theorem was extended by Oh [33] to include a wide



class of symplectic manifolds which will be relevant to us.) The resulting cohomology
H Fyymp(Lo, L1), called Lagrangian intersection Floer cohomology, then depends only
on M,w, and the L;.

One relationship between these two Floer cohomology theories was outlined by
Atiyah in [2]. To describe this relationship, we continue to assume that Y is closed,
connected and oriented. Fix a function f : Y — R together with a regular value r in
the image of f, so ¥ := f~1(r) is a compact smooth surface. Then YT := f~1([r, c0))

and Y~ := f~1((—o0,r]) are 3-manifolds with boundary ¥, and their union is Y.

R

e
~

Figure 1.1: Using a Morse function to decompose a manifold Y into handle-bodies Y'*.

The trivial SU(2)-bundle over Y restricts to bundles over ¥, and the Y*. As shown
by Atiyah and Bott [3], the gauge equivalence classes of flat connections on ¥ form
a finite-dimensional symplectic space M (X), and any choice of metric on ¥ induces
an almost complex structure on M(X). Similarly, we let L(Y*) denote the gauge
equivalence classes of flat connections on Y. Then restricting to the boundary provides
maps L(Y*) — M(X), and the image of each is Lagrangian in M(X). Furthermore,
the intersection points of the Lagrangians are exactly the gauge equivalence classes of
flat connections on Y. Assuming, for now, that both of the Floer chain complexes
(CEinst(Y), Oinst) and (CFyymp(L(Y ™), L(Y™)), Osymp) are defined, this is saying that
there is a natural isomorphism CFingt(Y) = CFyymp(L(Y ), L(Y™)) of abelian groups.

Recall that the resulting Floer cohomologies do not depend on the choice of metric
(instanton case) or almost complex structure (Lagrangian case). Atiyah [2] pointed out

that if one begins with a metric and modifies it in such a way that a fixed neighborhood
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Figure 1.2: An illustration of the process of ‘stretching the neck’ for a 3-manifold
decomposed into handle-bodies.

of 3 in Y is becoming increasingly long, then the instanton equation defining Oingt ap-
proximates the J-holomorphic curve equation defining Osymp. He called this procedure
‘stretching the neck’. In principle, for suitable metrics, these two boundary operators
should be counting the same thing. Atiyah and Floer were consequently led to make

the following conjecture:

Atiyah-Floer Conjecture. There is a natural isomorphism

HF(Y) = HFagup(L(Y ™), L(Y)). (L1)

There has been much work towards a resolution of this conjecture in the past two
decades. For example, Taubes [40] was able to show that the Euler characteristics of the
two cohomologies agree. We describe various other approaches momentarily. It should
be noted, however, that there is a real difficulty present even in the statement of the
Atiyah-Floer conjecture. Namely, the Lagrangian Floer cohomology on the right-hand
side of is not well-defined. This is due to the presence of reducible connections
on Y, which lead to singularities in the symplectic space M(X) (as well as in the
Lagrangians). This is a serious difficulty from the symplectic perspective, and part of
the conjecture is identifying what exactly should go on the right-hand side of .

One possible resolution of this issue lies in a program of Salamon and Wehrheim [36]
[45] [46] [47) [49] [39], where they introduce a third Floer group which counts instantons
which have (infinite-dimensional) Lagrangian boundary conditions. See [50] for a nice
survey of this approach.

A second resolution, and the one we adopt in this thesis, is to work with a non-
trivial bundle @ — Y (in which case H;(Y,Z) is necessarily non-zero). This idea was

put forward by Floer in [15], where he takes @ to be a non-trivial SO(3)-bundle. The



non-triviality of the bundle resolves the problem of reducibles on the instanton side, and
essentially the same proof as in the SU(2) case shows that H Fiust(Q) is well-defined
(this group may now depend on the particular isomorphism class of @)). Using this
set-up, and Atiyah’s idea to ‘stretch-the-neck’, Dostoglou and Salamon [10] [I1] [12]

[13] were able to prove the conjecture in the case where

Y =Yg :=([0,1] x 2) /&

is the mapping torus of some surface diffeomorphism ® : ¥ — 3. They assume the
bundle has been chosen so that it restricts to a non-trivial bundle on ¥. Then there
are no reducibles over ¥ and M (X) is a smooth symplectic manifold. Pullback by ®
induces a symplectomorphism ®* : M (X) — M(X), and Dostoglou and Salamon show
that H Fingt(Q) = H Fyymp(Graph(®*), A). Here, Graph(®*) C M(X) x M(X) is the
graph of ®*, A C M(X) x M(X) is the diagonal, and both of these are Lagrangian
submanifolds of the product M (X) x M(X).

The approach we take in this dissertation is to generalize the Dostoglou-Salamon
approach in the following fashion: Suppose Y is a closed connected oriented 3-manifold
equipped with a map f : Y — S! which is not homotopically trivial. (The mapping
tori considered by Dostoglou and Salamon are examples, but there are many more
than just these.) Just as in the Dostoglou-Salamon case, it is possible to choose a
principal SO(3)-bundle @ for which instanton Floer cohomology is well-defined. As we
will see in the next section, after a suitable refinement of f, the data (Y, f) provides
a decomposition of Y into a finite union of elementary cobordisms {Y;(Hl)}il which
pairwise intersect along surfaces {¥;}2 .

It is possible to choose @ so its restriction to each ¥; is non-trivial, hence the M (%;)
are smooth symplectic manifolds. Restricting to each of the two boundary components
of the elementary cobordisms defines two smooth Lagrangian submanifolds L(®), L(1)
of the product M(X1) x ... x M(Zy). As a consequence, H Fyymp(L®), L) is well-
defined. In this dissertation we take this as a candidate for the right-hand side of .
It follows almost immediately from the definitions that there is a natural isomorphism

of abelian groups CFing(Q) = CFsymp(L(O),L(l)) (see Proposition below). The



Figure 1.3: A decomposition of Y into a cyclic union of cobordisms using a circle-valued
Morse function.

main result of this thesis is the following theorem, which says that, for a suitable
metric, every instanton trajectory counted by the boundary operator Ot is close to

some holomorphic trajectory counted by the boundary operator Osymp.

Theorem A. Let (Y, f) and Q — Y be as above, and assume that all flat connections on
Q are non-degenerate. For eachi € {1,...,N}, fix a tubular neighborhood [0, 1] x ¥; <
Y of ¥; C Y. Then there is a family of metrics {ge}o on Y with the following
significance:

Let a—,a™ be flat connections on @Q, and suppose (€v),en 18 a sequence of positive
numbers converging to zero. Fix q > 2 and suppose that, for each v, there is a connection
A, on R x Q of Sobolev class W4 which is an instanton with respect to the metric
ds® + ge,, and lies in the zero-dimensional component of the moduli space of instantons
limiting to a* at +00. Then there is a subsequence (still denoted (A,),), a sequence
and a continuous

of gauge transformations (u,),, a sequence of real numbers (s,)

v’ v’

connection As on R X Q of Sobolev class Wl})’cq, such that:

(i) As represents a holomorphic strip with Lagrangian boundary conditions,

+

(1) Acol|{syxy converges to a* as s — +oo, and



(ii) for eachi € {1,...,N}, the ¥;-components in the sequence (ujry A,) =~ converge

to the ¥;-component of Aso in C° on compact subsets of R x I x ¥;.

Here, 7 denotes R-translation by s.

Theorem A is an immediate corollary of the Main Theorem [2.4.1] below. We follow
the ‘stretch-the-neck’ approach of Atiyah, as is suggested by the family of metrics g.
(although in our case, there are actually multiple ‘necks’, one for each of the ;). To
outline this proof in a little more detail, we first mention that the instanton equation is
conformally invariant, so ‘stretching the neck’ is equivalent to keeping the neck a fixed
length, but shrinking the volumes of the surface fibers ¥;. Consequently, we shrink
the volumes of the elementary cobordisms Yj(;41) at the same rate. An instanton with
respect to such a metric can be viewed as a tuple of maps ({ai} , {ai(iﬂ) }), where o is
a map from the ‘neck’ R x [0, 1] into the space of connections on ¥;, and Q;(i+1) 18 @ map
from R into the space of connections on Yj(;;1). It is sufficient to consider instantons
with fixed small energy (this is effectively what is implied by the condition in Theorem
A that the instantons A, lie in the zero-dimensional component of the moduli space).
The small volumes imply that either (i) the curvatures of the a; and a;(;11) are close
to zero, or (ii) there is a non-trivial amount of energy localized at a point. Case (ii)
is ruled out by a bubbling analysis, where we show that it contradicts the assumption
that the energy is small and fixed. It therefore suffices to consider case (i), where the
curvatures are close to zero. By means of a Narasimhan-Seshadri correspondence on
the surfaces, and a gradient flow on the cobordisms (referred to below as the Yang-
Mills heat flow), the tuple ({ai} , {ai(i+l)}) descends to an honest holomorphic strip
in M(X1) x ... x M(Xy) with Lagrangian boundary conditions given by L(®) and L),

and we are able to show that this holomorphic strip is close to the original instanton.

Remark 1.0.1. (a) In the case where there are no elementary cobordisms, we find
ourselves in exactly the situation considered by Dostoglou and Salamon. The technique

considered here should be contrasted with the strateqy of [12, Theorems 8.1, 9.1] and
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Figure 1.4: This is an illustration of the manifold ¥ when viewed from the top. The
vertical and horizontal lines in the picture on the left represent the surface fibers 3;.
In the picture on the right these have been thickened to cylinders I x 3J;, which is more
convenient for performing the adiabatic limit.

Hoc

Figure 1.5: Moving from left to right, the metric on the manifold Y is being deformed
in such a way that the volume of the X; and the Y1) are going to zero. However, the
volume in the I-direction (the ‘neck’) is remaining fixed. This process is conformally
equivalent to ‘stretching the neck’, wherein the volumes of the ¥; and Yj(; 1) are fixed,
but the volume on the neck parameter I is increased.

[13, Theorem 8.1], where, for our case, having established various properties of the
Narasimhan-Seshadri correspondence and Yang-Mills heat flow (Theorems and
below), we can avoid much of the analysis on the instantons themselves. This
1s particularly useful in our more general setting, since an analytic approach in the
case of elementary cobordisms requires additional boundary estimates which are dif-
ficult to obtain for our particular choice of degenerating metrics. More concretely,
Dostoglou-Salamon’s [12, Lemma 8.2] should be viewed as a first order approximation
of the Narasimhan-Seshadri correspondence of Theorem [3.1.1. The usefulness of the
sharper Theorem becomes apparent in, for example, Theorem appearing in
this thesis. On the other hand, the Dostoglou and Salamon’s result [153, Theorem 3.3]

gives a slightly stronger result.



(b) It should be mentioned that in [20] and [21], Fukaya describes an approach very
stmilar to the one presented here. Though quite similar, there is one striking difference
between his approach and ours: Fukaya deals with a fized smooth (albeit not everywhere
positive definite) metric, whereas we deal with a sequence of metrics which degenerate to
a singular metric, and these metrics are not smooth. It seems this may be a distinction
that is only really relevant at the level of the analysis, but since neither program has
been successfully carried out to its desired conclusion, at the moment it is difficult to

make any precise statement to this effect.

(¢) Recently M. Lipyanskiy has developed compactness results for quilts consisting
of mized patches of instantons and holomorphic curves. The motivation is that these
quilts may define a chain map which interpolates between the trajectories defining each

of the two Floer theories.

(d) Though the results here can be described in terms of Lagrangian intersection
Floer cohomology, geometrically it is more natural to use the language of holomorphic
quilts as developed by Wehrheim and Woodward [52] [53] [54)]. In section[2.8, we recall

the definitions from quilted Floer cohomology which will be used.

(e) Roughly speaking, the significance of the Lie group SU(2) in the gauge the-
ory described above stems from the following properties: 1) SU(2) is compact and
simply-connected; 2) SU(2) is simple with a discrete center; 3) SU(2)-bundles are
well-understood. When passing to the quotient SO(3) = SU(2)/Z(SU(2)), these prop-
erties descend to properties which are desirable from the Floer-theoretic perspective.
It turns out that this can be generalized from SU(2) to SU(r), for r > 2, where

PSU(r) = SU(r)/Z(SU(r)) now plays the role that SO(3) did previously.

The basic outline for the remainder of this paper is as follows. Section [2] begins
with a definition of the types of 3-manifolds being considered, and a discussion of
the particular metrics that are used for our adiabatic (i.e., ‘stretch-the-neck’) limit.
The remainder of section [2] is dedicated to supplying the relevant background. We
end section [2] with precise statement of the Main Theorem [2:4.1] as well as a proof

that the two Floer cohomology theories have the same generators. Section [4] contains
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the proof of the Main Theorem, and section [3] develops the geometric results about
the Narasimhan-Seshadri correspondence and Yang-Mills heat flow which are used in

section [l

Finally, we remark that a full proof of the Atiyah-Floer conjecture, along the lines
we present here, would require showing that near each holomorphic strip there is a
unique instanton, up to gauge equivalence, and for a suitably stretched neck. That is,
one would need to establish an injection F from trajectories of holomorphic curves to
instanton trajectories. The Main Theorem we present here can be viewed as saying
that such a map would be onto, assuming it exists. Using an implicit function theorem
argument, Dostoglou and Salamon [I2] were able to show its existence in the case
where Y = Y3 is a mapping torus. However, the already delicate analysis used in their
proof becomes even more fickle in our situation, due to the presence of the non-trivial
cobordisms Yj(;41). At the point of writing, the existence of such an F in our setting is

an active research project.
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Chapter 2

Background on the Atiyah-Floer conjecture

2.1 Smooth manifold theory

In this section we describe the particular decompositions of the 3-manifolds we are
considering. This will allow us to define the family of metrics used to ‘stretch-the-
neck’. However, to do this in a meaningful way, we will need to impose a special family
of smooth structures on the 3-manifold. Finally, we introduce our notation for bundles

and metrics which will be used throughout the remainder of this thesis.

2.1.1 Broken fibrations of 3-manifolds

We begin with a closed connected oriented manifold Y, and we want to describe when Y
admits a non-homotopically trivial map to the circle. Since S is the Eilenberg-MacLane
space for the group Z, there is a group isomorphism between the first cohomology of Y

and the space of homotopy classes of maps to the circle:

H(Y,2) = [v,5"].

(The group structure on the right is induced from the group structure on S'.) This
isomorphism can be realized explicitly as follows: Any b € H'(Y,Z) can integrated over
paths in Y with one fixed basepoint. This integral depends only on the homotopy class
of the path, and so we get a map Y — R, which is well-defined up to an overall constant

given by a generator n of

{o(v)ly e m(Y)} € Z.

So b determines a well-defined map
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f:Y —R/nZ,

and hence a group homomorphism

HY\Y,Z) — [Y, Sl] .

It is immediate that b = 0 if and only if n = 0 if and only if f is homotopic to a point, so
this homomorphism is injective. Conversely, given a smooth f : Y — S, the pullback of
the positive generator of H'(S', Z) determines a class in H'(Y,Z). This can equivalently
be realized by differentiating f and passing to cohomology, b := [df] € H(Y,Z). If f
and b are related in this way, then we will say that f is a representative of b. As
mentioned in the introduction, we are interested in 3-manifolds Y equipped with non-
homotopically trivial maps f : Y — S'. It follows that such maps exist if and only if
H'(Y,7Z) is non-zero. By standard homological considerations, this happens (for closed
oriented 3-manifolds) if and only if Y has positive first Betti number.

It is a well-known fact from Morse theory that each class b € H(Y,Z) has a rep-
resentative f whose critical points are all non-degenerate (i.e., f is locally a Morse
function), and that these critical points have distinct critical values [29, Theorem 2.7].
Now suppose Y is a 3-manifold. Then critical points of index 0 and 3 correspond to local
‘maxima’ and ‘minima’. If we assume b # 0, then any representative f : Y — S! has
no global maxima or minima, and so any index 0 or 3 critical points can be homotoped
away, see [29] or [22]. In particular, if b # 0, then we may further assume that each
critical point of f has index 1 or 2.

Fix such a function f : ¥ — S! and let N denote the number of critical points.
Assume, for now, that N > 0 is positive. Identify S' = R/CZ for some C' > 0. Find
regular values r; € S L such that, for each 1 <7 < N, there is exactly one critical value
Ci(i+1) With 7, + 6 < ¢ji41) < riy1 — 9, for some fixed 6 > 0 (this is possible because
we have assumed the critical points have distinct critical values). Here and below we
work with ¢ modulo N. We may assume the circumference C' is large enough to take

d = 1/2. Define
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Si=fNri = 1/2),  Yigeny o= f (re +1/2,r00 — 1/2])

which are closed surfaces, and compact cobordisms, respectively. The orientation on
Y and the data of f provide canonical orientations on the ;. The Yj; ) inherit

orientations as well.

I x 22
Y23 }/12

2
C23 C12

r3 1 Sl
C34 C41
T4

Figure 2.1: An illustration of the correspondence between the critical and regular values,
and the Y;;;1) and %;.

Fix a metric g on Y and we assume that g is suitably generic in a sense that we
will make precise later. We refer to g, or its restriction to any submanifold of Y, as the
fixed metric. Note that there are no critical values between r; —1/2 and r; + 1/2, so
V :=Vf/|Vf|is well-defined on f~1([r; — 1/2,7; +1/2]). The time-1 gradient flow of

V provides an identification

FHri—1/2,m +1/2) =21 x %, (2.1)

where we have set I := [0,1]. This also provides an identification of f~1(t) with X; for
t e [ri—1/2,7;4+1/2]. So the function f together with the metric g allow us to view

Y as the composition of cobordisms
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Yn1 Us, (I X 21) Us, Yio Us,y ... Usy_y YY(N_l)N Usy (I X EN)UZ]N (2.2)

Note that this is cyclic in the sense that the cobordism I x ¥y on the right is glued
to the cobordism Ypxp on the left, reflecting the fact that f maps to the circle. By
construction, each Y1) is an elementary cobordism since it admits an [-valued
Morse function with no more than one critical point, and this Morse function preserves
the cobordism structure between Y;(;, 1) and I.

Since each critical point has index either 1 or 2, it follows from standard Morse
theory considerations [29, Theorem 3.14] that the genus of ¥; differs from that of ;4
by one. For example, if a critical point ¢;(;;1) has index 1, then ¥;; is obtained from ¥;
by attaching a single 1-cell, and f ‘Yi () contains the data for how this is done. If the
index is 2, then the situation between 3; 1 and 3; is reversed since dimensions 1 and 2
are dual for 3-manifolds. Hence, as we traverse along the circle, the genus of the fiber
remains constant, except for at the critical points where it changes by +1. However
when we return to where we started the genus must have had a net change of zero, and
we conclude that there are just as many critical points of index 1 as there are of index
2. In particular, IV is necessarily an even number. This also shows that each of the
cobordisms in all have the same number of connected components. Moreover, if f
has k connected components in each fiber, then there exists a function ]? 'Y — St with
fly) = f (y)¥, the kth power. So there exists a representative f with connected fibers if
and only if [df] is not a multiple of any other integer cohomology class. In particular,
this is always the case when Y has positive first Betti number. Circle-valued functions
f which are locally Morse with connected fibers were considered by Lekili [28], where
he called them broken fibrations. From now on we assume f : Y — S! is a broken
fibration. It follows that, in this case, the manifolds ¥; and Yj(; 1), described above,
are connected.

This set-up can be modified to include the case with no critical points, N = 0, as
follows: Let r € R/Z be any point (necessarily a regular value) and Xg := f~1(r). By
performing a suitable homotopy to the Morse function f we can replace f by a Morse

function with two critical points (this is the opposite procedure to the cancellation of
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critical points [29], and is the Morse-theoretic version of stabilization for handlebody
decompositions). This does not change the underlying manifold, only the particular

choice of circle-valued Morse function in its homotopy class.

2.1.2 eDependent smooth structures

As a matter of notational convenience, we set

Sei=| %  Yer=Y\(I x.).
We will refer to the connected co;nponents of the boundary 0Y, as the seams, and we
will use the letter ¢ to denote the coordinate variable on the interval I. In particular,
dt € QI x ) is identified with df/|df| € Q* (Ui f~ ([ri — 1/2,7; +1/2])) under the
identification .

Over I x 34 the metric g has the form

dt* + gs

where gy is a path of metrics on ¥,. We assume that g has been chosen so that gy is
a constant path, which can always be achieved using the decomposition in (2.2) and a

bump function. For ¢ > 0 define a new metric

dt? + 6292 on I X X,
ge ‘=
€2g on Y,

We will be interested in taking the limit as € approaches 0.

Let S denote the smooth structure on Y (i.e. the smooth structure in which g and
f are smooth). We call this the standard smooth structure. It is important to note
that when € # 1, the metric g, is not smooth with the standard smooth structure. For
example, take V = V f/|V f|, where the norm and gradient are taken with respect to
g = g1. Then V is smooth on (Y,S;), but

1 onl x>,
g(V,V) = (2.3)

€ on Y,
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is not even continuous, so g cannot be continuous on (Y, Sy).

Ix, Y,

Figure 2.2: This vector field V' is not continuous with respect to the topology on TY
defined using the standard smooth structure. However, it is continuous with respect to
the topology defined using the e-dependent smooth structure.

However, there is a different smooth structure S, in which g, is smooth, and (Y, S,)
is diffeomorphic to (Y,S1). This can be seen as follows: View Y as the topological
manifold obtained from the cobordisms Yj(;; 1) and I x ¥; by using the identity map on
¥; to glue along the seams {0,1} x ¥;, as in . Following Milnor [29, Theorem 1.4],
any choice of collar neighborhoods determines a smooth structure, and any two choices
are given by isotopic data. These isotopies determine a diffeomorphism between the
smooth structures. The smooth structure S; can be viewed as arising in this way by
choosing collar neighborhoods of the seams determined by the time-§ gradient flow of
f, and then using the identity to glue these neighborhoods on the overlap. Here 6 > 0
is arbitrary, but fixed. On the other hand, the smooth structure S, arises by taking the
time-§ gradient flow on the Yj(;11) side of the seam {1} x X;, but the time-de gradient

flow on the [0, 1] x ¥; side of the seam, and then gluing using the map

(t,o) — (et o). (2.4)

So Milnor tells us that there is a diffeomorphism

F.: (Y,81) — (Y, S.) (2.5)

and, in fact, there is a canonical choice given by taking the obvious straight line ho-
motopy from the map (2.4) to the identity. The pullback metric Fg, is smooth on

(Y,S1). Indeed, it is just €2g. In cases when it is necessary to remember the smooth
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structure we will write Y for (Y,Sc). However, we will often abuse notation slightly
and refer to g. as a metric on Y. When a function, section of a bundle, connection, etc.
is smooth in the smooth structure S, we will say that it is e-smooth. In particular,
if a is a function, section, etc., then a is e-smooth if and only if the pullback Fa is

smooth in the standard smooth structure.

Remark 2.1.1. The discontinuity in shows that the identity map Id : ¥ — Y,
which is a homeomorphism, does not give a diffeomorphism from (Y,S1) to (Y, Se).
This also illustrates the subtle way in which the topology of the tangent bundle TM to
a smooth manifold M depends on the smooth structure of M: Letting TY® and T*Y ¢
denote tangent and cotangent bundles to Y with smooth structure S¢, we have that g is a
continuous (in fact, smooth) section of the symmetric product bundle Sym?>T*Y ¢ — Y€
and V is a continuous (in fact, smooth) section of TY' — Y. However, shows
that go(V, V) = g.(1d,V,1d,V) is not continuous, soId, : TY' — TY€ is not continuous,
even though Id : Y — Y is. (Though, of course, (F.), : TY' — TY€ is smooth.)

We can also see that, though g fails to be smooth on Y, it only fails to do so at the
seams where the I x X; glue to the Y 1), and even there ge is smooth in the directions
parallel to the seam. So the discontinuity illustrated in is the only type of thing
that goes wrong. The same holds for any function, section of a bundle, connection, etc.
which is smooth with the smooth structure Se.

Moreover, by passing to local coordinates, it is straightforward to show that, for
1 < p < o0, every e-smooth function on Y€ is of Sobolev class VVI}J’CP(Y) with respect to
the standard smooth structure. This is because the underlying topologies are identical,
so the function is continuous on Y' and, on the complement of the seams, it is 1-
smooth with bounded derivative. However, in general, e-smooth forms will only be in

LP

loc With respect to the standard smooth structure. Any form which is non-zero in

directions transverse to the seam will necessarily have a jump discontinuity, and so
taking a derivative transverse to the seam will introduce a delta function. This applies

to connections as well.



18

2.1.3 Bundles, metrics, and the Hodge star

Let X be a smooth manifold (possibly with boundary). Given a fiber bundle £ — X,
we denote the space of smooth sections by I'(E).

Now suppose E is a vector bundle. Then we write

Q(X,E) =P FX.E), QNX,E)=TATXeE),
k

for the space of smooth E-valued forms on X. If F is equipped with a fiber-wise inner

product (-,-) : E® F — R, then this combines with the wedge to form a bilinear map

V(X,BE) O*(X,E) — QFX)

pRv — (uAv)
If X is compact and oriented then integrating defines a non-degenerate bilinear pairing

on forms of dual degree:

FX,E)e Q" kX E) — R
(2.6)
pRv / (L AV),
X
where n := dim(X). If, in addition, X is equipped with a metric, then this combines

with the orientation to induce a Hodge star * : Q¥(M, E) — Q"¥(M, E), which satisfies

s = (=1)F=R) . ok (X E) — QF (X, E). (2.7)

Sticking * in the second slot of (2.6)) defines the following L?-inner product on the vector
space QF(X, E):

()= [ )

for p,v € QF(X, E). We then set

”MHL?(E) =/ (#4s 1)
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Similarly, for p > 1 we can define the LP norm by

11 = [ Il v,

where we have set

] = (e A ) 2.

Remark 2.1.2. When the bundle E is clear from context we will often write LP instead
of LP(E). Similarly, it will be convenient to abuse notation and write LP(X) instead of

LP(E) in cases where it is important to emphasize the underlying base manifold.

Below we will be interested in various scalings of product metrics, so it will be
useful to establish a few formulas. Suppose that X = M x N is a product, and M, N
are oriented manifolds equipped with metrics gps, gn. Assume X is equipped with the
product metric g = gy @ gy and product orientation (our convention is to use the
‘left-to-right convention’: vectors on M come first, then vectors on N). The metrics
and orientations on M and N induce Hodge stars *,; and *p, respectively, and these

satisfy

w(pAv) = (—1)FEmOD=1) w0 A s,
where € /(M) and v € QF(N).

Example 2.1.3. Suppose X = R X N, and let ds denote the standard 1-form on R.

Then

U = (—1)kds A *NU, xds = *n(1), % (ds Av) = *yv,

where v € QF(N) is a k-form on N. If N is equipped with a vector bundle E — N then
the same formula holds for v € QF(N, E).

For a real number ¢ > 0, let %, denote the Hodge star associated to the conformally

scaled metric ¢?g on X. Then
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dim(X)—2k

kefl = C * L. (2.8)

for p € QF(X, E).

Let G be a Lie group with Lie algebra g, and w : P — X a principal G-bundle.
Given any matrix representation p : G — GL(V'), where V' is a vector space, we can

form the associated bundle

P(V):=PxgV =(PxV)/G.

This is naturally equipped with the structure of vector bundle P(V) — X. Of par-
ticular interest is the case when V = g is the Lie algebra of GG, and p is the adjoint
representation. We will assume that g is equipped with an Ad-invariant inner product
(,-). This is always the case if G is compact or simple. The Ad-invariance implies
that the inner product ascends to a well-defined fiber-wise inner product on the vector
bundle P(g).

The Lie bracket [-,-] : g ® g — R is Ad-invariant, and so combines with the wedge

to define a graded-commutative bilinear map

V(X,P(g) ® Q" (X, P(g) — YX, Plg))

pRV — [V
thereby equipping Q°(X, P(g)) with the structure of a graded algebra. Pullback by

7 : P — X induces a linear map

T Q.(X7 P(g)) — Q.(Pag)
The Lie bracket defines a graded algebra structure on the codomain, and with this

structure 7* is a graded algebra homomorphism. Moreover, 7* is injective with image

given by the basic forms

(9p)*u=Ad(g~ ), VgeC

Leppt =0, VéEeg

Q.(Pag)basic WIS Q.(P,g)
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Here gp (resp. £p) is the image of g € G (resp. £ € g) under the map G — Diff(P)
(resp. g — Vect(P)) afforded by the group action. We will often use 7* to identify the
spaces Q°*(X, P(g)) and Q°*(P, g)basic-

2.2 Gauge theory

Denote by

(gp)*A=Ad(g"HA, Vged
tepA =&, VEeg

the space of connections on P. The space of connections A(P) is an affine space

AP)={AcQl(Pg)

modeled on Q'(X; P(g)), and the affine action is given by:

QY(X,P(g)) x A(P) — A(P)

(1, A) — A47"p.
In particular, A(P) is a smooth (infinite dimensional) manifold with tangent space

Q'(X, P(g)). Each connection A € A(P) determines a covariant derivative

da:Q(X,P(g)) — QT(X,P(g))

po— ()N (m) + [AA T )
where d is the trivial connection on the trivial bundle P x g. Composing d4 with itself
we obtain a degree two map Fy := dgody : Q°(X,P(g)) — Q°(X, P(g)), called the

curvature of A. This can be computed as follows

Fp= (7%} (dA + % [AA A]) € Q*(X, P(g))

Here and below we use the convention that the algebra Q°(X, P(g)) acts on itself by

left multiplication. So, for example, the statement d4 o d4 = F4 means

da(da(p)) =[Fanp], peQX, P(g)).



22

As noted above, if A € A(P) and p € QY(X, P(g)) then A + 7*u € A(P) is another
connection. However, in identifying Q°®(X, P(g)) with Q°®(P, g)pasic we will typically

drop 7* from the notation. The covariant derivative and curvature satisfy the following

dA—i—p, = dA + u

Fayy = FAerAuﬁL%[,u/\,u].

Another useful formula is the Bianchi identity, which says

daFs =0.
Given a connection A € A(P) with covariant derivative d4, we define the formal
adjoint

dy : QNX, P(g)) — QFY(X, P(g))

nwo— —(—1)(”_k)(k_1) x da * [L.

Stokes’ theorem shows that this satisfies

(dA:uv V) = (Mv dZV)

when X is closed and p € QF(X, P(g)),v € Q¥F1(X, P(g)). By (2.8) it follows that

4y = cdy,
where dZ’C is the adjoint defined with respect to the metric ¢2g; that is, using *. in place
of .
Suppose X is an oriented Riemannian 4-manifold. Then (2.7) shows that on 2-

forms the Hodge star squares to the identity, and it has eigenvalues +1. Denoting by

O%%(X, P(g)) the &1 eigenspace of *, then we have an L2-orthogonal decomposition

O*(X, P(g)) = Q*F(X, P(9)) ® Q7 (X, P(g)),
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with the orthogonal projection to Q%* (X, P(g)) given by u — %(1 +%)u. The elements
of Q%7 (X, P(g)) are called anti-self dual 2-forms. A connection A € X is said to
be anti-self dual (ASD) or an instanton if its curvature Fy € Q%7 (X, P(g)) is an

anti-self dual 2-form; that is, if

Fa+*xFy =0.

In dimensions 2 and 3, we will be interested in the flat connections A. By definition,
these satisfy Fy = 0, and we will denote the set of flat connections on P by Ag.(P).

If A is flat then Im d4 C kerds and we can form the harmonic spaces

ker (da|Q¥(X, P(g)))
- Im (da|QF1(X, P(g)))
We say that A is irreducible if H} = 0. By the formula (2.14) it is clear that if A is

Hj = H5(X, P(g)) :

irreducible, then the gauge action at A is locally free. A similar condition that we will
be interested in is when X is 3-dimensional. In that case we say that a connection A is
non-degenerate if H} = 0. (The importance of this condition comes in that if X is
closed and orientable then A is non-degenerate as a flat connection if and only if it is
a non-degenerate critical point of the Chern-Simons functional. We will have more to
say about this below.)

Suppose now that X is closed. Then the Hodge isomorphism [44, Theorem 6.8] says
HY = ker(da ®dy), Q%X,P(g)) = H)®Im(da) ®Im(dy), (2.9)

for any flat connections A on X. Here the decomposition is orthogonal with respect to
the L? inner product defined above. We will treat these isomorphisms as identifications.
From the first isomorphism in we see that HY is finite dimensional since d4 © d
is elliptic (locally its leading order term is d @ d*). Furthermore, it is clear that * :
HY% — H';™° restricts to an isomorphism on the harmonic spaces, and so the pairing

(2.6) continues to be non-degenerate when restricted to the harmonic spaces.

Example 2.2.1. Suppose X = ¥ is a closed, oriented surface equipped with a metric.
Then on 1-forms the pairing (@ s anti-symmetric and * squares to -1. This data de-

fines a complex structure on Q' (X, P(g)). Furthermore, the pairing in determines
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a symplectic structure w on QY (X, P(g)) and the triple (Q1 (X, P(g)), *,w) is Kdhler.
As mentioned above, for any flat connection A on X the Hodge star and non-
degenerate pairing (@ restrict to the harmonic spaces HY. In particular, (H}17 *, W)

1s Kahler and finite dimensional.

We end this section with a brief discussion of the Yang-Mills functional, which

is defined to be the map

IM:AP) — R

1
A SlIFalz
We will refer to the value as the energy of a connection. When X is closed, the critical

points of this functional are precisely the connections A satisfying

dyFaq=0.

These connections are called the Yang-Mills connections. Clearly if a flat connection
exists, then it is Yang-Mills and has minimum energy among all connections. However,
in dimensions greater than 3 there need not exist any flat connections. For example,
in dimension 4 the Bianchi identity shows that the ASD connections are Yang-Mills as
well, and it is straight-forward from the definitions that the ASD connections are those
with the minimum energy. In particular, the existence of a non-trivial instanton on
a bundle over a closed 4-manifold precludes the existence of a flat connection on that

bundle.

A gauge transformation is an equivariant bundle map « : P — P covering the
identity. The set of gauge transformations on P forms a Lie group, called the gauge
group, and is denoted G(P). There are two other equivalent ways of viewing gauge
transformations. The first as the set Map(P, G) of G-equivariant maps P — G. Here
G acts on itself by conjugation. The relationship with the first definition is given by

sending u : P — P to the map g, : P — G defined by the following formula
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u(p) = gu(p) - p

The third equivalent formulation is as the set of section I'( P X G) of the group bundle
P x¢ G — X, which is formed by taking the action of G on itself by conjugation. It is
an easy exercise to show Map(P,G)¢ = T'(P x¢ G).

The exponential map exp : g — G intertwines the adjoint action with conjugation,
and so defines a map Q°(X, P(g)) — I'(P x¢ G) = G(P), where the image of ¢ €
O%(X, P(g)) is the section

x — exp(—£(z))

of P xg G. (The minus sign here is a convention used to make (2.14)) free of signs.)
Viewing G(P) as G-equivariant bundle maps P — P, the element exp(—¢) : P — P

acts by sending

p > p-exp(—£(p)),

where we are now thinking of ¢ as an element in Q°(P, g)pasic = Q°(X, P(g)). The
exponential map allows us to define a smooth structure on G(P) making G(P) into a

Lie group with Lie algebra Q°(X, P(g)).

Remark 2.2.2. Just as with the theory of finite-dimensional Lie groups, there are
various times when it is convenient to consider the gauge group and its Lie algebra
as subsets of the same space. This can be achieved by fizing a matriz representation
G — GL(C") C End(R). This induces a Lie algebra representation g — End(R). Then
O°(X, P(g)) and G(P) both map into T'(P xg End(R)). If, in addition, the matriz
representation is faithful, then these are embeddings.

As an example of the usefulness of this vantage point, note that in the ambient
space T'(P x¢ End(R)) it makes sense to multiply Lie group elements with Lie algebra
elements. Hence, we can identify the tangent space T,,G(P) with the translation of the

Lie algebra by u
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uQ’(X, P(g)).

This is entirely analogous to the finite-dimensional case.

The gauge group acts on the left on the space Q°(P, g) by pulling back by the inverse:

(u, A) — uA = (u"H)* A, (2.10)

for u € G(P), A € Q*(P,g). Here the star indicates the pullback map induced by the
bundle map u~! : P — P. Sometimes it will be useful to alternatively write u(A)
for uA. The action of G(P) on Q°(P,g) restricts to actions on Q°(P, g)pasic and A(P).

Viewing a gauge transformation as a map u : P — G we can write this action as

(u™1)*A = Ad(g9)A + D (L,) D(u™1), (2.11)

where D (Ly) : TG — TG is the pushforward of the map Ly : G — G given by left
multiplication by ¢ € G, and D(u~!) represents the pushforward of the map P — G
given by p + u~1(p). That is, on the right-hand side of we are viewing the gauge
transformation u as a map P — G and the formula should be treated pointwise on the
values of u. For example, Du : TP — TG, and so D (L(u)) D(u™!) € g. From the

perspective of covariant derivatives the action of G(P) takes the form

du-1yea = Ad(u)da + D (L,) D(u™), (2.12)

Similarly to the situation in Remark fixing a matrix representation of G allows

us to write this formula in a less notation-heavy way:

(u™*A = uAu™' +uD(u™), (2.13)

where now the concatenation appearing on the right is just matrix multiplication. If
the representation is faithful then there is no information lost in expressing the action

(2.11) as we have in (2.13).
The infinitesimal action of G(P) at A € A(P) takes the form
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X, P(g)) — QUX, P(g))

(2.14)
§ — dag
More generally, the derivative of at (u, A) is
uQ’(X, P(g)) x Q'(X, P(g)) — Q'(M,P(g))
(ug,n) > Ad(u)da€ + Ad(u)n (2.15)

= (dya(ué)) u™t + unu=t.
where, in writing this expression, we have chosen a faithful matrix representation of G
as in Remark 2.2.21
The gauge group also acts on the left on Q°(X, P(g)) by the pointwise adjoint action
(so we are viewing G(P) as sections of P xg G), and 7* : Q*(X, P(g)) — Q°*(P,9)

intertwines the two actions. The curvature of A € A(P) transforms under u € G(P) by

F(ufl)*A = Ad(u)FA
This shows that G(P) restricts to an action on Aga(P) and, in 4-dimensions, the
instantons.
2.2.1 Topology aspects of principal PSU(r)-bundles

We first review some basic facts about PSU(r). By definition we have

PSU(r) = SU(r)/Z, = U(r)/U(1),

where Z, and U(1) are the centers of SU(r) and U(r), respectively. It follows that

PSU(r) has trivial center, and is connected and compact. Furthermore,

m1(PSU(r)) = Z,,
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since SU(r) is simply-connected. Being the quotient of SU(r) by a discrete set, we have
a Lie algebra isomorphism psu(r) = su(r). Hence PSU(r) is simple and so there is a
canonical choice of Ad-invariant metric (-,-) on PSU(r) given by declaring the highest
coroot to have norm /2. We will always assume psu(r) is equipped with this inner

product. Explicitly, this is given by

(1.0) = gt ") = — 1yt v),
where the trace is the one induced from the identification psu(r) = su(r) C End(C").
Having fixed an inner product, the adjoint can be viewed as a representation of the
form Ad : PSU(r) — SO(psu(r)), and this is faithful. Finally, consider the action of
U(r) on itself by conjugation. The center U(1) fixes every point in U(r), and so this
action descends to an action of PSU(r) on U(r). This PSU(r) action fixes the subgroup

SU(r) € U(r).

In [56], L.M. Woodward exploited the adjoint representation to classify the princi-
pal PSU(r)-bundles over spaces of dimension < 4. This classification scheme assigns

cohomology classes

t2(P) € H*(X,Z), a(P) € HY(X,Z)

to each principal PSU(r)-bundle P — X. For example, ¢4 is the second Chern class of
the complexified adjoint bundle P(g)c := P(g) ® C,

qa(P) = c2 (P(g)c) - (2.16)

where g = psu(r). The class ty is defined as the mod r reduction of a suitable first
Chern class. We will be mostly interested in the case where X is a smooth manifold,

but these classes are defined for CW complexes as well.

Example 2.2.3. When r = 2 we have PSU(r) = SO(3), and the classes ta and qs1 are

exactly the 2nd Stiefel-Whitney class and 1st Pontryagin class, respectively.

We summarize the properties of these classes which we will need.
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e If dim(X) < 4 and X is a manifold, then two bundles P and P’ over X are
isomorphic if and only if to(P) = to(P’') and q4(P) = q4(P');

e The class to(P) is zero if and only if the structure group of P can be lifted to
SU(r); that is, P = P xgy(, PSU(r) for some principal SU(r)-bundle P — X
[56, p. 517]. Here the action of SU(r) on PSU(r) is by left multiplication via the
projection SU(r) — PSU(r).

e In the case of manifolds of dimension 2 or 3, the class q4 is always zero, and %9
determines a bijection between isomorphism classes of PSU(r)-bundles and the
space H?(X,Z,). In particular, if X is a closed oriented surface or an oriented

elementary cobordism between two such surfaces, then ¢, is a bijection

isomorphism classes of ~
to : — Ly
PSU(r)-bundles over X

e These classes satisfy

q1(P) = to(P)? mod r (2.17)

e The classes to and g4 are functorial in the sense that they commute with pullback

by maps f: X' — X:

ta(f*P) = fta(P), a(f*P) = [ qu(P).

As an application, we use these characteristic classes to study the components of
the gauge group G(P) for a principal PSU(r)-bundle P — X. Donaldson notes the

following fact. We include a proof here for convenience.

Proposition 2.2.4. [8, Section 2.5.2] Let G be a compact Lie group, X a smooth
manifold and P — G a principal G-bundle. Then there is a bijection between mo(G(P))

and isomorphism classes of principal G-bundles over S' x X which restrict to P on a
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fiber. This bijection is induced from the map which sends a gauge transformation u to

the bundle

Qu = [0,1] x P/(0,p) ~ (1, u(p)), (2.18)

given by the mapping torus.

Proof. Well-defined: The isomorphism class of the bundle @, depends only on the path
component of u in G(P). The gauge group is locally path-connected (it is locally mod-
eled on the vector space consisting of sections of P(g)), so the connected components
are the path components, and the map descends to a give a well-defined map
from my(G(P)) to the isomorphism classes of principal G-bundles over S! x X which
restrict to P on a fiber.

Surjective: Suppose we are given any bundle Q@ — S! x X with Qliyxx = P,
and consider the obvious projection 7 : @ — S!. Since G is compact, Q admits a
G-invariant metric. (This can be obtained by first choosing any metric (-,-) and then

declaring

1
vol(G)

(U, W)ipy = /G(DRgv, DRgw) dvolg,
where DR, is the pushforward of multiplication by g € G and we are using an invariant
Haar measure to define the integral on G.) Let ®; : @ — @ denote the time-¢ gradient
flow of 7, normalized so ®; maps each fiber to itself (this is just saying the circle has
length 1). The G-invariance implies that ® is G-equivariant. Then u := ®1| 1) :
P — P is the desired gauge transformation.

Injective: Suppose there is some u € G(P) with ¥ : Q,, =S Sk P. Let @ : I x Qu —

. be the gradient flow as constructed in the previous paragraph, and 7 : S' x P — P
Q g P paragraph,

the projection. Then consider the composition

ToVWod, oW :ITxP— P

where, in the domain, we have set P = {1} x P C . Since everything is equivariant,

this is a path in G(P) from u to the identity map. O
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Now we combine this with L.M. Woodward’s classification. Fix a principal PSU(r)-
bundle P — X and assume X is a manifold of dimension < 3. Let u € G(P), define

Q. — S' x X as above, and consider the classes

t2(Qu) € H*(S* x X,Z,),  qu(Qu) € H*(S' x X,Z,).

By the Kiinneth formula, we have an isomorphism

H*(S' x X,R) =~ H*(X,R) ® H*"Y(X,R),

where R = 7Z or Z,. The image of t2(Q,,) in H?(X,Z,) is exactly t2(P), so the depen-
dence of t2(Q,) on the gauge transformation u is contained entirely in the projection

of t2(Q.) to H'(X,Z,). We denote this projection by

n(v) € HY(X,Z,),

and call this the parity of u.

Now consider the class ¢4(Q,,). Note that the relation (2.17) gives

q1(Qqy) = 2t2(P) ~ ds —« n(u), modr, (2.19)

where ds € H'(S',Z,) is the generator. This follows because t2(P)? is a 4-form on a
3-manifold, and ds? = 0. In particular, ¢4(Q,) is always even. Due to the dimensional
restrictions on X, there is an isomorphism H*(S! x X,Z) = H3(X,Z). If X is a closed
connected oriented 3-manifold, then H3(X,Z) = Z. In this case, declare deg(u) € Z to
be the image of ¢4(Q.)/2 under this isomorphism; we call this the degree of w.
Proposition and the properties of 9 and g4 immediately imply that the parity

and degree detect the components of the gauge group:

o If dim X <2, or if dim X = 3 and X is compact with non-empty boundary, then

there is an injection

n:7m(G(P)) — HYX,Z,).
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e If dim X = 3 and X is closed, connected and oriented, then there is an injection

(n,deg) : m(G(P)) — HY(X,Z,) x Z.

See [11], [15] for alternative realizations of the parity and degree.

Proposition 2.2.5. Fiz a gauge transformation u : P — PSU(r). Then the following

are equivalent:

o u: P — PSU(r) lifts to a PSU(r)-equivariant map u : P — SU(r);

o When restricted to the 1-skeleton of X, u is homotopic to the identity map.

Moreover, if X is a compact connected oriented 3-manifold and n(u) = 0, then

deg(u) is divisible by .

Proof. Let v : X7 — X be a continuous map, where X; is a CW complex. Then
any u € G(P) defines a pullback gauge transformation v*u € G(y*P). Moreover, it is

immediate from the functoriality of to that

n(v'u) = y*n(u) € H (X1, Z,).

Now suppose X; C X is the 1-skeleton, and 7 is the inclusion. Then v* : HY(X,Z,) —
H'(X1,7Z,) is an isomorphism and so n(u) = 0 if and only if n(y*u) = 0. Since y*u
is a gauge transformation over a 1-dimensional space, this is equivalent to saying that
v*u € Go(7*P) lies in the identity component. This shows the equivalence of the first
and second items.

Set G = PSU(r) and consider the group bundles

PxgG— X, PxgSU(r)—X,

where, in both cases, G is acting on the second factor by conjugation. There is a

residual free action of the center Z, C SU(r) on the second bundle, and the projection
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P xqg SU(T‘) — (P XaG SU(T)) /Zr =P x¢g G,

is a principal Z,-bundle, and hence a normal covering space. The normal covering
spaces of P xXg G correspond to normal subgroups of the fundamental group of P x¢
G. In particular, the Z,-covering space P x SU(r) corresponds to the kernel of a
homomorphism y : 71 (P xg G) — Z,, which we view as an element of H'(P xg G, Z,).

Any gauge transformation u can be viewed as a map X — P Xg G. Then an
equivariant lift of u, as described in the first item of the proposition, is exactly a lift u

to P x¢g SU(r):

P x¢g SU(T)

u

X

PxagG

By the lifting property for covering spaces, u lifts if and only if the pullback u*u = 0
vanishes as an element of H'(X,Z,). This happens if and only if u.m1 (X) C m (P x¢G)
lies in the image of w1 (P X SU(r)), and this happen if and only if the pulled back gauge

transformation

Yu: X, — P xgG

lifts to a section

X — ")/*P Xa SU(T)

The fibers of the bundle v*P x¢g SU(r) — X are simply connected, so any section
is homotopic to the identity. So wu lifts exactly when its restriction to the 1-skeleton
v*u : X1 — PSU(r) is homotopic to the identity. This shows the equivalence of the
second and third items. The final assertion is immediate from .
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It will be useful to have an alternate characterization of the degree of a gauge
transformation. To set this up, we first note the following Chern-Weil formula, which

holds for a closed oriented 4-manifold X E|

qu(P) = —r/X<FA N Fy) € Z. (2.20)

Here, A is any connection on P — X; it follows from the Bianchi identity that this is

independent of the choice of A. This formula is immediate the definition of g4, together
with the usual Chern-Weil formula for the second Chern class on SU(r) bundles.

Now suppose X is a closed connected oriented 3-manifold. Fix a connection ag €

A(P) and a gauge transformation u € G(P). Let a : I — A(P) be any path from ag

to u*ag. This defines a connection A on I x P — I x X by declaring Al(sxx = a(s).

Moreover, A descends to a connection on (), so we have

deg(u) — —%/IXX(FA/\FA>.

The curvature decomposes into components as Fia = Fy(5) +ds A 0sa(s), and so

deg(u) = —r /1 ( /X (Fue Aasa(s»). (2.21)

We conclude this section by defining the bundles we will be considering in the sequel.

Proposition 2.2.6. Let Y and f : Y — S be as in section . For each d € Z, there

is a principal PSU(r)-bundle Q — Y such that

tQ(Q’f—l(r)> =d

'"Here the particular normalization in l} depends on our choice of inner product on g. For
example, suppose r = 2, s0 q4 = p1 is the first Pontryagin class. In [9], Donaldson and Kronheimer use
the Frobenius inner product (-,-)pyg = —tr(- -), and their formula (2.1.40, 41) reads

p1(P) =

Similarly, Dostoglou and Salamon use (-, -)pyg = —4tr(- -), so with this convention the first Pontryagin
class takes the form

—5.3 X<FA /\FA>DK.

1

pl(P) = —@ X<FA A FA>DS

Regardless of the normalization, the classes p1 and qs4 are, of course, integral.
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for any regular value r € S*. Furthermore, Q depends only on d and the homotopy class
of f, in the sense that it is independent of all other choices up to bundle isomorphism

covering the identity on Y .

Proof. This is basically just a patching argument: By the classification of PSU(r)-
bundles there are bundles Q;;y1) — Yiuq1) and I x P, — I x X; each restricting
to bundles of the specified class d on each boundary component. Since d uniquely
characterizes PSU(r)-bundles on surfaces, up to isomorphism, for each i there are gauge

transformations

Qiirnyls: = {1} x X, Qigignylsiy — {0} x By,

which we use to glue all of these bundles together to form the desired bundle Q — Y. O

Remark 2.2.7. We will be interested in bundles Q as in Proposition (2.2.60, where d is

a generator of Z, (see Theorems|2.2.15 and (2.2.16, below). We will use

Qi(’i+l) = Q‘Yi@qu)v ‘F)Z = Q‘EZ
to denote the restrictions.

Let F, : Y' — Y¢ be the diffeomorphism from , and define

Q= (F7)Q,
which is a smooth PSU(r)-bundle over Y€ enjoying the same properties as Q. Since F

is the identity on Ye and {0} x X4 it follows that the restrictions

Qe = Q6|Y,7 P, = QE’{O}XE.

do not depend on e.

2.2.2 Compactness results and gauge fixing

This section begins with a review of some basic facts about Sobolev spaces. We then

move on to describe two foundational compactness results pertaining to connections
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with bounded curvature. The section ends with a discussion of the Coulomb and tem-
poral gauge-fixing conditions. We refer the reader to [51, Appendix B] for more details

and proofs of the various assertions.

Let X be an oriented Riemannian n-manifold, and F — X a vector bundle equipped
with a connection V. Let £ > 0 be an integer, and p > 1 a real number. Then we
denote by Wk» (E) the closure of the space of compactly supported smooth sections in

I'(E) with respect to the norm

lelliniey = 3 199elmm-
0<j<k

The vector space WFP(E) equipped with this norm is a Banach space. Note that
WOP(E) = LP(E). When k < 0 is a negative integer, we define

*

WEP(B) = (W' (E))

to be the dual Banach space to W kP (E), where p* is the conjugate exponent: 1/p*+
1/p = 1. When the bundle E is clear from context, we will write W*? for W*P(E). In
situations where it is particularly important to emphasize the particular Sobolev space
or the underlying base manifold, we will write W*? or W*P(X) instead of W*P(E).
See Remark

As a vector space WHP(E) is independent of the choice of connection V, and any
two choices determine equivalent norms. The Sobolev embedding theorem states that
if X is compact then W*P(E) embeds as a topological vector space into W**' (E)

whenever

k—%zk’—g, and  k>K >0. (2.22)

Furthermore, this embedding is compact whenever the first inequality in (2.22)) is strict;
this means that any sequence which is bounded W#P?(E) has a subsequence which
converges in WEP' . In the above we have assumed p and p’ are both real numbers,

however this result has an extension to p’ = oo, in which case we need to assume that

the first inequality in (2.22)) is strict. When this is the case, the image of W*P(E) <
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Wk (E) lies in C* (E) ¢ W*-°(E), the subspace of sections whose k’th derivative is
continuous.

We will also be interested in understanding how these Sobolev spaces interact with
multiplication. So we assume that the fibers of E are equipped with the structure of

an algebra, which defines a smooth bundle map

E®E—E, (fg)v— fg

In our applications, this will be given by the Lie bracket. Suppose k > 0 is a positive
integer, and 1 < p,r, s < oo satisfy
1 1 k 1

Then fiberwise multiplication defines a bounded bilinear map

WhT(E) @ Wh(E) — WEP(E).

Now suppose P — X is a principal G-bundle such that g admits an Ad-invariant
inner product. This data determines a fiber-wise norm |-| on each vector bundle
AFT*X @ P(g), and any choice of smooth reference connection A, € A(P) combines
with the Levi-Civita connection to allow us to define the space W*? (AJT*X ® P(g))

of Sobolev class W*? j-forms with values in P(g). Define

AFP(P) = A + WHP (T*X @ P(g)).

Using the pullback 7* we have that the smooth connections A(P) C A*P(P) form
a dense subspace. Furthermore, the space A®P(P) is independent of the choice of
At € A(P), and the norm only depends on the choice of reference connection Aqf
up to norm equivalence. The Sobolev embedding theorem carries over directly to the
space A"P(P) of connections.

When X is compact the assignment A — Fy is bounded as a map A¥P(P) —
WE=LP(A2T*X ® P(g)) provided p > n/(k+1) and k > 1. Likewise, if A is continuous

the exterior derivative d4 defines a bounded linear map
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dy: WEP(AT*X @ P(g)) — WFIP(A*TIT* X © P(g)).

When A € A(P) is flat the isomorphisms ([2.9)) continue to hold in the W*P-completions
of the relevant spaces. The direct sum decomposition remains L?-orthogonal, even

though the spaces may not be complete in the L? norm.

Remark 2.2.8. Suppose X is closed (compact with no boundary) and p > dim X.
The curvature map A+ Fu extends to a bounded linear map A*P(P) — W=1P(A% T*
®P(g)). To see this, fir a smooth reference connection Ae¢. Then for A € A%P(P),
define

1
Fa = Fae + da (A= Arer) + 5 [A = Avet A A = Aref]-

ref

The first term is smooth and so clearly in WP, The derivative term da,;(A— Aret)
should be interpreted distributionally (i.e., acting on WYP", where 1/p + 1/p* = 1),
and so also lies in WP, The final term is the product of two LP forms and so is an
LP/2 form. This latter space embeds into WP whenever p > dim X (this is an easy
consequence of Sobolev embedding for k > 0 mentioned above).

Note that if A € AMP(P) with k < 0, then one runs into difficulty defining the
curvature by this formula. This is due to the presence of the quadratic term, which acts
by pointwise function multiplication, but the elements of A¥P(P) are not all functions

when k < 0.

When we have an embedding G C U(r), then we can define G*P(P) to be the
subset of functions in W*P(End(C")) whose images lie in G C U(r) € End(C"). Note
that under such an embedding G necessarily has measure zero in End(C"); nonetheless,
this is a meaningful definition whenever we are in the continuous range for Sobolev
embedding (e.g. kp > dim X and k > 2, or kp > 2 and k = 1). If X is non-compact,
then we write Ai;f; (P) and gl’f;f (P) for the locally W*P sections.

The space gk’p(P) forms a group when we are in the continuous range, and the

group operations are smooth, making G¥P(P) a Banach Lie group. Moreover, when
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this is the case, the group G¥P(P) acts smoothly on A*~1P(P). See [51, Appendix B]
for more details.

Below we include statements of two compactness theorems for connections. They
are originally due to Uhlenbeck [43], however [51] is an excellent reference as well. For
the second assertion in Uhlenbeck’s Strong Compactness Theorem, we direct the reader
to [8, Proposition 2.1]. In both theorems, we assume X is a Riemannian n-manifold
and P — X is a principal G-bundle with G compact. We allow X to have boundary
unless otherwise specified. If X is non-compact, then we assume there exists a sequence
of compact subsets X, C X with X, C X, 11, UX,, = X and each X, is a deformation

retract of X.

Theorem 2.2.9. (Weak Compactness) Suppose P — X be as above, and 1 < p <
oo is such that p > n/2. Let (A,),cy C Allo’g(P) be a sequence of connections with
sup,, ||[F'a, |l Lr(x) < 00. Then there is a subsequence (still denoted by (Ay),cn) and a
sequence of gauge transformations u, € Q’fo’f(P) such that u},A, converges weakly in

WLP on compact sets to a limiting connection in AP (P).

Theorem 2.2.10. (Strong Compactness) Suppose P — X is as above, but assume X
has empty boundary. Let 1 < p < oo be such that p > n/2, and we suppose in addition
thatp > 4/3 whenn = 2. If (A,),cn C A}O’ICD(P) is a sequence of Yang-Mills connections
with sup,, | Fa, || Le(x) < 00, then there is a subsequence (still denoted by (Ay),en) and
a sequence of gauge transformations u, € leo’g(P) such that u}, A, converges in C*° on
compact sets to a limiting smooth Yang-Mills connection.

Furthermore, if diim X = 4, each A, is ASD and sup,, ||Fa,||2(x) < 00, then there
is a finite set of points Xo C X such that, after passing to a subsequence and applying
gauge transformations, the A, converge in C* on compact subsets of X\ Xo. Moreover,
there is a constant 8o > 0 such that if ||[Fa, || z2(x) < do for all but finitely many v, then

Xo is empty.

There are several places where we will find it convenient to choose a particular gauge
for a connection A. That is, we replace A by u*A, for some gauge transformation wu,

where u*A now satisfies some desirable property.
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The first example of this that we discuss is temporal gauge. For this, we suppose we
are working on a product manifold R x X, and that there is a bundle P — X. Then
we equip R x X with the pullback bundle R x P. Let s denote the coordinate variable

on R, and

0
75 € Vect(R x P)

the obvious vector field. Then a connection A € Q'(R x P, g) is in temporal gauge if

its contraction with 9/0s vanishes

La/asA =0.

This terminology is justified, since, for each connection A there is a gauge transforma-
tion v € G(R x P) with u*A in temporal gauge. Indeed, viewing elements of G(R x P)

maps R — G(P), then u can be taken to be the unique solution of the ODE

- (La/asA) u = gsu, u(0) = Id,

where we have chosen a faithful representation of G to write this using matrix notation
(see Remark [2.2.2)). It follows that u can be taken to lie in the identity component
Go(R x P). It is useful to note that any connection A € A(R x P) can be written in

the form

A =a(s)+p(s)ds

for unique a : R — A(P) and p : R — Q% X, P(g)), where ds € Q'(R x Y) is the

obvious 1-form. Then A is in temporal gauge if and only if p = 0.

Next, we discuss Coulomb gauge. Fix a Riemannian manifold X and a principal
G-bundle P — X. Given connections A, Ay € A(P), we say that A is in Coulomb

gauge with respect to Ay if

'y, (A — Ag) = 0.
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The theorem that is useful to us is the following (see [51, Theorem 8.1] for a proof):

Theorem 2.2.11. (Coulomb Gauge) Suppose X is a closed Riemannian n-manifold

and P — X is a principal G-bundle with G compact. Let 1 < p < q < oo be such that

1 1 1
-S> -
q p n
For any Ag € AYP(P) and co > 0, there exist 6 > 0 and C > 0 such that the following

S
p 9’
holds: For every A € AY(P) with

A= Aollre <6,  [|A—= Aollwrr < co,

there exists a gauge transformation u € G*P(P) with u* A in Coulomb gauge with respect

to Aoy, and satisfying the following estimates

[u"A = Aol < CJ|A = Aollza,  [[u"A = Aollwrr < CJlA = Aollwrs-

2.2.3 Moduli spaces of flat connections

This section introduces various moduli spaces of flat connections which are the building
blocks for the quilted Floer cohomology of our 3-manifold Y. It turns out that these

moduli spaces are finite-dimensional and have natural symplectic structures.

Before defining the moduli spaces themselves, we review the relevant symplectic
geometry. See [30] and [33] for more details on this material. A symplectic manifold
is a pair M = (M,w), where M is a smooth manifold, and w € Q?(M), called the
symplectic form, is a 2-form which is closed and non-degenerate. It follows that M is
necessarily even-dimensional. A diffeomorphism ¢ : My — M; between two symplectic

manifolds (My,wp) and (M;,w) is called a symplectomorphism if p*w; = wy.

Example 2.2.12. 1. If M = (M,w) is a symplectic manifold, then M~ := (M, —w) is

also a symplectic manifold.

2. If (Mj,w;) are symplectic manifolds for j = 0,1, then My x M is symplectic

with symplectic form given by miwo +miw1, where m; : Mo x My — M; is the projection.
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An almost complex structure on a symplectic manifold M is amap J € End(T'M)
which squares to minus the identity J? = —Id (so .J is a complex structure on the tan-
gent bundle TM). An almost complex structure J is said to be compatible with the
symplectic form w if w(Jv, Jw) = w(v,w) for all v, w € T,M and w(v, Jv) > 0 whenever

v # 0. When this is the case, the assignment

VR w— w(v, Jw)

defines a metric on T'M. We denote the induced norm on vectors by |-|as. The space of
compatible almost complex structures is always non-empty and contractible. It follows
that the first Chern class ¢ (M) := ¢1(TM,J) € H?>(M,Z) associated to the complex
vector bundle (T'M, J) is well-defined, and independent of the choice of compatible J.

The minimal Chern number of (M, w) is defined to be

N :=inf{k > 0| c1(A) =k, forsome A€ mo(M)}.

In our applications this will be finite. We say that (M,w) is monotone if there is a

constant 7 > 0, called the monotonicity constant, such that

W] (A) =7c1(A), for A € my(M),

where [w] denotes the cohomology class of the closed form w. For example, this is given

by

W)= [ v,
5’2
where u : S? — M represents A € mo(M). The key point of these properties is that

if M is monotone with monotonicity constant 7 and if M has finite minimal Chern

number N, then

W] (A) € (TN)Z (2.23)

for all A € mo(M).
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Given a symplectic manifold (M,w), an embedded submanifold L — M is called

Lagrangian if dim L = %dimM and the symplectic form vanishes on L.

Example 2.2.13. Suppose ¢ : My — My is a symplectomorphism. Then its graph
Graph(yp) C My x My is Lagrangian. In particular, if Mo = M, and ¢ is the identity,

then this shows that the diagonal in My x My is Lagrangian.

Suppose L C M is Lagrangian. Given a map u : (D? 0D?) — (M, L), we can find

a trivialization

wTM = D* x Tyo)M

that restricts to a symplectomorphism on the fibers. Then restricting to the boundary

provides a loop

St =0D? — Lag(T, M) (2.24)

into the Grassmannian of Lagrangian subspaces of Tj,g)M. It is well-known that

w1 (Lag(Tyo0)M)) = Z,

and we declare I(u) € Z to be the degree of the map (2.24)). It follows that I(u) is
independent of all choices and depends only on the homotopy class of u. We therefore

obtain a map

I:mo(M,L) — Z

called the Maslov index. There is a second map

Ap m(M,L) — R,

called the (symplectic) action, which is given by

Ap(u) = /132 uw.
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Then the Lagrangian L is called monotone if it satisfies

2Ar =71

for some 7 > 0. Here 7 is called the monotonicity constant. If L is monotone with
monotonicity constant 7, then M must be monotone as well, with the same mono-
tonicity constant 7. Moreover, if L is simply-connected and M is monotone, then L is

automatically monotone. See [54, Lemma 4.1.1].

With this background in hand, we are at a place where we can introduce and discuss
the various properties of the moduli space of flat connections. Fix a principal PSU(r)-

bundle P — X, and we assume dim(X) < 3. For 2 < g < oo, define

M(P) := Agk(P)/Gg(P),

where gg’q (P) C G*>4(P) is the identity component of the gauge group (it follows from
section that, in dimensions 2 and 3, a gauge transformation u lies in the identity

component gqu(P) if and only if n(u) = 0 and deg(u) = 0). Let

I: Ay (P) —s M(P)

be the quotient map. Then IT and M (P) are independent of the choice of 2 < ¢ < oo

in the sense that the diagram commutes

AGL(P)  ——  ARA(P)

| [
ARE(P)/GyUP) —— AR%(P)/Gy*(P)

and the bottom line is an isomorphism.

In favorable cases, the space M (P) inherits the structure of a smooth finite-dimensional
manifold. This is stated in Theorem for surfaces and Theorem for cobor-
disms. See [3] or [26] for more details in the case of surfaces. Over a closed manifold,
this smooth structure is obtained, roughly, as follows (for notational convenience we
are suppressing Sobolev exponents): The tangent space to Agat(P) at « is given by

ker(d,) € Q'(X, P(g)). By the Hodge decomposition ([2.9)), we can write
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ker(dy) = Im(dy) © H],

where H! is the (finite-dimensional) harmonic space. Infinitesimally, the gauge group

acts by dg, so at the linear level the quotient Ag.i(P)/Go(P) looks like

ker(d,)/Im(d,) = H_.

07

The Coulomb gauge condition, Theorem says that this infinitesimal description
at the linear level carries through to the local level, thereby providing charts for M (P).
The only thing one needs to worry about is whether the gauge group acts freely. By
choosing P — X to be a suitably non-trivial bundle (e.g., dim(X) = 2, G = PSU(r) and
t2(P) € Z, is a generator), we have that H) = 0, which means that the infinitesimal
gauge action is free. By analyzing the local behavior of this gauge action for G =
PSU(r), it follows that the action of the identity component Gy(P) is free (the full

gauge group does not act freely). We record this for later use.

Lemma 2.2.14. [53] Fiz 2 < g < oco. Let ¥ be a closed, connected, oriented surface,
and suppose P — ¥ is a principal PSU(r)-bundle, with to(P) € Z, a generator. Then all
flat connections on P are irreducible. Moreover, for every flat connection A € Aé’aqt(P)

the stabilizer of A in Qg’q(P) is trivial:

{u € GoI(P) ‘u*A = A} = {e}.

Any natural properties exhibited by the harmonic space H} are then expected to be
enjoyed by the moduli space M (P). For example, in dimension 2, the harmonic space
H} is a symplectic vector space and so we expect M (P) to be a symplectic manifold.
The next theorem states that this is indeed the case. For a proof, see the first two

paragraphs in the proof of [53, Theorem 3.3.2], together with the last two paragraphs

in the proof of [53 Proposition 3.2.4]E|

*In [53], the authors work with G = U(r) and the space of central curvature connections with fived
determinant, rather than the space of flat PSU(r) connections, as we consider here. Their theorems
carry over verbatim to our situation. In fact, the space of central curvature U(r)-connections with fixed
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Theorem 2.2.15. Let ¥ be a closed, connected, oriented surface, and P — X a prin-

cipal PSU(r)-bundle with to(P) € Z, a generator.

1. [53, Prop. 3.2.4, Thm. 8.3.2] If ¥ has genus g(X) > 1, then the moduli space
M(P) is a nonempty compact, symplectic manifold of dimension (29(X) — 2)(r? — 1),
with even minimal Chern number, and with monotonicity constant 1/2r. The tangent
space at [A] € M(P) isomorphic to HY and the symplectic form wa(p) 8 gien by
restricting the pairing (2.6). If g(X) = 0, then M(P) = (. Moreover, M(P) is always

connected and simply- connectedﬁ

2. [53, Lemma 3.3.5] If P — X is a second principal PSU(r)-bundle then any
PSU(r)-equivariant bundle isomorphism ¢ : P — P’ covering the identity induces a
symplectomorphism * : M(P") — M(P) by pullback. Furthermore, if ¢ : P — P’
is a second bundle map then ¢Y* = ¢*, so the moduli spaces M(P) and M(P') are

canonically symplectomorphic.

An immediate corollary of the second part of Theorem [2.2.15|is that M (P) depends
(up to canonical symplectomorphism) only on characteristic class to(P) € Z;.
Since ¥ is assumed to be oriented, any choice of metric on ¥ induces a Hodge star,

«. Then % descends to a compatible complex structure on the tangent bundle T'M (P)

(still denoted by ).

Given a symplectic manifold M = (M,w), let M~ denote the symplectic manifold
(M, —w). Then reversing the orientation of the surface X in the previous theorem
changes M (P) to M(P)~. Now suppose Y is a 3-manifold with non-empty boundary
Y = ¥ -UXT, having two connected components. Let ) — Y be a principal G-bundle.

Then restriction to each boundary component induces a G(Q)-equivariant map

p:AQ) — A(Qls-) x A(Q|s+)

determinant is isomorphic to the space of flat PSU(r)-connections, and this isomorphism intertwines
the actions given by fixed determinant gauge transformations on the former space and Go(P) on the
latter (see [53] Lemma 3.2.5]).

3The particular monotonicity constant depends on our choice of Ad-invariant metric on the Lie
algebra to PSU(r). See section
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that preserves the flat connections (G(Q) acts on the right by the restriction homomor-
phisms G(Q) — G(Qlx-) X G(Q|x+)). In particular, the map p descends to a map, still

denoted by p, at the level of moduli spaces. This allows us to define

L(Q) := p(M(Q)) € M(Q[5-)" x M(Qlg+)-
Note that if Y is an elementary cobordism, then restriction to the boundary component
Y+ provides an isomorphism H?(Y,Z,) = H?*(%*,Z,) = Z,. Due to the functoriality
of the characteristic class ta, it follows that for any d € Z, there is a principal PSU(r)-

bundle Q — Y with t2(Q) = t2(Qls+) = t2(Qlx_) = d.

Theorem 2.2.16. Let Y be an elementary cobordism between closed connected ori-
ented surfaces XF, equipped with bundles P* — SF with the same characteristic class
to(P™) = to(PT) € Z,, which we assume is also a generator of Z,. Let Q@ —'Y be a

principal PSU(r) bundle that restricts to PT on X7,

1. [53, Theorem 3.4.1] The map p : M(Q) — L(Q) C M(P~)~ x M(P") is a
Lagrangian embedding. Furthermore, L(Q) is compact, oriented, simply-connected, and

spin. In particular, L(Q) is monotone.

2. [53, Lemma 3.4.4] The Lagrangian L(Q) is independent of the choice of Q under
the canonical symplectomorphisms of Theorem |2.2.15. If Y = I x ¥~ is a product
cobordism from X~ =XV to dtself, then L(Q) C M(P~)~ x M(P~) is the diagonal.

It follows from the second assertion in Theorem that given flat connections

on P¥ there is at most one flat connection on @ restricting to these connections, up to

the action of Gy (Q).

Remark 2.2.17. The moduli space of flat connections has an alternative description
which is often quite useful. See, for example, [3] for more details. For simplicity, let X
be a closed, connected manifold, and P — X a principal G-bundle with G compact. Fiz
a basepoint xy € X. Then given a flat connection o € Agat(P), the based holonomy is

a group homomorphism

7T1(X, IL‘()) — G.
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This defines a map

Agat(P) — hom(m (X, z9), G), (2.25)

which intertwines the action of the gauge group on the left, and the action of G on the
right (this latter action is given by conjugating the image values). So descends

to a map of the form

Agtat (P)/G(P) — hom(mi (X, z0), G)/G. (2.26)

Consider m (X, xo) equipped with the discrete topology. This endows

hom(m1 (X, x0),G)/G

with a topology for which is continuous. Moreover, the map 1§ an injective
local homeomorphism mapping onto a union of connected components. (Conversely,
every connected component of hom(my (X, x0),G)/G lies in the image of for a
suitably chosen bundle P.) Since X is compact, it follows that 71 (X, xg) is finitely

generated, and so hom(m (X, x0),G)/G is compact. In particular,

Agat (P)/G(P) (2.27)

is compact. (This whole discussion carries through with suitable Sobolev completions as

well.)
Note that is not M(P) := Agat(P)/Go(P), since in M(P) is defined by only

modding out by identity component of the gauge group. However, the projection

M(P) — Agat(P)/G(P),

is a principal mo(G(P))-bundle (if H is any topological group, then its set of connected

components is naturally a group as well). Hence,

M(P)/mo(G(P)) = Agar(P)/G(P)
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18 compact.

2.3 Floer cohomology

This section defines the instanton and quilted Floer cohomology groups associated to
our 3-manifold Y. We begin by describing the former. Consider a principal G-bundle
@ — Y over a closed oriented Riemannian 3-manifold Y, with G compact. Equip g
with an Ad-invariant inner product (-, -). There is a natural 1-form defined on the space

of connections sending v € T,.A(Q) = Q(Y,Q(g)) to

Aa(V) 1= /}/(Fa/\'U).

This form is closed, and since A(Q) is contractible, it follows that A is exact. Indeed,

fixing a reference connection ag € A(Q), we obtain a well-defined function

Sao(ar) /)\ (Osa(s

where a : I — A(Q) is any path with a(j) = a; for j = 0,1. The function CS,, :

A(Q) — R is called the Chern-Simons functional and a computation shows

1
CSap(ap + v) / 2(Fay AN ) + (dgov A v) + §<[v/\v] Av).

Moreover, CS,, only depends on ag up to an overall constant. This same discussion
carries over when A(Q) is replaced by its W'P-completion A9(Q), at least for ¢ suffi-
ciently large e.g., ¢ > 2. It is convenient to take ag to be flat, though this is not strictly
necessary. For G = PSU(r) we pick the canonical inner product described in section

Then it follows from the definition of CS, and the formula ([2.21)), that

CSay(a) —CSqy(u*a) = %deg(u)
for a € A(Q) and v € G(Q). Note that if n(u) = 0, then the right-hand side is an
integer by Proposition [2.2.5
From the definition of ), it is clear the critical points of CS,, are precisely the flat

connections. As described in section any metric g on Y induces a metric on the
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space of connections given by the L? inner product. Then the gradient of CS,, with
respect to this metric is the vector field a — *Fj,.

Instanton Floer cohomology H Fingt(Q) can be viewed as the Morse cohomology,
modulo gauge, of the Chern-Simons functional. Moreover, when it is defined, H Fiys (@)

is the cohomology associated to a chain complex (CFiyst(Q), Oinst). Here

CEnst(Q) = @ ZQ<[CL]>
la]eM(Q)

is generated over Zy by the gauge equivalence classes of flat connections on Q. (We
have chosen to work with Zs to avoid a discussion of orientations, which will not arise in
this thesis.) The desirable cases are when all of the critical points have non-degenerate
Hessians. In general, a flat connection a is non-degenerate (i.e. H! = 0) if and only if
the Hessian, when viewed as an operator on Q'(Y,Q(g))/Im(d,), is a non-degenerate
quadratic form.

The boundary operator Oy is given by a mod-2 count of isolated negative gradient
trajectories of the Chern-Simons functional. To define this precisely, we need to digress
a bit to discuss moduli spaces of instantons. The negative gradient trajectories of the

Chern-Simons functional are solutions a : R — A(Q) to

0sa = — x Fy. (2.28)

This equation is plainly gauge invariant, so we consider solutions modulo Gy(Q). Al-
ternatively, the path of connections s — a(s) can be viewed as a single connection
A = a(s) on the bundle R x @ — R x Y, in which case is just the ASD equa-
tion from section with the metric ds? 4+ g (hence the instanton in ‘instanton Floer
cohomology’).

More generally, every connection on R x @ has the form A = a(s) + p(s) ds where
a:R— AQ) and p: R — Q°Y,Q(g)). The curvature decomposes into components

as

FA:Fa*(asa*dap)/\dSa
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so the ASD equations for A take the form

Osa — dgp = — * Iy, (2.29)

which reduces to (2.28) when A = a(s)+p(s) = a(s) is in temporal gauge. So solutions
to (2.28) modulo Gy(Q) are identical to solutions of (2.29) modulo Gy(R x Q). Fur-

thermore, the following conditions are equivalent for an instanton A = a(s) + p(s) on

R x Q:

(i) The connection A has finite energy:

1
YM(A) = 5/Y Fal? < oo

(ii) The slice-wise curvature Fy(s) decays exponentially to zero as s — +oo:

| Fagsyllpzvy < Ce"lel
for some constants C, x > 0.

(iii) The connection A converges to flat connections a® € Aga;(Q) at £oo:

lim a(s) =a®, lim p(s) = 0;

s—too s—too

here the convergence is in C*° on Y.

The proof proceeds roughly as follows (for more details see [8, Chapter 4]). For (iii)

= (i), it follows by direct computation that

1

YM(4) = — /R FAAFa) = CS0y(a”) = CSup(a”) (2.30)

for any reference connection ag. Conversely, one considers the sequence 4, := A| [ 41]xY
which we view as instantons on [0,1] x Q. Since A has finite energy it follows that
|Fa,|lzz2 — 0 as v — oo, and so (iii) follows by Uhlenbeck’s Strong Compactness

Theorem [2.2.10L Clearly (ii) implies (i), and for the converse, one shows the function



52

J(8) = /S | Fagoy 22y ds

satisfies

dJ
gg SR CoJ>/?

for some constants k,Cy > 0. This implies that J decays exponentially at +o0o, and

then one uses elliptic estimates to deduce that the quantity ||F4l/2. (« does as

S,5+1)xY)

well.

For [a*] € M(Q), define

Osa — dyp = — * F,
Ma(a]  [a*]) i= { A= als) +p(s) ds| Ltz
lim A’{S}XQ € [a™]

s—+oo
to be the set of gauge equivalence classes of finite energy ASD connections limiting

to a®, modulo Go(Q), at £oo. The space Mg([a~],[aT]) admits an action of R by

translation, and we set

Mo([a7], [a*]) = Mq([a7], [a*])/R.

The next theorem, originally due to Floer, is the mechanism that makes instanton

cohomology well-defined:

Theorem 2.3.1. Fiz 2 < g < co. Let Q@ — Y be a principal PSU(r)-bundle over a
closed connected oriented 3-manifold Y. Assume all flat connections are non-degenerate.
Suppose in addition that there is an embedding v : 3 — Y of a closed oriented connected

surface ¥ such that the characteristic class t2(1*Q) € Z, is a generator. Then the

following hold.

1) The set M(Q) = Aéﬁ(@)/gg’q(Q) is finite.

2) For a comeager subset of metrics on'Y (in the C™ topology), the moduli space
Mq([a7],[at]) is a smooth finite dimensional manifold for every pair [a™],[a™] €

M(Q). Denote by pinst(a™,a™) :=dim Mg([a~],[a"]) the dimension of this space.
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3) Whenever pinst(a™,a™) = 1, the action of R on Mg([a™],[a™]) is free and the

quotient space

Mq(la7], [a™]) = Mq([a7], [a*])/R
18 compact, zero-dimensional, and hence finite.

The proof of Theorem is almost identical to the one given by Floer in [I5],
where he considers non-trivial PSU(2)-bundles (see also [14] for similar results). The
additional information needed to generalize Floer’s result to G = PSU(r) for r > 2
can be expressed in the form of the following lemma. (An explicit appearance of the

analogous statement for PSU(2)-bundles can be found in [I1, Lemma 2.5].)

Lemma 2.3.2. [11] Fiz 2 < q < co. Let X be a closed, orientable 3-manifold and
Q — X a principal PSU(r)-bundle. Suppose, in addition, that there is an embedding of
a closed, connected, oriented surface v : ¥ — X such that t2(¢*Q) € Z, is a generator.

Then all of the flat connections on Q) are irreducible. Moreover, for every flat connection

Ae Aflift(Q) the stabilizer of A in gg’q(Q) is trivial:

{ueg @ |ua=a}={c}.

The proof of this lemma follows almost exactly as in the proof of [I1, Lemma 2.5],

with Lemma [2.2.14] replacing [11, Lemma 4.1].

Remark 2.3.3. (a) In general, it need not be the case that all flat connections on Q are
non-degenerate. Consequently the above theorem is vacuous in such cases. To have a
non-trivial theorem, one needs to perturb the Chern-Simons functional as follows (here
we follow [T])], but another good reference is [8, Section 5.5]): Consider \/I"y S1, the
wedge sum of m circles, which we view as embedded in R3 in such a way that their
only intersection point is at the origin, and they all have the same tangent vector there.
Given an embedding v : (VI S) x D? Y, and a point z € D?, define v, := (-, 2)
to be the restriction. The holonomy around the circles in the image of vy, provides a

map A(Q) — G™, which we denote by v.(a). Fiz a non-negative 2-form p on D?
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with compact support in the interior, and which integrates to 1. Then, given any Ad-

mwvariant map h : G™ — G, one can define

hy: AQ) — R

@ — [ b))
which is gauge invariant. We consider perturbations of the Chern-Simons functional
that have the form CSqy + hy : A(Q) — R. One then repeats the Morse-theoretic
discussion above by considering the chain complex generated by the critical points of
CSay + hy, and the boundary operator defined by counting gradient trajectories of this
perturbed function (these satisfy a perturbed ASD equation) which have finite (perturbed)
energy. Floer’s theorem [1]], Theorem 1c.1] says that, for a dense set of choices (h,7),
the conclusions of Theorem (2.5.1| continue to hold. Likewise, the conclusions of The-
orem below, continue to hold under this hypothesis as well. Furthermore, any
two choices of such perturbations yield canonically isomorphic cohomology groups [14,

Theorem 2].

(b) Suppose we are in the case of Theorem |2.3.1. When it is non-empty, the di-
mension of the moduli space Mq([a™],[a™]) can be computed using the following index

formula [J)]:

Hinst(a_v a’+) = % (77@+ - na*) + CPSU(T) /<FA A FA> (231)

for any connection A on R x Y limiting to a* at +00. Here, 0, is the n-invariant of

the operator

xd, dg
d*

a

0
associated to CSq, (c.f. [4), [11]), and Cpsy(y > 0 is a constant depending only on

PSU(r) and the choice of invariant metric on the Lie algebra.

When piinst(a™, at) = 1, the set Mg([a~],[a*]) is finite and we define #g(a™, a™)
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to be the mod-2 count of its elements. With these preliminaries out of the way, we

define ainst : C1F‘inst (Q) — CF‘inst (Q) by

8inst<[a_]> = Z #Q(CL—,CL+)<[CL+]>.
[aT] € M(Q)
Uirlst(a77a+) =1

Now we can state Floer’s main theorem.

Theorem 2.3.4. [1]] Suppose Q — Y satisfies the conditions of Theorem and
a metric has been chosen from the comeager subset described in Theorem |2.3.1 Then

2 _
O =0, and so

ker 0
HEnst (Q) : 711151:

~ Im Oinst
is well-defined. Furthermore, H Fin(Q) is independent, up to isomorphism, of the

choice of metric.

Unless otherwise stated, whenever we are discussing these moduli spaces or H Fipg(Q)
we assume we are in the realm where these satisfy the conclusions of the above theorems

(e.g., the metric is generically chosen).

Remark 2.3.5. Theorem states that H Finst(Q) depends only on the bundle Q
(it is not clear whether this is an invariant of Y since there may be multiple non-
isomorphic bundles over Y satisfying the hypotheses). The proof of the independence
of the metric proceeds roughly as follows (see [8, Section 5.3] for more details): Let' Y
be as in the theorem, and gg,g1 metrics in the open dense set of Theorem (2).
Consider R x Y equipped with any metric G which is of the form ds® + gy at —oo and
ds®>+ g1 at +oo. Counting isolated instantons on R x Y with respect to G defines a map
(o + HFinst(Q, 90) = HFinst(Q, 91). Here, the group HFingt(Q,g) is just HFinst(Q),
except we are now remembering the metric. The count of isolated instantons is always
an integer depending continuously on the metric G, so ( = (o must be independent of
G. Reversing the roles of gy and g, produces an inverse (™', and so ( is the canonical

isomorphism of Theorem [2.5.4).
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In fact, HF;ns(Q) depends only on the bundle equivalence class of Q. This is im-
mediate since bundle isomorphisms are just elements of the gauge group, and we have
quotiented out by gauge everywhere. See Remark|2.5.10 for similar statements in the

setting of quilted Floer cohomology.

Now we specialize to the bundle Q¢ — Y€ constructed from Remark Observe
that the hypothesis appearing in Theorems [2.3.1] and [2.3.4] regarding the embedded

surface is clearly satisfied by considering any regular fiber of f. As for the perturbation
of the Chern-Simons functional, we will ignore this for now and come back to it in the
last section when we consider perturbations in general. In particular, we may assume
that the moduli spaces Mqe ([a7], [a™]) satisfy the conclusions of these theorems for
all a* € Aga(Q°).

Recall that Y€ is obtained by gluing the cobordisms Y, and I x 3, using appropriate
e-dependent collar neighborhoods. We have seen that every connection A on R x Y can

be written in the form A = a(s) + p(s) ds. Similarly, over R x I x ¥, we have

A|{(S,t)}><2. = Oé(S,t) -+ (ZS(S,t) ds -+ w(s,t) dt,

for some a : RxI — A(P,) and ¢, v : RxI — Q°(%,, Py(g)). We also have a(s)] gy xx =
a(s,t) +v(s,t) dt and p(s)|gy 5 = &(s,t). The curvature Fis on the four-manifold can

be written in terms of component as

Fy=F,— (0sa — dqp) Nds — (Oyx — dotp) A dt + (0s1) — Orp — [0, ¢]) ds A dt.

We can therefore view Ot as counting Go(R x Q€)-equivalence classes of connections

A e AR x Q) satisfying
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e (cASDon R x I xX,) Osa — dop + % (Opx — doyp) = 0
6sw - 8t¢ - W, ¢] = —e?x F,
e (¢cASD on R x Y,) Osa—dgp = —€'xF,
e (finite energy) / €2 \Fa|2 + [0sx — da‘b‘Q < o
RxIxXXe

/ €]0sa — dop|* < oo
RxYe

e (limits at infinity) Erin a(s) = (u)*a®
S oo
JEpE) =0
(2.32)

for some u* € Go(Q°). Here the norms and Hodge stars are all with respect to the fixed

metric g.

Remark 2.3.6. For a connection

a+o¢ds+ypdt onR X I X3,

a+pds on R x Y,

it will be notationally convenient to write

/85 = asO‘ - da¢a ﬂt = ata - dawa V= as¢ - 8t¢ - W, (b]

bs := 0sa — dgp.

So, for example, we have

. Fo—BsNds—Be Ndt+~vdsANdt on R x I x X,
A:
F, —bs Nds on R x Y,

and the e-ASD equations over R x I x X4 can be written as

Bs +*6t = 0, 627:_*Fa-
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Now we move on to discuss quilted Floer theory. We refer the reader to [53| Section
4] and [54] for more details. Let (M;,w;) be symplectic manifolds for 1 < i < N,
with N > 0. A cyclic generalized Lagrangian correspondence is a tuple L =

(le, Los, ... 7LN1) with

Liiv1) C M; X My

a Lagrangian submanifold in the usual sense, where M, is the manifold M; equipped
with the negative symplectic form —w;.

Here we study

CFyymp(L) == @ Ze),
e€Z(L)

where

I(L) := {Q = (mq,...,my) € My x ... x My ‘(mz‘,mz‘ﬂ) € Li(i+1)}

are the generalized intersection points. These are analogous to the flat connections
in the instanton theory. Rather than instantons, in this situation we are interested in
pseudoholomorphic quilts, which are tuples v = (vy1,...,vy), where v; is a map

R x I — M; satisfying

0sv; + J;0iv; = 0.

For each ¢ we have fixed an almost complex structure J; € End(TM;) which is w;-

compatible. We require that these satisfy the following Lagrangian seam conditions

(Vi vit1) € Ligiy1).-

The relevant notion of energy (i.e., the analogue of Y M) here is the quantity E(v) :=

Z E(v;), where
i

1
E(Ul) = §/R><[ |65v1|?\/[l
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Here the norm is the one on M; given by combining the symplectic structure w; with
the almost complex structure J;. Similarly to the instanton case, it follows that v has
finite energy if and only if it converges exponentially to generalized intersection points

at +oo [37, Proposition 1.21].

We therefore consider the moduli spaces

Osv; + J;0w; =0

Mp(e,e") = qu=(vi : RxI = Micien | (0i,vi11) € Ligs1) ¢
1 . . ) = :l:
slgl:noo UZ(S’ ) i
where e* = (mf,...,m%) € Z(L). Notice that these spaces also admit and action of

R given by translation, so we set

My(e,et) == My(e,eh)/R.

The elements of this space can be viewed as (equivalence classes of) quilted pseudo-

holomorphic cylinders. These are maps from the decorated cylinder in Figure 8 to the

relevant spaces indicated by the labels.

Ly L2
My

Ms My

N

Figure 2.3: Here is the quilted cylinder. The labels indicate where the components are
mapped. For example, the strip labeled M, is mapped to the symplectic manifold My,
while the vertical line labeled with L,; is mapped to the Lagrangian L4; C My x M;.

The next two results are also originally due to Floer [16], and Oh [33], though [54]

and [55] are good references for the quilted set-up.
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Theorem 2.3.7. Let (M;,w;) be symplectic manifolds for 1 < i < N, and L =

(L12, Los, ..., Ln1) a cyclic generalized Lagrangian correspondence. Suppose

e cach symplectic manifold (M;,w;) is simply-connected, compact, has even minimal

Chern number, and is monotone with positive monotonicity constant independent
of i;

e cach Lagrangian L;; 1) is oriented, simply-connected (hence monotone), and spin;

Then the following properties hold:
1) For a generic set of Hamiltonian perturbations of L, the set Z(L) is finite.

2) For a generic (element in a comeager set) tuple of compatible almost complex
structures (Ji,...,JN), the moduli space Mp(e™,et) is a smooth finite dimensional
orientable manifold for every pair e~ ,et € Z(L). Let ./\/lé,o(gf,g*) denote the dimen-

sion zero component of My (e, e™).

3) The action of R on My o([a™],[a]) is free whenever this space is non-empty,

and the quotient space

Mpole™,e") = Mpo(e ,e")/R
18 compact, zero-dimensional, and hence finite.

Denote by #p(e”,e") the mod-2 count of the elements in the set M\L,O(Q*,gﬂ.

Then we define Jsymp : CFsymp(L) = CFsymp(L) by

Osymple™) = Z #£(§_7§+)<§+>-
et eI(L)

Theorem 2.3.8. Suppose (M;,w;) 1 <i < N, and L satisfy the conditions of Theorem

[2.57. Also suppose that Hamiltonian perturbations and almost complex structures are

chosen as in that theorem. Then 8S2ymp =0, and so
ker Osym
HFoymp(L) = o osmp

~ Im Osymp
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is well-defined. Furthermore, H Fyymp(L) is independent, up to isomorphism, of the

choice of almost complex structures and Hamiltonian perturbations.

Unless otherwise stated, whenever we are discussing the moduli space or H Fyymp(L)
we assume we are in the realm where these satisfy the conclusions of the above theorems

(e.g., the compatible almost complex structures are generically chosen).

Remark 2.3.9. (a) When N is even, quilted Floer cohomology can be equivalently
viewed as Lagrangian intersection Floer cohomology HF (L, L(1y) for the pair of La-

grangians

L i= Lyp X Lgg x...xX Ln_

(0) 12 34 (N—1)N (2.33)
L(l) = (L23 X L45 X ... X LNl)T
in the symplectic manifold M := M| x My x M3 x ... x My, where Z ZT is the

map

My X Mz x ... x My x My — M X My x Mg x...x My

transposing the last factor to the front and changing each symplectic form to its negative.
This is also true when N is odd, but one needs to include a diagonal and shuffle the

indices in . In both cases, there is a natural identification Z(L) = L) N L(y)-

(b) The proof of the independence of HFyymp(L) from the underlying data follows
the same basic schematic as outlined in Remark [2.3.5. For example, one connects
two compatible almost complex (a.c.) structures by a path. This path can equivalently
be viewed as a time-dependent a.c. structure. By counting strips in M which are
holomorphic with respect to this time-dependent a.c. structure, one obtains a canonical
isomorphism between the Lagrangian Floer cohomology groups. This count depends
continuously on the underlying data, and so is independent of the choice of path. See,

for example, [30] for more details on this type of argument in the symplectic setting.

(¢c) Similarly to the instanton theory, there is a map psymp(e”,e) : Mp(e”,et) —

Z, which measures the local dimension of the moduli space My(e™,e"). In fact, each
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component of My (e~ ,e") has the same dimension mod 2N, where N is the minimum

Chern number. In particular, psymp(e™,€") defines a unique element of Zan.

Now we specialize: Let @ — Y be the bundle from Remark [2.2.7] and take

Qi) = Clypyyr b= Qlioyus,

Qe = Q|y. ) P, = Q’{O}XE.

as above. By Theorems [2.2.15 and [2.2.16 the manifolds M (F;) and L(Q;(;+1)) satisfy

the conditions of Theorems [2.3.7 and 2.3.8] except possibly for the transversality con-

dition in Theorem m This can always be achieved by replacing L(Q) with a generic
(open dense) Hamiltonian perturbation. We ignore this detail for now and come back
to it later when where we consider all of the necessary perturbations at once. The
compatible almost complex structures are provided by the Hodge stars associated to
gs, and choosing g suitably generically ensures that these almost complex structures
belong to the comeager set guaranteed by Theorem It follows that the quilted
Floer cohomology H Fyymp(L(Q)) is well-defined, where

L(Q) = (L(Q12), L(Q23), .. ., L(QN1)) -

Remark 2.3.10. Theorem [2.3.§ implies that H Fyymp(L(Q)) depends only on the data
of the bundle Q — Y together with the choice of f : Y — S'. In fact, Wehrheim and
Woodward have shown that this cohomology group depends only on the homotopy class
of f [53] (the bundle equivalence class of Q is determined uniquely by the homotopy class
of f). This proceeds roughly as follows: Gay and Kirby have shown that any pair of
homotopic Morse functions f, f' : Y — S can be connected through a path of functions
which are Morse except at a finite number of points, where a critical point birth, death
or switch occurs [22]. As a consequence, Woodward and Wehrheim only need to show
that Lagrangian Floer cohomology is unchanged, up to canonical isomorphism, under

isotopy, and critical point birth, death and switch. At the level of generators this is
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fairly straight-forward, and is perhaps most evident from the realization of the moduli
spaces of flat connections as (equivalence classes of ) representations of the fundamental
group. On the other hand, the equivalence of the chain maps associated to f and f’
follows from a technical ‘strip-shrinking’ analysis [52], which is a quilted analogue of
the ‘stretch-the-neck’ analysis considered here.

In particular, HFsymp(L(Q)) depends only on the bundle equivalence class of Q.
This is consistent with the predictions of the Atiyah-Floer conjecture since H Fingt(Q)
depends only on this equivalence class as well. See Remark[2.3.5.

We need to understand H Fyymp(L(Q)) in terms of the underlying connections. Un-

raveling the definitions, one finds that Z(L(Q)) is the set of tuples

e = (la2], [azs] ;. ... [an1])

of Go(Qj(i+1))-equivalence classes of a;(y1) € Apat(Qi(i41)) satisfying

Ei:| = |:a(i—1)i

where each a;(;41) is a flat connection on Q;(;11), the bracket [ai(iﬂ)‘z_] denotes the

Aj(i41) EJ ) (2.34)

Go(P;)-equivalence class. (Here we are working with smooth connections and gauge
transformations to simplify notation, but one could equally well work with their Sobolev
completions.)

Similarly, each moduli space Mpgy(e™,e") consists of Go(P1) x ... x Go(Pn)-
equivalence classes of tuples (aq,...,ay) where each o; : R x I — Aga(P;) satisfies

the following conditions:
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(holomorphic) Osv; + x0pv; € (H;)L =Im (do,) ®Im (dzz)

e (Lagrangian seam) ([a; (s,1)], [@it1 (8,0)]) € L(Qi(i41))

. . 2
(finite energy) /RXI }|pTOJai35az’|’L2(gi) < o0

(limits at infinity) ~ lim_ai(s,-) = (ui) ok

R ; (-] s for some u € Go(P;),

where proj,, : To, A(P;) — H, éz is the orthogonal projection to the harmonic space and

¢ = ([at] o [oh]).

It will be useful to express these conditions in a more explicit fashion. The holo-
morphic condition is equivalent to Osoy + *0r; = do,¢i + *do,1i for some ¢;,1; :
R x I — Q°(%;, Pi(g)). In fact, ¢;,%; are uniquely determined by this equation since
dqo, is injective on O-forms (recall all of the flat connections are irreducible). Equiva-
lently, differentiating F,, = 0 gives dq,0sa; = 0 (resp. dqo,0r; = 0), so the expression
05t — do,; @i (resp. Oravi — dq,10;) can be viewed as the orthogonal projections of 95«
(resp. Opv;) onto the harmonic space. Furthermore, ¢; and v; are as smooth in s,t as

a;. We record this for later use.

Lemma 2.3.11. Let P — X is a bundle over a compact manifold, and assume all
flat connections are irreducible. Suppose a : R — Aé’aqt(P) is a smooth path of flat

connections. Then there is a unique smooth path ¢ : R — W?29(P(g)) such that

aSOé(S) - da(s)¢(5) € Holz(s)

for each s € R. Moreover, if a(s) € Agat(P) is smooth for each s, then the 0-form

#(s) € QUX, P(g)) is smooth for each s.

As we noted above, the finite energy condition automatically implies that the «;

converge at +oo to an element of Zgyr,p, and that the integrand converges exponentially
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to zero. Then the limit at infinity condition just says we obtain the specified limiting

values. It also follows that

lim ¢i(s,) = 0
s—+oo (235)
sglinoo wz(& ) - wzi

where, modulo gauge, wgt € Q(%;, P;(g)) is the dt-component of the limiting connection

-
Ai—1)i

The Lagrangian seam condition implies that there is some path a;;y1) : R —
Afat (Qii41)) With (o (s,1), 441 (5,0)) = (ai(i+1)(8)’2i s @iir1)(8) St
2.3.11} the irreducibility of flat connections on @Q;(;41) implies that there is a unique

Pii+1) : R = Q°(Yi(i41), Qi(g)) with

> . By Lemma

0si(i+1) = dayi4)Pi(i+1) € H;“M)-

It will be notationally convenient to write « (resp. a) for the connection on 3,
(resp. Ys) that restricts to a; on X; (a;(41) on Yj(i11)). Likewise, we define ¢, 1) which
are forms on Y,, and p which is a form on Y,.

To summarize, the boundary operator Osymp counts isolated Gp-equivalence classes

of tuples («, ¢, 9, a,p) satisfying
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e (holomorphic) Osav — doo + %(Opac — dptp) = 0
F, =0
e (Lagrangian seam) (a(s,1),a(s,0) = (a(5)|81Y. , a(s)\zasy.>
F, =0
e (finite energy) / 0500 — dod)* < o0
RxIxX¥e
o . . . . +\*  +
e (limits at infinity) Sgglooa(s, )= (ut)a ’61Y.
SO =0
. ) _ +
Jim (s,) = @
: N (g EYE
i a(s,) = ()
sly:iloop(s7 ) =0

(2.36)
for some identity component gauge transformations u* € Go(Qi(i+1))-
The form p provides seam conditions for the forms ¢ and 1 as follows: Note that
Y, is a (disconnected) cobordism from X, to itself. We let 01,02 : Yo — 3o be the
restriction to the first, second copies of ¥,, respectively. The uniqueness of ¢ (Lemma
combines with the Lagrangian seam condition to imply that p(s) restricts to
¢(s,1) and ¢(s,0) on 01Y, and 02Y,. Similarly, restricting a(s) to 0;1Ye or 02Y,, and
then taking the normal component recovers (s, 1) or (s, 0).
It is important to note that though the metric on the ¥ makes an appearance in the
definition of the boundary operator (through the Hodge star), the resulting cohomology

group is independent of the choice of metric.

Remark 2.3.12. (a) The holomorphic and Lagrangian seam conditions in earn
their name because they become honest holomorphic and Lagrangian seam conditions
when we descend to the finite dimensional symplectic moduli spaces. However, they

can be viewed as holomorphic and Lagrangian seam conditions on infinite dimensional
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spaces of connections in the following way. The Hodge star, viewed as an operator from
TLAP) = QYZ;, P(g)) to itself, provides a holomorphic structure on each A(P;).
However, it does not restrict to a holomorphic structure on Ag.(P;) since it car-
ries ker(do) = ToAnat(Pi) to ker(d}) it is never the case that ker(d}) is contained
in ker(dy) (indeed, the intersection is always the harmonic space, which is finite di-
mensional by elliptic theory, but ker(d}) is always infinite dimensional). Similarly
wedging and integration determine a symplectic form on Agat(F;). (This form is closed
because T Agat(P;) = ker(da), and hence this same formula does not provide a closed
form on all of A(F;).) In particular, we can discuss holomorphic maps into A(P;) and
Lagrangian subspaces of Agat(F;).

This being said, the holomorphic condition in is exactly the perturbed holo-
morphic equation for the curve o : C — A(PF;), whose image happens to lie in Agat(F;).
It is notable that the perturbation, given by da, @i + *da,;v;, lies in Im(dq,) ® Im(d},,),
which is why the perturbed holomorphic equation descends to an honest holomorphic
equation when we pass to the moduli space.

Similarly, the Lagrangian boundary condition in are exactly boundary condi-
tions for the curve o; given by the embedded Lagrangian submanifold Agay(Q;(i+1)) —

Afat (Py)™ X Agat (Pit+1), where the inclusion is given by restriction.

(b) Observe that, in the small € limit, the equations in reduce to those in
2.30). This thesis is a step in the direction of showing that we can identify the moduli

spaces in these two situations, at least for small € and for suitable limits at +o0.

2.4 Statement of the Main Theorem

We write the components of a connection A as

a(s,t) + ¢(s,t)ds + (s, t) dt on {(s,t)} x Xe
a(s) + p(s) ds on {s} x Y.

A=

For sy € R, we have a map 75, : R x Y — R x Y, given by translating by so. This

ascends to a pullback map on connections and forms in the usual way. For example,
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7 AY(R x Q) — AY(R x Q)

is given by

(75, A4) lfsyxy = Al{ssso}xy

and this preserves the e-ASD connections. Now we are at a place where we can state

the main result.

Main Theorem 2.4.1. Let Q — Y be as in Remark[2.2.7], and suppose all flat con-
nections on @ are non-degenerate. Fiz q > 2 and two flat connections a* € Agai(Q).

Let (€)),cn be a sequence of positive numbers converging to 0. Suppose that for each

v there is an €,-ASD connection A, € All(;g(R X Q), which descends to an element
of the zero-dimensional moduli space M\Qéuyo([a_] ,[at]). Then there is a continuous
connection

4 Qoo (8, 1) + Poo(8, 1) ds + oo (s,t) dt  on {(s,t)} x X

oo (S) + Doo(s) ds on {s} x Ye

in Allo’Z(R X Q), which

(i) is holomorphic:

0500 — daoo(lsoo + * (ataoo - daoowoo) =0, FOéoo = 0;

(ii) has Lagrangian boundary conditions:

F, = 0;

oo

(i4i) and converges to the flat connections a™ at o0:

Sggloo (u®)” Asclisyxy = a*, for some ut € gg’q(Q).
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Furthermore, there is a subsequence (still denoted by A, ) which converges to Ao in the
following sense: There is a sequence of gauge transformations u, € Q’fo’g(R X Q), and a

sequence of times s, € R, with

||Oéoo - U;T;VOKVHCO(KXE.) L) 0

for every compact K C R x I. Here the action of u, on o, is the (s,t)-pointwise action

of u,(s,t) € G24(P,) on connections over the surface Y.

Remark 2.4.2. (a) Theorem A, from the introduction, is an immediate consequence

of Theorem [2.4.1]

(b) Included in the statement of Theorem (as well as in a few other places
in this thesis) is the hypothesis that all flat connections on Q) are non-degenerate. In
general, this need not be the case, and so Theorem 1s, strictly speaking, vacuous in
such cases. To account for this, one would need to replace the Chern-Simons functional
by a suitable perturbation. See Remark[2.3.5 For the most part this is a fairly standard
general position argument (see, e.g., [8, Proposition 5.17], [11]), though one still needs
to verify that the perturbations in both Floer theories are compatible in some sense. We
ignore most of these details here, relegating a complete discussion of perturbations to a

future paper.

Section [4] is dedicated to the proof of the Main Theorem. We conclude the current
section by showing that the generators of the two Floer theories agree, up to the action

of the group

H, :=ker (n:G(Q) = Z,) /Go(Q) = Z,

where the isomorphism is given by the degree. The gauge group action descends to an
action of H,, on the moduli space of flat connection M (Q). Observe that if u € kern,

then the restriction wuly, has parity zero and so is in the identity component of

(i+1)

G(Qi(i+1))- In particular, if a € Agat(Q), then the restrictions aly,,,,, and u*aly,,,,,

are Go(Qj(i4+1))-gauge equivalent, and so the map
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U M(Q)/H, — I(LQ))
(2.37)

[a] —

)

o= (o] alva] - Lo )

is well-defined. Here the brackets denote the Ggp-equivalence class on the relevant 3-

manifold.

Proposition 2.4.3. The map ¥V is a set bijection. Moreover, ¥ is natural in the sense
that if Q@ — Q' is any PSU(r)-bundle map covering the identity, then the diagram

commutes:

M(Q)/H, —— M(Q)/H,
| v
I(L(Q) — I(L(Q")
Proof. The naturality is immediate since bundle maps covering the identity are gauge
transformations, and everything is gauge invariant. It therefore suffices to show ¥ is a
bijection. Throughout we will denote by ¢ : ¥; < Yj;11) and oY = Y(i—1); the
inclusion of the boundary components. For simplicity in notation we do not keep track
of the index 4 in the notation of ¢+ and «¢.
To prove that W is injective we first show that any two a,a’ € Ag,:(Q) that restrict
(modulo gauge) to the same connection on Y,, also restrict (modulo gauge) to the
same connection on I x ¥,. This is essentially a consequence of the injectivity of the

restriction

M(I x P)— M ({0} x P) x M ({1} x P)

from Theorem [2.2.16]for bundles I x P — I x ¥ over product cobordisms. Indeed, that a
and a' restrict to the same connection mod gauge on Y,, in particular, means that they
restrict to the same connection (modulo gauge) on each ;. So {a!lxxl} and [a’|1x2i]
have the same image in M (3;) x M (%;) and hence these are equal [a|1x2i] = [a’|IX2J .

So there are gauge transformations u; € Go(I x P;) and u;(;11) € Go(Qj(i+1)) such that

* ! * — A . .
ufalp g, = d'|yy, and Uj(j41)@ Viern, a |Yi(i+1>' The data {ul,uz(lﬂ)}: N patch

goe
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together to form a global (possibly discontinuous) gauge transformation u. We will
have proven injectivity if we can show that u is in fact smooth (it is contained in ker n
by construction).

We first claim that u is continuous. To see this, note that

(Ui’{l}xg>*((l|{1}xzi) = a,’{l}xzi

= Gl

- (“i(z’+1)‘L(zi)>* (a‘b(zi)) '

The functoriality of the characteristic classes from section imply that the map ¢* :

G(Qi(i+1)) — G(F;) induced by ¢ restricts to a map Go(Qj(i+1)) — Go(F;). This shows
~1

that (Ui(i+1)’L(Zi)> Uil{1y 5, 18 an element of Go(%;) and fixes aly,y, = al, s,

By Lemma [2.2.14] we must have that this is the identity gauge transformation, and

SO Ui(i+1)‘L(Ei) = “i’{l}xzi' A similar argument shows wu;(;;1) (Einn) = ui+1|{0}x2i+1'

This proves the claim.

To see that u is actually smooth, we use the following trick from [9, Chapter 2.3.7]
to bootstrap: As in the , by choosing a faithful matrix representation we can
write the action of u on a as

1

w*a=u"tau —utdu,

where on the left we are viewing the gauge transformation as a map u : @ — G, and

the concatenation is matrix multiplication. Rearranging this and using u*a = a’ gives

du = au + ua'.

The right-hand side is CY, so u is of differentiability class C!. Repeatedly bootstrapping
in this way shows that w is in C*°, and hence u € G(Q).
Now we show that u € Gy(Q) is in the component of the identity. We have that each

Uigi+1) © Yi(ie1) — Qigir1) X6 G and u; 1 I X ¥; — I X P; X G are all homotopic to the
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identity. We can assume these homotopies agree at the boundary (i.e. the homotopy
for uy restricted to {1} x X1 equals the homotopy for uj2 when restricted to 1 C 9Y72).
Then these homotopies patch to give a homotopy for u to the identity.

Now we must prove that is surjective. Fix some ([a12],[azs],...,an1]) €
Z(L(Q)). We need to show that there is some a € Ag,(Q) with a|Yi<i+1> € [ai(iﬂ)]
Choose a representative a;;;1) € Aﬂat(Qi(iH)) for each [ai(iﬂ)] These give us an
obvious definition of a over the Y,, however we need to define a over I x ¥, as well.

To do this, let a; = ag_1) Then «; € Agat(F;) is flat, and therefore so is

V(%)

proj*a; where proj : I x ¥; — 3; is the projection. The boundary condition
implies that there is some p; € Go(FP;) with pfa; = ai(i—i_l)‘L(Ei). By definition, Go(%;)
is path-connected so there is some path u; : I — Go(F;) connecting the identity to u;.
We can equivalently view the path u; € G(I x P;) as a gauge transformation over the
cylinder I x ;. Then u; (proj*;) is a flat connection on I x P; connecting a(;_1); to
aj(i+1)- Define a to be a;(;11) over Y1) and to be u} (proj*a;) over I x ¥;. Then a is
continuous, flat and restricts to the desired connections over the Yj(;;1). By choosing
the path w; : I — Go(F;) to extend smoothly to be constant at the endpoints we can

also ensure that a is smooth. This completes the proof of Proposition [2.4.3
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Chapter 3

Small curvature connections in dimensions 2 and 3

In our proof of the main result, we will encounter connections on surfaces and 3-
manifolds, and these connections will have uniformly small curvature. We want a
uniform way of identifying nearby flat connections. In the case of surfaces, this can be
made precise by the complexified gauge group, which acts freely on the subset of connec-
tions having sufficiently small curvature. It is well-known to experts that quotienting
this subset by the action of the complexified gauge group (called a Narasimhan-
Seshadri correspondence) recovers the moduli space of flat connections. This was
originally carried out for unitary bundles on surfaces by Narasimhan and Seshadri [32],
using algebraic techniques. Later, it was extended to more general structure groups by
Ramanathan in his thesis [35]. (See also Kirwan’s book [27] for a finite-dimensional
version.) Our approach is more in the spirit of Donaldson [7], where he works in an
analytic category and uses an implicit function theorem argument. In section (3.1} we
develop precise C! and C?-estimates associated to this quotient, which will be needed
for our proof of the Main Theorem [2.4.1]

In the case of 3-manifolds it is not clear how to set up an analogous implicit function
theorem argument. To obtain similar results, we instead appeal to the Yang-Mills heat
flow, which was worked out by Rade [34] for closed 3-manifolds. In section we
extend Rade’s result to compact manifolds with boundary. The lack of an implicit
function theorem means that we only obtain C° estimates, however this is sufficient for

our purposes.

3.1 Semistable connections over a surface

The goal of this section is to define a gauge-equivariant deformation retract
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NS : A% — Agat,

and establish some of its properties. Here A%® is a neighborhood of Ag,¢ (the superscript
stands for semistable). The relevant properties of the map NS are laid out in Theorem
below. After stating the theorem, we will define the complexified gauge group
GC and its action on A (this is only used in the proofs appearing in this section, and
will not be used in the rest of the thesis). The proof of the theorem will show that for
each a € A% there is a ‘purely imaginary’ complex gauge transformation u such that
uw*a a flat connection, and w« is unique provided it lies sufficiently close to the identity.
We then define NS(«) := u*a.

After proving Theorem below, where the map NS is formally defined, we
spend the remainder of this section establishing useful properties and estimates for
NS. For example, in the proof of Lemma we establish the Narasimhan-Seshadri

correspondence

A% /G§ = Agat/Go,
and in Proposition and Corollary[3.1.13| we show that, to first order, the map NS is

the identity plus the L? orthogonal projection to the tangent space of flat connections.

Theorem 3.1.1. Suppose G is a compact connected Lie group, X is a closed oriented
Riemannian surface, and P — X is a principal G-bundle such that all flat connections
are irreducible. Then for any 1 < q < oo, there are constants C' > 0 and €y > 0, and a

G%4(P)-equivariant deformation retract

NSp : {a € AM(P) ‘ | Fallzags) < eo | — Agh(P) (3.1)

which is smooth with respect to the W9-topology on the domain and codomain. More-
over, the map NSp is also smooth with respect to the LP-topology on the domain and

codomain, for any 2 < p < oo.

Remark 3.1.2. The restriction in the second part of the theorem to 2 < p < o0



75

1s merely an artifact of our proof, and it is likely that the conclusion holds for, say,

1 <p<2aswell. See Lemmal3.1.12

Our strategy for the proof of Theorem [3.1.1] is to work in the setting of holomor-
phic structures on a complex vector bundle, rather than on the space of connections
themselves. Geometrically this is nothing more than a change of perspective, but this
perspective has the advantage that it makes clear how the gauge group action extends
to an action of the complexified gauge group. Before proving Theorem we recall

the definition and various properties of the complexified gauge group.

Set G be a compact, connected Lie group and fix a faithful Lie group embedding
p: G — U(n) for some n. We identify G with its image in U(n). Define E := P x5 C",
and equip it with the G-invariant Hermitage structure induced by the embedding G C
U(n). Let Jg denote the complex structure on E induced from the standard complex
structure on C". The metric and orientation on ¥ determine a complex structure jy,
and we will use the notation Q*!(X, E) to denote the smooth E-valued forms of type
(k,1). Observe that js acts by the Hodge star on 1-forms.

Consider the space

D(f€) = f(D€) + (Of)¢,
for ¢ € QO(%, E), f € Q°(D)

C(E):=<{D:0%%,F) - Q"Y(%,E)

of Cauchy-Riemann operators on E. This can be naturally identified with the space
of holomorphic structures on E (see [30, Appendix C]). Each element D € C(F) has a
unique extension to an operator D : QVF(X, E) — QFH1(X, E) satisfying the Leibniz
rule.

Let A(E) denote the space of C-linear covariant derivatives on E:

D(f€) = f(Dg) + (df )&,
for £ € QU(S, E), f € Q%)

AE) ={D:Q%%,E) - QY E)

There is a natural isomorphism

AE) — C(F)
(3.2)
D s 3(D+JgDojy)
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Here and below we are using the symbol o to denote composition of operators. For
example, if M : Q(X,E) — Q(3,E) is a derivation we define M o jx : Q(X,FE) —

Q(X, E) to be the derivation of the same degree given by

ix (Mo jx) &) = tjyx (ME).

Let P(g)® denote the exemplification of the vector bundle P(g). Then we have the
bundle inclusions P(g) C P(g)® C End(E), where End(E) is the bundle of complex
linear anthropomorphism of E and the latter inclusion is induced by the embedding p.
Each connection a € A(P) induces a covariant derivative d, , : QF(2, E) — QM LS, E),
and its corresponding curvature F, , = do.p 0 da,p € Q*(Z, P(g)). Since the representa-

tion p is faithful, we have pointwise estimates of the form

C|Fa,p‘ <|Fy < C|Fa,p|a

which allow us to discuss curvature bounds in terms of F, or F, ,. Furthermore, the
map A(P) — A(FE) is an embedding of Q(3, P(g))-spaces. Here Q!(2, P(g)) acts on
A(E) via the inclusion Q'(2, End(E)). In particular, restricting to the image of A(P)
in A(E), the map becomes an embedding

A(P) — C(E) (33)

a — Oy :i= % (da,p + JEda,p © jx)
The image of is the set of covariant derivatives which preserve the G-structure,
and we denote it by C(P). See [30, Appendix C] for the case when G = U(n). The
space C(P) is an affine space modeled on Q01(X, P(g)®). Similarly, we have seen that
A(P) is an affine space modeled on Q'(%, P(g)). The mapping is affine under
the identification Q' (X, P(g)) = QO1(X, P(g)®) sending p to its anti-linear part u%! :=

% (u+ Jpp o js). To summarize, we have a commutative diagram

A(P) —=— ¢(P)

! !

A(E) —— C(E)
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As mentioned above, the complexified gauge group acts on A(P). To describe this,
we need to first recall some basic properties of the complexification of compact Lie
groups. See [25] or [23] on this material. Since G is compact and connected, there
is a connected complex group G¢ with G € G® a maximal compact subgroup, and
with Lie algebra g€, the complexification of g. This group GC is unique up to natural
isomorphism and is called the complexification of G. We may further assume that
the representation p extends to an embedding G€ < GL(C"), and we identify G with

its image (see [23 Proof of Theorem 1.7]). Then we have

G:{UGGC‘uTu:Id},

where u! denotes the conjugate transpose on GL(C™). It follows that we can write

G = {gexp(i€)|g € G, € g},

and this decomposition is unique. The same holds true if we replace gexp(i§) by

exp(i€)g. It is then immediate that

gexp(i€) = exp(iAd(g)§)g (3.4)

for all g € G and all £ € g.

We can now define the complexified gauge group on P to be

G(P)* :=T(P x¢ G).

Similarly to the real case, we may identify Q°(X, P (g)(c> with the Lie algebra Lie (Q(P)‘C)

via the map

§ — exp(—§), (3.5)

(compare this with (2.14))) hence the Lie group theoretic exponential map on G(P)C is
given pointwise by the exponential map on GC. It follows by the analogous properties

of GC that each element of G(P)® can be written uniquely in the form
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g exp(i€) (3.6)
for some g € G(P) and ¢ € Q°(%, P(g)), and (3.4) continues to hold with g, £ interpreted
as elements of G(P),Q°(%, P(g)), respectively.

The complexified gauge group acts on C(P) by

G(P)ExC(P) — C(P)
(3.7)
(u,D) > uoDou!
Viewing G(P) as a subgroup of G(P)® in the obvious way, then the identification
is G(P)-equivariant. We can then use and to define an action of the larger
group G(P)® on A(P), extending the G(P)-action. We denote the action of u € G(P)®
on a by u*a. Explicitly, the action on A(P) takes the form

dura,p = (u) "t odyou +uodyout.

where the dagger is applied point-wise. Of particular note is that the infinitesimal

action at a € A(P) is given by

(2, P()°) — Q'S Ple))
(3.8)

E+i¢ > dap€+ *dapC
More generally, the derivative of the map (u,«) — v*a at (u,«) with v € G(P) (an

element of the real gauge group) is a map

u (903, P(9)) @ iQ°(2, P(9))) x 21(2, P(g)) — Q'(3, P(g))
given by

(w(€+i¢),n) — Ad(u) (da + *dal + 1)
(3.9)

= {dura(uf) + xdy~a(uf)} w4 Ad(u)n
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Compare with . Here we are using the fact that G(P)® and its Lie algebra both
embed into the space I'(P x s End(C")), and so it makes sense to multiply Lie group and
Lie algebra elements. See Remark The curvature transforms under v € Q(P)C
by

w0 Fyrap ot = Fay+ 3o (h0uh), (3.10)

where we have set h = ufu. We will mostly be interested in this action when u = exp(i€)

for £ € Q°(2, P(g)), in which case the action can be written as

exp(—zf) © Fexp(i{)*a,p © exp(if) = *./—"(Oé, 5)» (311)

where we have set

F () 1= # (Fap + Do (exp(—2i€)Da exp(2i€))) (3.12)

It will be useful to define the (real) gauge group on FE and the complexified

gauge group on FE by, respectively,

G(E) :=T(P xgU(n)), G(E)®:=T(P xqgGL(C")).

(Note that the complexification of U(n) is GL(C"), so this terminology is consistent,
and in fact motivates, the terminology above.) These are both Lie groups with Lie

algebras

Lie(G(E)) = [(P xg u(n)),  Lie(G(E)) = I'(P x¢ End(C")),

where we are identifying End(C") with the Lie algebra of GL(C"). We have the obvious

inclusions

g(P) —— G(P)®
G(E) —— G(B)°
The space G(E)C acts on C(E) by the map
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G(E)* xC(E) — C(E)
(3.13)
(u,D) +— uoDou!
Using , this induces an action of G(E)® on A(E) (hence an action of G(FE) on
A(E)), though, neither G(E)® nor G(E) restrict to actions on A(P), unless G = U(n).

Finally, we mention that the vector spaces

Lie(G(E)), Lie(G(E)®), and Lie(G(P)%),

admit Sobolev completions. For example, the space Lie(G(P)%)%4 is the W*4-completion
of the vector space I'(P xg P(g)®). When we are in the continuous range for Sobolev
embedding (e.g., when kg > 2) then these are Banach Lie algebras. Similarly, when we

are in the continuous range we can form the Banach Lie groups

Ghi(e),  GM(E)S,  and  GMI(P)S,

by taking the W¥4-completions of the groups of smooth functions

G(E), G(E)®, and G(P)©

which we view as lying in the vector space I'(P x g End(C™))* (compare with section
2.2.2). The complexified gauge action extends to a smooth action of GF4(E)® on

AF=19(E), and this restricts to a smooth action of G¥9(P)C on A*~14(P).

Proof of Theorem [3.1.1 Set G = PSU(r). Suppose we can define NSp on the set

{a € AM(P) ‘ distypi.q (a,Ag’;(P)) < eo} : (3.14)

for some ¢y > 0, and show that it satisfies the desired properties on this smaller domain.
Then the G?%-equivariance will imply that it extends uniquely to the flow-out by the

real gauge group:
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{ura e AM(P) \ uwe G(P),  distyra (o, AGL(P)) <eo ),

and continues to have the desired properties on this larger domain. The next claim
shows that this flow-out contains a neighborhood of the form appearing in the domain

in (3.1)), thereby reducing the problem to defining NSp on a set of the form ((3.14)).

Claim: For any €y > 0, there is some €y > 0 with

{o € AM(P)|||FallLe < eo}

C {ura e Ab(P) \ weG2(P),  distyr (o, AGL(P)) <&}

For sake of contradiction, suppose that for all ¢ > 0 there is a connection « with

| Follze < €, but

Ju*a — agllwia > €, YueGH(P), Vage AgL(P) (3.15)

So we may find a sequence of connections o, with || Fy, ||z2 — 0, but holds with o,
replacing «. By Uhlenbeck’s Weak Compactness Theorem there is a sequence of
gauge transformations u,, € G»9(P) such that, after possibly passing to a subsequence,
ua, converges weakly in W1 to a limiting connection a,. The condition on the
curvature implies that « € .Ailq’aqt(P) is flat. Moreover, the embedding W4 < L2 is
compact, so the weak Wh4-convergence of u}a, implies that u}q, converges strongly
to oy, in L??. By redefining u, if necessary, we may suppose that u*q,, is in Coulomb

gauge with respect to «;, (section [2.2.2]):

dpy, (up 0, — ayy) = 0,

and still retain the fact that u*a, converges to aw. strongly in L?? (see Theorem [2.2.11

use p = %(1 + ¢) when 1 < ¢ < 2). This gives
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lupan = asllfrs = llujaw = allia + llda, (uiaw — o) |70 + lldg, (uiaw — o) |7,
< lugon — ol + 1o lIFe + 3lluson — o7,

< C(llupew — oyl + 1 Fu [140)

where we have used the formula

Foyp = da,(0) + 5 [nAp]

Hence

Hui% - abH({Z/VI,q — 0,
in contradiction to (3.15)). This proves the claim.

To define NSp, it therefore suffices to show that for o sufficiently W'9-close to
Agag(P) there is a unique Z(a) € Q°(%, P(g)) close to 0, with Fi,(;2(a))*a,, = 0. Once

we have shown this, then we will define

NSp(«a) := exp(iZ(a))* .

In light of finding Z(«) is equivalent to solving for £ in F(a, &) = 0. To do this
we need to pass to suitable Sobolev completions.

It follows from the formula and the Sobolev embedding and multiplication
theorems that F, defined in , extends to a map

AY(P) x Lie(G(P))?9 —s Lie(G(P))*4,

whenever ¢ > 1. Suppose «p is a flat connection. The linearization of F at (a,0) in

the direction of (0, &) is

D(ao,o)}—(oaf) =2Jg *50408&0(&‘)7
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where we have used the fact that d,, commutes with Jg = i (this is because the
complex structure Jg is constant and the elements of A(P) are unitary). Observe that

Jx acts by the Hodge star on vectors, so

damp(dao,p ojn) = dag,p * dag,ps (dao,p o jE)dOco,p = Fogp 0 (jz,1d). (3.16)

Using this and the fact that F,, , = 0, we have

1
D(ao,O)f(Ov‘S) = 5AO¢07PE

where Aq, p = d, ,dag,p T dag,pdy, , 15 the Laplacian. By assumption, all flat connec-
tions are irreducible, so Hodge theory tells us that the operator Ay, , : Lie(G(P))*9 —
Lie(G(P))%4 is an isomorphism. Since ayq is flat, the pair (ag,0) is clearly a solution

to F(a,&) = 0. It therefore follows by the implicit function theorem that there are

€ag» €y > 0 such that, for any o € AY? with [l — apllyie < €qy, there is a unique

with [|2(a)||w2q < €, and

The implicit function theorem also implies that Z(a) varies smoothly a in the W14-
topology. Moreover, by the uniqueness assertion, it follows that Z(«) = 0 if « is flat.

We need to show that €4, and €, can be chosen to be independent of ag € Aé’aqt(P).
Since the moduli space of flat connections is compact, it suffices to show that e,, =
€urags for all real gauge transformations v € G*9(P), and likewise for €, . Fix u €
G*4(P) and a a connection Wld-close to ap, then find Z(a) as above. By and
the statement following we have

uexp(i=(a)) = exp(iAd(u)=(a))u. (3.17)

Since the curvature is G29(P)-equivariant, we also have
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0 = Ad(u)Fexp(iE)*a

F(u exp(iZ))*«

Fexp(iAd(u)E)*(u*a)
so Z(u*a) = Ad(u)*Z(«) since this is the defining property of Z(u*«a). It follows

/
aQ?

immediately that €,«q, = €4, and €., = €, , 50 we can take € to be the minimum
of inf1enr(P) €ap > 0 and infj, e pr(py €h, > 0. This also shows that NSp is G*%(P)-
equivariant.

Finally, we show that NSp(a) depends smoothly on « in the LP-topology for p > 2.
It suffices to show that a — Z(a) extends to a map A% — Lie(G(P))"P which is
smooth with respect to the specified topologies. To see this, note that F from is

well-defined as a map

A%P(P) x Lie(G(P))"? — Lie(G(P))~"*.

and is smooth with respect to the specified topologies (the restriction to p > 2 is
required so that Sobolev multiplication is well-defined, see Section . Then the
implicit function theorem argument we gave above holds verbatim to show that for each
a sufficiently LP-close to Ag’apt(P), there is a unique WP-small Z(«) € Lie(G(P))* such

that exp(iZ(a))*a is flat. Moreover, the assignment

AYP(P) — Lie(G(P)',  ar— Z(a)

is smooth. The uniqueness of Z(a) and Z(a) ensures that the former is indeed an

extension of the latter. ]

Remark 3.1.3. Let II : .A;T_l’aqt(P) — M (P) denote the projection. The above proof
shows that the composition I1oNSp is invariant under a small neighborhood of G>9(P)
n QQ’Q(P)C. Indeed, o and exp(i€)*« both map to the same flat connection under NSp

whenever they are both in the domain of NSp.
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3.1.1 Analytic properties of almost flat connections

This section is of a preparatory nature. The results extend several elliptic properties,
which are standard for flat connections, to connections with small curvature. The

following lemma addresses elliptic regularity for the operator d, on 0-forms.

Lemma 3.1.4. Suppose G is a compact Lie group, ¥ is a closed oriented Riemannian
surface and P — % is a principal G-bundle such that all flat connections are irreducible.
Let 1 < q < oo. Then there are constants C > 0 and ¢g > 0 with the following

stgnificance.

(i) Suppose that either a € AY(P) with ||Fu|lpas) < €0, or a € AY(P) with [ja —

| L2a(x) < €0 for some v, € Agftq(P). Then the map

do : WHI(P(g)) — LI(P(g))

is a Banach space isomorphism onto its image. Moreover, the following estimate

holds

I fllwraes) < ClldafllLas) (3.18)

for all f € WH(P(g)).

(i) For all o € AY(P) with [ Fallpasy < €o, the Laplacian

dyda : W29(P(g)) — LI(P(g))

is a Banach space isomorphism. Moreover, the following estimate holds

[ fllw2am) < Cllda * dafllLas) (3.19)

for all f € W24(P(g)).

Proof. This is basically the statement of [12, Lemma 7.6], but adjusted a little to suit

our situation. We prove (ii), the proof of (i) is similar.
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The assumptions on the bundle imply that all flat connections «, are irreducible,

and so the kernel and cokernel of the elliptic operator

dy, e, : W*4(P(g)) — LU(P(g))

are trivial. In particular, we have an estimate

[fllw2a < Cllda, * da, £ La

for all f € W24(P(g)), and the statement holds when a = q, is flat.
Next, let o € AY(P) and a, € .A%l’aqt(P). Then, by the above discussion, and the

relation

dabf:daf+[ab_a’f]a

we have

[fllwze < Cllda, * da, f]| La

< CH{llda *dafllLe
+llda [¥(a = a), flllze + llla =y A [x(a = ), fllll Lo}
< CH{llda *dafllLe

+ O ([|da * (o = )| za + [la = @[ 20) | Fl w20}

for all f € W24(P(g)), where we have used the embeddings

W24 s Whe  and W29 [®

in the last step. Now suppose that ||a — ay |20 < 1/2CC" is small. Then by composing
ayp, with a suitable gauge transformation, we may suppose « is in Coulomb gauge with
respect to «y, and still retain the fact that ||o — ay||z2¢ < 1/2CC’. Then the above

gives
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1
I£llw=a < Clida * dafllzs + 5l fllwza,

which shows that d%d,, is injective when sufficiently L??-close to the space of flat con-
nections.

Now we prove the lemma. Suppose the result of (ii) in the lemma does not hold.
Then there is some sequence of connections «a,, with ||Fy, |z« — 0, but the estimate
does not hold for any C' > 0. By Uhlenbeck’s Weak Compactness Theorem
after possibly passing to a subsequence, there is some sequence of gauge transformations

uy, and a limiting flat connection ¢, such that

llow — w002 — 0.

So the discussion of the previous paragraph shows that, for v sufficiently large, the
estimate (3.19)) holds with « replaced by «,,. This is a contradiction, and it proves the

lemma. O

Now we move on to study the action of d, on 1-forms. First we establish a Hodge-
decomposition result for connections with small curvature. For 2 < ¢ < oo and k € Z,
let V¥4 denote the W*-closure of a vector subspace V. C W*4(T*% @ P(g)). The
standard Hodge decomposition reads

»q

* k, « \F
WEIT*S @ P(g)) = Hy, ® (Imda,)™* & (Imdy, ), (3.20)

for any flat connection «ay,. Here Héb is finite dimensional (with a dimension that is
independent of a;, € A,), and so is equal to its Wkd_closure. Furthermore, the direct
sum in is L2-orthogonal, even though the spaces need not be complete in the
L?-metric. We have a similar situation whenever o has small curvature, as the next

lemma shows.

Lemma 3.1.5. Assume that P — 3 satisfies the conditions of Lemma[3.1.]), and let
1< qg<ooandk > 0. Then there are constants eg > 0 and C' > 0 with the following

significance. If a € AY(P) has ||Fu|facs) < €0, then
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H} = (kerdo)™ N (ker d¥)™? C WH(T*S @ P(g))

has finite dimension equal to dim Héb, for any flat connection «,. Furthermore, the

space HY equals the L?-orthogonal complement of the image of do © d:

1
HY = ((Im o)™ @ (Tm d3)5)

and so we have a direct sum decomposition

WE(T*S @ P(g)) = Hy & ((Tm da)® & (Im % da)) . (3.21)

In particular, the L?-orthogonal projection

proj, : We(T*S @ P(g)) — H} (3.22)

1s well-defined.

Remark 3.1.6. It follows by elliptic reqularity that the space

(ker dg)*4 N (ker d2,)™1

consists of smooth forms. In fact, when k—2/q > k' —2/¢, the inclusion W*1 C Wk

restricts to an inclusion of finite-dimensional spaces

(ker o) 1 (Ker dg)"™" — (lcer da)k/’q/ N (ker d:;)k/’q/ ;

and this map is onto by dimensionality. Hence, the definition of H} is independent of

the choice of k, q.

Proof of Lemma[3.1.5 We first show that, when || Fi,||a(x) is sufficiently small, we have

a direct sum decomposition

WHh(T*S ® P(g)) = H: © (Im dy)™ @ (Im * dy)™?.
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We prove this in the case k = 0, the case k > 0 is similar but slightly easier. By
definition of H}

o, it suffices to show that the images of d, and *d, intersect trivially.

Towards this end, write do f = *dag for O-forms f, g of Sobolev class LY = W%4. Acting

by d, and then d,* gives

[Favﬂ:da*dag7 [Fa7g]:_doc*daf-

A priori, dy * dag and dg * do f are only of Sobolev class W24, however, the left-hand
side of each of these equations is in L", where 1/r = 1/q + 1/p. So elliptic regularity
implies that f and g are each W24, (This bootstrapping can be continued to show that
f, g are smooth, but we will see in a minute that they are both zero.) By Lemma
and the embedding W24 < L it follows that, whenever || F,|/zq is sufficiently small,

we have

[fllLe < Cllda * dof La

Cll [Fa gl || La

IN

CllFallzallglpos-

Similarly, ||g|lzee < C||Fullze]|g]/ze, and hence

I£llze < C2FallZall fllzoe.

By requiring that ||F,||2, < C~2, this can be happen only if f = g = 0. This establishes

the direct sum (3.21)).
Now we prove that the dimension of H] is finite and equals that of Héb for any flat

connection ay,. It is well-known that the operator

da, @ *da, : WH9(P(g)) & WH(P(g)) — WHI(T"S ® P(g))

is elliptic, and hence Fredholm, whenever ¢, is flat. The irreducibility condition implies

that it has trivial kernel, and so has index given by —dim(Holéb), which is a constant
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independent of y,. Then for any other connection «, the operator d, @ *d,, differs from

do, @ *dq, by the compact operator

p— [a —ay, p] + x[a —ay, p]

and so do, @ *d, is Fredholm with the same index —dim(H}, ) [30, Theorem A.1.5]. Tt
follows from Lemma that the (bounded) operator

do @ #do : WHL9(P(g)) @ WH(P(g)) — WH(T*S @ P(g))

is injective whenever ||Fy||rq(x) is sufficiently small, and hence the cokernel has finite

dimension dim(Héb):

dim(H}) = dim(H,,).
This finishes the proof of Lemma |3.1.5 O

Next we show that the L2-orthogonal projection to H} = kerd, N kerd}, depends

smoothly on « in the L7 topology.

Proposition 3.1.7. Suppose that P — ¥ and ¢y > 0 are as in Lemma[3.1.5, and let

1 < g < o0o. Then the assignment « — proj, is affine-linear and bounded

Iprojo, — projullop.s < Clle = [l Lo, (3.23)
provided ||Fyl|ra, || ForllLe < €0, where || - ||op,ra is the operator norm on the space of

linear maps L1(T*Y ® P(g)) — LY(T*X ® P(g)).

Proof. We will see that defining equations for proj, are affine linear, and so the state-
ment will follow from the implicit function theorem in the affine-linear setting.

First, we introduce the following shorthand:

WEA(QT) = Wh (NT*S ® P(g)),  LY(Q) := WO9(Q),
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Next, we note that for u € LI(Q'), the L?-orthogonal projection proj,u is uniquely

characterized by the following properties:

Property A: g — projy i = dou + div, for some (u,v) € WhH1(Q%) @ Whe(Q?),

Property B:  (projpt, dea + dib) =0, for all (a,b) € W' (Q°) @ WhHa (Q2),

where ¢* is the Sobolev dual to ¢: 1/q+ 1/¢* = 1. Here and below, we are continuing

to use the notation

(s v) = /E<u/\*V>

to denote the pairing on forms. Note that by Lemma the operators d, and d,
are injective on 0- and 2-forms, respectively, so any pair (u,v) satisfying Property A is
unique.

Consider the map

(A% & L9(QY)) x (L9(QY) & Wha(Q0) & Wha(QD))
(3.24)
— (Whr(Q0) & (W' (922) & L9(Q")
defined by

(a, ;v u,0) = (v, da (4)) , (v, dg () = v = dau — dgv)
The key point is that a tuple (o, u, v, u,v) maps to zero under (3.24) if and only if this

tuple satisfies Properties A and B above. By the identification (Wk"f)* = W~k4, can

equivalently view (3.24) as a map

(A% x LI(QY)) x (L9(QY) x Wha(Q0) x Wha(QD))
(3.25)
— WH9(Q%) @ W—H4(0?) @ LI(QY)
defined by
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(o, s vy u, v) — (div, dov, p— v —dou — dv) .

(The topology on each space is given by the Sobolev norm indicated in its exponent.)

Claim 1: The map (3.25) is bounded affine linear in the A%%variable, and bounded

linear in the other 4 variables.

Claim 2: The linearization at (o, 0;0,0,0) of (3.25) in the last 3-variables is a Banach
space isomorphism, provided ||a — ay||ze is sufficiently small for some flat connection

Q-

Before proving the claims, we describe how they prove the lemma. Observe that
(,0;0,0,0) is clearly a zero of for any «. Claim 1 implies that is smooth,
and so by Claim 2 we can use the implicit function theorem to show that, for each pair
(a,p) € A% @ LI(QY), with ||o — ay || e sufficiently small, there is a unique (v, u,v) €
LYY o Wha(Q0) @ W4(Q0) such that («, p; v, u,v) is a zero of . (A priori this
only holds for p in a small neighborhood of the origin, but since is linear in that
variable, it extends to all p.) It will then follow that v = proj,u depends smoothly on
« in the Li-metric. In fact, is affine linear in « and linear in the other variables,
so the uniqueness assertion of the implicit function theorem implies that proj, depends

affine-linearly on «, and so we get:
[Proje — proja, lpuzs = ifpact | (Proja — proja, ) s
< Cinfjy =1 Clla = oy | Lalpll e

= Clla—-a .
This proves the lemma, for all « sufficiently L9-close to Aga:. To extend it to all o with
| Fallze sufficiently small, one argues by contradiction as in the proof of Lemma
using Uhlenbeck’s Weak Compactness Theorem It therefore remains to prove the

claims.
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Proof of Claim 1: Tt suffices to verify boundedness for each of the three (codomain)
components separately. The first component is the map
A% x LI(QY) — Wh(QD)
(3.26)
(a,v) +— div
It is a standard consequence from the principle of uniform boundedness that a bilinear
map is continuous if it is continuous in each variable separately. The same holds if the

map is linear in one variable and affine-linear in the second, so it suffices to show that

(3.26)) is bounded in each of the two coordinates separately. Fix o and a flat connection

ay. Then
ldavlw-1a < llda,vllw-1a + [ o = A V] lw-14
< ldayvllw-1a + [l = o || al[v[| La
< O+ lla—alza)|v]lLe

which shows that the map is bounded in the variable v, with « fixed. Next, fix v and

write

ldav = dayvllw-1a = Ila—ap A lw—sa

< [wllzalle = avlLe

which shows it is bounded in the a-variable. This shows the first component of ([3.25|)

is bounded. The other two components are similar.

Proof of Claim 2: The linearization of (3.25)) at («,0;0,0,0) in the last three vari-

ables is the map

LIQY) x WH(Q0) x Wh(Q0) — W-h9(Q0) @ W 19(02) @ LI(Q)

(v,u,v) — (div, dov, —v — dou — d)
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By Claim 1, this is bounded linear, so by the open mapping theorem, it suffices to show

that it is bijective. Suppose

(dv, dov; —v — dqu — djv) = (0,0,0). (3.27)

Then by Lemma [3.1.5] we can write v uniquely as

v=vg+dsa+db

for vy € HL = kerd, Nkerds, and (a,b) € WH4(Q0) x Wh4(Q?), provided ||F,| rq is

(a'R)

sufficiently small. This uniqueness, together with the first two components of (3.27)),

imply that v = vg. The third component then reads

v = —dou — d}v,

which is only possible if vy = dyu = d,v = 0. By Lemma this implies (v, u,v) =
(0,0,0), which proves injectivity.
To prove surjectivity, suppose the contrary. Then by the Hahn-Banach theorem,

there are non-zero dual elements

(frg,m) € (WL9(Q% e W=h4(02) @ LI1(Q))"

= WL(Q0) @ W (Q2) @ L1 (21

with

0:(f7dzy)7 Oz(g,dal/), 0:(7]a1/+dau—|—d(’;v)

for all (v, u,v). The first two equations imply

0=(daf,v), 0=(dag,v)

for all v. This implies d,f = 0 and d*g =0, and so f =0 and g = 0 by Lemma [3.1.4
For the third equation, take (u,v) = (0,0) and we get 0 = (n,v) for all v. But this can

only happen if n = 0, which is a contradiction to the tuple (f, g,n) being non-zero. [
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We end this preparatory section by establishing the analogue of Lemma [3.1.4] for

1-forms.

Lemma 3.1.8. Assume that P — % satisfies the conditions of Lemma [3.1.74, and let

1 < q < o0. Then there are constants C > 0 and g > 0 such that

12 = projapllwras) < C (ldapllzacs) + lda * pll g ) (3.28)

for all p € WH(T*S @ P(g)) and all o« € AY(E) with || Fo |l La(s) < €o-

Proof. First note that this is just the standard elliptic regularity result if a = «
is flat. To prove the lemma, suppose the conclusion does not hold. Then there is
sequence of connections «,,, with curvature going to zero in L9, and a sequence of

1-forms p, € Imdy, ® Im * dy,, with ||py||y1e = 1 and

lda, tiv||La + ||da, * p||La — 0.

By applying suitable gauge transformations to the «,,, and by passing to a subsequence,
it follows from Uhlenbeck compactness that the «,, converge strongly in L% to a limiting

flat connection «oy,. So we have

ldaypivlle < llday pwlla + || ow — ay A o] || Lo
< ldaypwllize + llew — o |l L2al| o[l £2a
< oy, pvllza + Collaw — o L2al | [l
— 0,

where in the last step we have used the embedding W14 < L?¢ for ¢ > 1. Similarly

lldey, * pv||a — 0.

By the elliptic estimate for the flat connection «y,, we have
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1 = Proja, i llwra < Cr (Ilday vl Lo + [lda, * pvl| La) — 0. (3.29)

On the other hand, by Proposition the projection operator proj,, is converging

in the L7 operator norm to proj,, . In particular,

[proja, (1 )llwra < Callproja, (p)l|Le

= C?HPrOjab (MV) - projau (MV)HLQ

(Proposition3.1.7) < Callay, — a||zallpwll e

— 0,
where the first inequality holds because Héb is finite-dimensional (and so all norms

are equivalent) and the convergence to zero holds since ||uy||re < Csllpw ||y« = Cs is

bounded. Combining this with (3.29)) gives

1= [lpwllwra < |l — Proja, piv|lwra + [[proja, (1) lwi.a — 0,

which is a contradiction, proving the lemma. ]

3.1.2 Analytic properties of NS

The next proposition will be used to obtain C? estimates for convergence of instantons
to holomorphic curves. It provides a quantitative version of the statement that NS is

approximately the identity map on connections with small curvature.

Proposition 3.1.9. Let NSp be the map , and 3/2 < q < co. Then there are

constants C' > 0 and ey > 0 such that

INSp(a) = allwios) < CllFall 2 (3.30)

for all « € AY(P) with ||Fullfacs) < €o-



97

Proof. The basic idea is that NSp(a) = exp(iZ(«w))*a may be expressed as a power
series, with lowest order term given by «. The goal is then to bound the higher order
terms using the curvature. To describe this precisely, we digress to discuss the power
series expansion for the exponential.

As discussed above, the space Lie(G(FE))%9 can be viewed as the W?2%-completion
of the vector space I'(P xg End(C")). Since ¢ > 1, we are in the range in which
pointwise matrix multiplication is well-defined, and this becomes a Banach algebra.

Then for any ¢ € Lie(G(E)®)%9, the power series

converges, where ¢* is k-fold matrix multiplication on the values of €.

Remark 3.1.10. Note that we may not have & € Lie(G(P)©)%9, even when & €
Lie(G(P)©)%9 (however, it is always the case that ¢ € Lie(G(E)©)%9). In particular,
the infinitesimal action of €& on AV9(P) need not lie in the tangent space to A“9(P),

though it will always lie in the tangent space to AM(E).

As with finite-dimensional Lie theory, this power series represents the exponential

map

exp : Lie(G(E)%)%? — ¢>9(E)C,

where we are using the inclusion

G24(E)® ¢ WP xg End(C")).

The power series defining exp continues to hold on the restriction

exp : Lie(G(P)%)*? — g%9(P)C.

Similarly, the usual power series definitions of sin and cos hold in this setting:

sin, cos : Lie(G(P)%)*? — W24(P x g End(C")),
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and we have the familiar relation

exp(i§) = cos(§) + ¢sin(§).
The infinitesimal action of Lie(G(E)®)%>? on A"“9(E) continues to have the form (3.8).

In particular, for any real ¢ € Lie(G(E))*? and o € AY9(P), we have

exp(i{)'a—a = —{da(cos(§) — 1)+ *da(sin(§))}
(3.31)

€ T,AY(P) C W(T*S ® P x¢ End(C")),

where the action of d, on each of these power series is defined term by term.

Now we prove the proposition. We will show that that there is some ¢y > 0 and

C > 0 such that, if o € AY9(P) satisfies

[Fallzas) <€ and  [[E(a)llw2q < €0,

then

INSp(e) = allwie < CllFa| 20

This is exactly the statement of the proposition, except for the condition on Z(a).
However, the proof of Theorem shows that =(«) depends continuously on a €

Ab4(P), and Z(a) = 0 whenever « is flat. Hence, the condition on Z(«) is superfluous.

[1]

Set £ = E(«a) and n = NSp(a) — a. Using the power series expansion of exp, we

have

2(da 2 Ao p=
n:exp(iE)*a—a:—*da,pE—k( (dap )—;( P

T

+...

where the nth term in the sum on the right has the form

with k copies of = appearing before d, ,=, and n — k — 1 copies after. By assumption

2q > 2, and so the Sobolev multiplication theorem gives
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T n 12n n
WZ:...:(da’p:)u...: < lda,p=llwi2a Z ||H|W1 2q
T k=0 Wl.2q n!

IN

- Ccin
”‘:‘||W2'2q <( ) ||‘—‘| wi 24) ’

where (] is the constant from the Sobolev multiplication theorem. This gives

Inllwie < Collnllwi2e
_ o0 CQn
< GollElweee Y 5 1Bl
(n—1)!
n=1
(3.32)
o0 CQn
< CollEllweae Y ——=
= (n—1)!
= C5|Ellw2.2q

where the third inequality holds for ||Z]j1,2¢ < 1. It suffices to estimate ||Z]|y224 in
terms of n and Fy,.

By (3.31)) and the definition of NSp we have

dapn = dap(exp(iZ)*a —a)

= —da,p (¥dap(sin(E)) + da,p(cos(Z) — 1)) (3.33)

= —dap*dap(sin(E)) + Fop(1 — cos(E))
Now use the elliptic estimate from Lemma (ii):

[ sin(Z)[ly22a < C4Hda,p * da,p(Sin(E)) | .24
< G5 {llda,pllz2a + [[Fa,p(1 — cos(E)) 24 }
< Co {Inl1F4q + 1Fapllrze (1 + |1 = cos(Z)| <) }
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where the second inequality is (3.33)), and in the last inequality we used

ldapllz2a < C (I Fapllzze + 111340

coming from

1
0= FNsp(a),p = Fap + dapn + 3 nAnl.

Note also that the norm of F,, , is controlled by that of F,, so we can drop the subscript

p by picking up another constant:

[ sin(Z) lwaze < O {0l a0 + 1 Fallzze 1+ 1 = cos(@) =)} (3.34)

For ||Z]|jy2.¢ sufficiently small we have

[Ellw2a < 2[[sinE)lw2a, [T = cos(E)[|lze < 1.

So (3.34) gives

[Ellw220 < Cs (il + 1 Fall 20 ) -

Returning to (3.32), we conclude

Inlwra < Co(Inlfaq + 1 Fallr2q)

< Cuo (Inllfya + 1Fallz24)
where we have used the embedding W14 < L4 which holds provided ¢ > 3/2. This

gives

Inllwa (1 = Crollnllwra) < CrollFall 24,

which completes the proof since we can ensure that |||y« < 1/2C10 by requiring
that ||=Z]|y2. is sufficiently small (when = = 0, it follows that n = 0, and everything is

continuous in these norms). O
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Let II : A%l’:t(P) — M(P) denote the quotient map. Throughout the remainder of
this section we will be interested in the derivative of the composition II1o NSp. We will
therefore assume that ¥ is closed, connected and orientable, G = PSU(r) and P — X
is a bundle for which t2(P) € Z, is a generator. This ensures that M (P) and II are
both smooth.

Recall that any choice of orientation and metric on ¥ determines complex structures
on the tangent bundles T.A%(P) and T M (P), which is induced by the Hodge star on

1-forms. Denote by

DF (MoNSp) : TobAYM(P) ® ... ® To A (P) — Tijonsp(a) M (P)

the kth derivative of Il o NSp at «, defined with respect to the W9-topology on the
domain. The following lemma will be used to show that holomorphic curves in A4(P)

descend to holomorphic curves in M (P).

Lemma 3.1.11. Suppose G = PSU(r), ¥ is a closed connected oriented Riemannian
surface and P — X is a principal G-bundle with to(P) € Z, a generator. Let 1 < q¢ < 0o
and suppose « is in the domain of NSp. Then the linearization Dy (ILoNSp) is complez-

linear:

*Da(H o NSP) = Da(H o NSP) * .

Proof. The complex gauge group G(P)C acts on C(P), and hence A(P), in a way that
preserves the complex structure, and this holds true in the Sobolev completions of these
spaces. Indeed, let u € G29(P)®, a € AY(P) and n € WH4(T*S ® P(g)). Then by
we have

U0 Doyripou t = = wodoout +7uo (xn’) onu?

7=0

7=0

= x(uon® oyl

0 u o ga—l—’rn © u717
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which shows the infinitesimal action of the complex gauge group is complex-linear.

Let Qg’q(P)(C C G%4(P)C denote the identity component. This can be described as

Gy '(P)E = {uexp(i¢) [u € G54(P), €€ WI(P(q)) }.

It follows from (3.8)) and Lemma, that G5 (P)%? acts freely on the space of connec-
tions. Moreover, by Remark the map NSp is equivariant under a neighborhood of
gg’q(P) in gg’q(P)C. These two facts imply that NSp has a unique gg’q(P)C—equivariant

extension to the flow-out

A=(P) = (G5(P)°) {a € AP || Fallus < ]

of the domain of NSp. Furthermore, the group Qg’q(P)(C restricts to a free action on
A% (P).

Consider the projection

1€ : A% (P) — A*(P)/G3(P)C.

Using NSp, we have an identification

A*(P)/G5"(P)© = M(P),
and hence a commutative diagram

APy 5 A (P)

Hcl ln
A(P)[G5°(P)S —— AGL(P)/G5(P) = M(P)
As we saw above, the infinitesimal action of gg’q(P) is complex linear. This implies

that

¢ : A% (P) — M(P)

is complex-linear, but II® = IT o NSp, so this finishes the proof. O
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Lemma 3.1.12. Let P — X be as in the statement of Lemma[3.1.11 and 1 < g < 0.
Assume a is in the domain of NSp. Then the space Im (d,) & Im (d}) lies in the kernel
of DE(I1 o NSp) in the sense that

DE(IToNSp) (dof + *dol, - ..., - ) =0

for all 0-forms &, ¢ € W4(P(g)). Moreover, there is an estimate

IDE(MoNSp) (u1,- - i) larpy < Cllallzacsy - - ikl acs) (3.35)

for all tuples p1, ..., ux € WH(T*S ® P(g)) of 1-forms. Here |- |M(p) 18 any norm on
TM(P).

Proof. We prove the lemma for k£ = 1. The cases for larger k are similar. By the proof
of Lemma (3.1.11] the map [ToNSp is invariant under gauge transformations of the form
exp(€ + i¢) where &,¢ € W29(P(g)) are real. In particular,

d

0= ol ITo NSp(exp(T(§ + ()" ) = —Do (Il 0 NSp)(dné + *dnC).

This proves the first assertion.

To prove the estimate (3.35)), we note that by Lemma there is a decomposition

T, AYM(P)=H! ® (Imd, ®Imd),

whenever « has sufficiently small curvature. Moreover, the first summand is L?-

orthogonal. Denote by

proj, : T AM(P) — H}

the projection to the d,-harmonic space, and note that this is continuous with respect
to the L%-norm on the domain and codomain (projections are always continuous). We

claim that the operator

Do (TToNSp) : Ty A™ — Hys (o)
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can be written as a composition

Ta.Al’q — Ha % HNSp(a)

for some bounded linear map M,, where the first map is proj,. Indeed, by the first

part of the lemma it follows that

D, (ILo NSp) (1) = Do (ILo NSp) (projou)

since the difference @ — proj,u lies in Im d,, @ Im * d,,. So the claim follows by taking

My = Do (ITo NSp) |n,

to be the restriction. Since M, is a linear map between finite-dimensional spaces, it is
bounded with respect to any norm. We take the L?-norm on these harmonic spaces.
Then D, (IToNSp) is the composition of two functions which are continuous with

respect to the LY norm:

Do (o NSp) plaspy = Cll Do (1o NSp) 1
= C| My o projoul o

< Calpllze:
That this constant can be taken independent of «, for F,, sufficiently small, follows using
an Uhlenbeck compactness argument similar to the one carried out at the beginning of
the proof of Theorem Here one needs to use the fact that D, (Il o NSp) = proj,
when « is a flat connection, and so this has norm 1 (which is clearly independent of «).

Similarly, one can show that the operator norm

[ Do (ITo NSp) HOD,L‘?

(defined using the L9-topology on the domain) O
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Corollary 3.1.13. Suppose 1 < q < oo, and let P — X be as in the statement of Lemma
3.1.11. Then there is a constant g > 0 and a bounded function f : A% (P) — R2°

such that for each o € AY9(P) with | Fallr2a(sy < €0, the following estimate holds

[Projapt — Do (Lo NSp) pflpacsy < f (@) [[proja sl pa(s) (3.36)

for all p € LYT*L® P(g)), where proj, is the map (3.29). Furthermore, f can chosen

so that f(a) = 0 as ||Fallpas) — 0.

Proof. Consider the operator

proj, — Do (IIo NSp).

It is clear from Lemma [3.1.12] that its kernel contains Im(d,) @ Im(xd,), and so we

havel

[projoit — Do (IToNSp) pllra < Chl|projop — Do (ILo NSp) pu]| 1,24

= Gif| (projo = Da(TLo NSp)) (proja ) || 20

IN

Cl ”(proja - DOé (H © NSP))Hop,LQ‘Z ||pr0jozu||L2‘1

On the finite-dimensional space Hy,, the L?- and L??-norms are equivalent:

”projalu’Hqu < 02 ||pI'Oja/L||Lq :

The constant C9 is independent of proj, u € H,, however it may depend on «. Propo-
sition tells us that Cy is independent of a provided || Fy| 124 is sufficiently small.

So we have

[proj, it — Do (ITo NSp) pille < f(a)|[projaul L,

'In the first line, we replace the LY norms by L?? norms to ensure that we are in the range to use
Theorem (i.e., since p := 2¢g > 2). If we know that ¢ > 2 then this is not necessary, and the proof
simplifies a little. However, in our applications below we will need the case q¢ = 2.
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where we have set

f(a) :== C1C2 ||(proj, — Do (ILo NSp))|[op 124 -

By Theorem and Proposition the function f(a) depends continuously on
a in the L?%-topology. If a = q, is flat, then D, (I o NSp) equals the projection
proj,, and so f(a,) = 0. In particular, f(o) — 0 as « approaches Aflift(P) in the
L% -topology. That f(a) — 0 as ||Fa|/z« — 0 follows from a contradiction argument
using weak Uhlenbeck compactness (Theorem , just as we did at the beginning of

the proof of Theorem [3.1.1 O

3.2 Heat flow on cobordisms

Suppose @ is principal G-bundle over a Riemannian manifold Y of dimension 3. In his
thesis [34], Rade studied the Yang-Mills heat flow; that is, the solution 7 +— a, €

A(Q) to the gradient flow of the Yang-Mills functional

d

%CZT = —d:;TFa

ap = a, (3.37)

T

for some fixed initial condition a € A(Q). Specifically, Rade proved the following:

Theorem 3.2.1. Suppose G is compact and Y is a closed orientable manifold of
dimension 3. Let a € AY2(Q). Then the equation has a unique solution
{r—a;} €C). ([0,00), AY*(Q)), with the further property that

loc

Fo, € Cfy. ([0,00),£7) N L3, ([0, 00) , W'2) .

Furthermore, the limit ILm ar exists, is a critical point of the Yang-Mills functional,
T oo

and varies continuously with the initial data a in the W12-topology.

Differentiating YMg(a,) in 7 and using (3.37) shows that Y Mg(ar) decreases
in 7. Moreover, it follows from Uhlenbeck’s Compactness Theorem [2.2.10| together

with, say, [34, Proposition 7.2] that the critical values of the Yang-Mills functional are
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discrete. Combining these two facts, it follows that there is some €g > 0 such that if

YMg(a) < €, then the associated limiting connection

lima, € A2 (Q)

is flat, where a, satisfies (3.37). This therefore defines a continuous gauge equivariant

deformation retract

Heat, : {a e A Q)| YMop(a) < 'gQ} — A2 (Q) (3.38)
whenever Y is a closed 3-manifold.

Remark 3.2.2. Rade’s theorem continues to hold, exactly as stated, in dimension 2
as well. Given a bundle P — X over a closed connected oriented surface, we therefore

have that NSp and Heatp are both maps of the form

{a c A1’2(P) | y./\/lp(oz) < GP} — Agl’azt(P)v

for a suitably small ep > 0. It turns out these are the same map, up to a gauge

transformation. That is,

1o NSp = IT o Heatp, (3.39)

where 11 : Afli’jt(P) — Aﬁft(P)/gg’Q(P) is the quotient map. Though we will not use

this fact in this thesis, we sketch a proof at the end of this section for completeness.

In the remainder of this section we prove a version of Rade’s Theorem but for
bundles ) over 3-manifolds with boundary. The most natural boundary condition for
our application is of Neumann type. This will allow us to use a reflection principle and
thereby appeal directly to Rade’s result for closed 3-manifolds.

Réade’s result holds with the W1 2-topology. However, on 3-manifolds W1 2-functions
(forms, connections, etc.) are not all continuous, which makes the issue of boundary
conditions rather tricky. One way to get around this is to observe that, in dimension 3,

restricting W12-functions to codimension-1 subspaces is in fact well-defined. We take
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an equivalent approach by considering the space AY2(Q, dQ), which we define to be

the Wh2-closure of the set of smooth a € A(Q) which satisfy

to,aly =0 (3.40)

on some neighborhood U of 0Q (U may depend on a). Here we have fixed an extension
O, of the outward pointing unit normal to 9Q, and we may assume that the set U is
always contained in the region in which 0,, is non-zero. This can be described more
explicitly as follows: Use the normalized gradient flow of 9,, to write U = [0,¢€) x JY.
Let t denote the coordinate on [0, €). Then in these coordinates we can write a| (yxoy =
a(t) + 1 (t) dt. The condition is equivalent to requiring ¢ (t) = 0.

Set

ARZ(Q,0Q) = AY4(Q,0Q) N AF%(Q).

Both of the spaces AY?(Q,0Q) and Aflift(Q,ﬁQ) admit the action of the subgroup
G(Q,0Q) C G(Q) consisting of gauge transformations that restrict to the identity in
a neighborhood of 9Q. (We are purposefully only working with the smooth gauge

transformations here.)

Theorem 3.2.3. Let G be a compact connected Lie group, and Q — Y be a principal
G-bundle over a compact connected oriented Riemannian 3-dimensional manifold Y

with boundary.

1. There is some eg > 0 and a continuous strong deformation retract

Heat, : {a € AY2(Q,0Q) | YMq(a) < eQ} — AF2(Q,0Q).
Furthermore, Heatq intertwines the action of G(Q,0Q).

2. Suppose % C Y is an embedded surface which is closed and oriented. Suppose
further that either X C intY, or X C 9Y. Then for every € > 0, there is some 6 > 0
such that if a € AY2(Q,0Q) satisfies || Fyll 12y < 6, then
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|(Heatg(a) — a) |E||Lq(2) <€

forany 1 < q <A4.

Remark 3.2.4. Recently, Charalambous [6] has proven similar results for manifolds

with boundary.

Proof. Consider the double of Y

Y@ .=y Ugy Y,

which is a closed 3-manifold, and denote by ty : Y < Y® the inclusion to the second
factor. We will identify Y with its image under ty. There is a natural involution
o:Y® - Y® defined by switching the factors in the obvious way. Then Y2 has a
natural smooth structure making ¢y smooth and ¢ a diffeomorphism (this is just the
smooth structure obtained by choosing the same collar on each side of 9Y"). Clearly
the map o is orientation reversing, satisfies 02 = Id and has fixed point set equal to
dY . Similarly, we can form Q® :=Q Usg @ and an involution & : Q?® — Q®?. Then
Q@ is naturally a principal G-bundle over Y® and & is a bundle map covering o.
Furthermore, & commutes with the G-action on Q?).

Though & is not a gauge transformation (it does not cover the identity), it behaves
as one in many ways. For example, since it ¢ a bundle map, the space of connections
A(Q(g)) is invariant under pullback by . The action on covariant derivatives takes the

form

d=.,=0c"od,o0", (3.41)

gra

where o* : QY QP (g)) = QY ®,Q®(g)) is pullback by ¢, and this symbol o
denotes composition of operators. The induced action on the tangent space Ta.A(Q(Q) ) =

Q' (Y®, Q@ (g)) is just given by pullback by o. Likewise, the curvature satisfies

F. =o*F,. (3.42)



110

In particular, the flow equation on the double Y? is invariant under the action
of 0. We set € := €2 /2, where €o > 0isasin .

Now suppose a € AY?(Q,0Q) has YMg(a) < eg. Then a has a unique extension
a® to all of Q) satisfying 7*a®) = a(?). We claim that a(? € A2(Q?). To see this,
first suppose that a is smooth. Then the boundary condition on a implies that a(?
is continuous on all of Q@ and smooth on the complement of Q. In particular, a(?
is W2, (Note that in general a? will not be smooth, even if a is. For example, the
normal derivatives on each side of the boundary do not agree: yl_i}rgy Opha = — yh_{% Ono*a,
unless they are both zero, and this latter condition is not imposed by our boundary

conditions.) More generally, every a € A2(Q,0Q) is the W2 limit of smooth functions

a; whose normal component vanishes in a neighborhood of the boundary. But then by

the linearity of the integral it is immediate that the a§_2) approach a(® in W12, which
proves the claim.

By assumption, we have

Y Mg (a?) = 2V Mg(a) < 2eq = Ege,

so by the discussion at the beginning of this section, there is a unique solution ag) to the

flow equation 1) on the closed 2-manifold Y(?), with initial condition a(()2) = a(?,
2)

Furthermore, the limit Heatg ) (a®) = lim;_o0 ag

exists and is flat. Since (]3.37

L~ . . . ~x (2 2
is o-invariant, the uniqueness assertion guarantees that J*ag) = as)

for all 7. In

particular,

o Heatg ) (a?) = Heat2) (a?). (3.43)

Define

. (2)
Heatg(a) := Heat g (a )‘Q
Then 1D shows that 15, Heatg(a)|,, = 0, so Heatg does map into A}i’ft(Q, 0Q).

We already know that HeatQ(z)(a(2)) is G(Q®)-equivariant. Each element g €

G(Q, Q) has a unique extension to a g-invariant gauge transformation ¢g® € G(Q®).
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This shows

Heatg(g*a) = Heatge (9@ *a?) ’Q

= 9(2)’*HeatQ(2)(a(2))’Q

= g*Heatg(a)

which finishes the proof of 1.

To prove 2, we will assume 3 C int Y. This is a local problem bounded away from
0Y, so the boundary will not effect our analysis. The remaining case > C 9Y follows
by replacing Y with its double, for then we have & C int Y2 and the analysis carries

over directly.

For sake of contradiction, suppose there is some sequence a, € A%?(Q) with

HFQI/HLQ — 07

but

co < H(HeatQ(aV) —ay) ‘EHLq(E) (3.44)

for some fixed ¢y > 0. By Uhlenbeck’s Weak Compactness Theorem [2.2.9] there is a
sequence of gauge transformations u, € G>? such that u*a, converges weakly in W12
(hence strongly in L*) to a limiting connection as, € A%2(Q), after possibly passing
to a subsequence. Then a, is necessarily flat. Be redefining u,, if necessary, we may
assume that each u},a, is in Coulomb gauge with respect to as, and still retain the fact

that u}a, converges to as strongly in L*. Then

|upa, — a<>0H12/V1,2 = |upa, — QOOHQLZ + || dao. (w0 — QOO)H%2

IN

Ch (Hu;ﬁau - GOOH%2 + HFauH?ﬁ + [Jupay — QOOH4L4)
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for some constant ;. Observe that the right-hand side is going to zero, so a, is

converging in W12 to the space of flat connections:

law = (45 ane s — 0. (3.45)

On the other hand, by the trace theorem [51, Theorem B.10], we have

co < ||Heatg(ay) — ay!zHLq(E) < Oy ||Heatg(a,) — a,,HWLQ(Y) (3.46)

for some C5 depending only on Y and 1 < ¢ < 4 (the inequality on the left is (3.44))).
Since Heatg is continuous in the W12_topology, and restricts to the identity on the
space of flat connections, there is some ¢ > 0 such that if a, is within € of the space

of flat connections, then

¢
Ch [[Heatg (@) — a2y < 50
By (3.45) this condition is satisfied, and so we have a contradiction to (3.46)).

O

The next lemma states that we can always put a connection a € A(Q) in a gauge so
that it is an element of A(Q, 0Q). We state a version with an additional R parameter,

since this is the context in which the lemma will be used.

Lemma 3.2.5. Let Y be an oriented compact 3-manifold, possibly with boundary, and
Q — Y a principal G-bundle. Suppose X is a closed orientable surface with an em-
bedding v : ¥ — Y. Furthermore, we suppose that 1(X) lies entirely in the interior of
Y (resp. is a boundary component of Y ). Fix a bicollar (resp. collar) neighborhood
Ix¥—=UCcCY of %, and let t denote the I-coordinate induced by this embedding.
Then for every A € AV2(R x Q), there is a gauge transformation u € gg’Z(]R X Q) such
that, in R x U, the dt component of u* A vanishes. Furthermore, if A is smooth, then

u*A is smooth as well.

Proof. Fix A € AM2(R x Q). We may suppose +(X) C int Y, by replacing Y with its

double. Fix a bump function b with support in a small neighborhood of U and equal
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to 1 on U. Just as in the temporal gauge construction (section [2.2.2)), there is a gauge

transformation u € QS’Z(R X @) such that (yu*A = 0. O

In particular, we immediately have the following corollary.

Corollary 3.2.6. Let Q@ — Y be as in Remark . Then for every A € AM(R x Q)

there is a gauge transformation u € g§’2(R X Q) with

WAl sy € AV(Qii41), 0Quir1)), Vi

Furthermore, if A is smooth then u*A is smooth as well.

Proof of Remark[3.2.3. We suppress the Sobolev exponents, for simplicity, indicating
when and how they become relevant. By definition, NSp(a) lies in the complex gauge
orbit of . The key observation to the proof of is that the Yang-Mills heat
flow, and hence Heatp(«), always lies in the complexified gauge orbit of the initial
condition «. Indeed, in [7] Donaldson shows that for any o € A(P) there is some path

u(t) € Q°(X, P(g)) for which the equation

—ar =—dy F; +d (1), ao=o (3.47)

has a unique solution 7 +— &, for all 0 < 7 < co. The solution has the further property

that it takes the form

ar = Ui

for some path of complex gauge transformations u, € G(P)C starting at the identity.

It is then immediate that o, := exp (fy p)* - solves (3.37), and so

T *
Heatp(a) = Jim_exp (/0 ,u) ura.
Clearly exp ([ #)" uka lies in the complex gauge orbit of a for all 7, and so Heatp(a)

must as well. Now NSp(«) lies in the complex gauge orbit by definition, so there
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is some complex gauge transformation & € G(P)® (possibly depending on «) with
u*NS(a) = Heat().
We will be done if we can show that u is a real gauge transformation which lies in

the identity component. The former statement is equivalent to showing h=aulu = Id.

By 1) we must have that & is a solution to

}z(h) = igHeat(a) (h_laHeat(a)h) =0.

Clearly the identity, Id, is a solution as well. It suffices to show that this equation has
a unique solution, at least for « close to the space of flat connections. The map F is
defined on (the W22-completion of) G(P)®, we can take its codomain to be (the L?
completion of) QY (E, P(g)c). Similarly to our analysis of F in the proof of Theorem
the derivative of F at the identity is

w22 (P(e)¢) — L*(P(g)°)

£ —  3AHeat(a) o6
which is invertible. So by the inverse function theorem F is a diffeomorphism in a
neighborhood of the identity, which is the uniqueness we are looking for, provided we
can arrange so that R lies in a suitably small neighborhood of the identity. However,
this is immediate since the gauge transformation R depends continuously on « in the
W12_topology, and h=1d if o is flat.

To finish the proof of (3.39), we need to show that u € G(P) is actually in the identity
component Gy(P). However, this is also immediate from the continuous dependence of &
on . Indeed, path from « to Ag,¢(P) that never leaves a suitably small neighborhood of
Afat (P) provides (via this construction applied to the values of this path of connections)

a path of real gauge transformations from w to the identity. O
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Chapter 4

Neck-stretching limit of instantons

In this section we carry out the proof of the Main Theorem, which we split up into three
parts. The first part establishes some uniform elliptic estimates which are at the heart
of proving the type of convergence we seek. The second is Theorem which says
that the conclusions of the Main Theorem hold if we assume several hypotheses on the
sequence of connections. In the third part (section we prove that these hypotheses

must hold due to energy considerations.

4.1 Uniform elliptic regularity

We establish an elliptic estimate that will be used in the proof of Theorem [£.2.1] below.

To state it, we introduce the e-dependent norm

ey = | 0 Axan)
for subsets U C R x Y, where . is the Hodge star on R x Y determined by the metric

ds® + g. from section

Proposition 4.1.1. Let Q — Y be the bundle from Remark [2.2.7. Then for any
compact K C R xY and R > 0 with K C (—R,R) xY, there is some constant
C = C(K,R) with

IVsFallz2(rye + IViFall 2y < ClIFAllz2((—rryxv)e

for all € > 0 and all e-ASD connections A. Here Vs = 0s + [p,-], where p is the

ds-component of A.
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Remark 4.1.2. WriteY =Y, UI X X,, and let t denote the I-variable on I X ¥o. The
proof we give here proves the proposition with V; replacing Vs, but only for compact
sets lying in the open set R x (0,1) x Xo. It fails to provide an e-independent bound
for compact sets K which intersect R x Y,, since V; is not canonically defined on Y.,
and any open set containing K must overlap into the interior of R x Y. However, if

K C R x [0,1] x X4 intersects the seams, then the proof we give here shows

2V eFallra(i) e + €NV VeFall 2y e + elVEFall 20y, < ClFallia(—roryxy e

To see this, multiply Vi by a bump function h supported in a small neighborhood of K.

Then the only modification to the proof is that the estimate needs to be replaced

by

e|Osh| + €|0:0;h| + €2|02h| < Coh.
We will use Proposition in the following capacity.

Corollary 4.1.3. Let Q — Y be the bundle from Remark[2.2.7], and write Y = Y, U
I x X, as above. Then for any compact K C R x I x X,, there is some C = C(K) >0

such that

IVsBsl 72y + IV2Bs N2 (k) < C (CSag(a™) = CSap(a™)) (4.1)

for any € > 0 and any e-ASD connection A with limits

lim A‘{S}Xy =at e Afat (Q)-

s—+oo
Here ag is any fized reference connection, and — B is the ds-component of the curvature

Fyqover Rx I X Y,:

Fa=F,—Bs Nds— By Ndt + v ds Adt.
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Proof of Corollary[{.1.3. Over I x X, C Y, the metric g has the form dt? +€%gs,, where
gx is a fixed metric on Y,. Let pu be a 1-form on ¥,. Then by the scaling relation (2.8)|)

it follows that the norm

[ N dsll 2k e = e A ds| 2y = lpll2(ro)

is independent of e.
Let A be as in the statement of the corollary. Then V85 A ds is a component, of

VsFy, so we have
IVe8el3aey = IVaBo A dslZagr.
< |VsFalZa ) .
(Proposition [f.1.1) < CYM(A)

(Equation (2.30)) = C (CSao (a™) — CSa, (a+)) :
The same computation holds with V replaced by V2. ]

Proof of Proposition [{.1.1. We first prove

IVsEallL2(ry,e < CllFallzz),e- (4.2)

Fix a smooth bump function h : R — RZ%, which we view as being a Y-independent
function defined on R x Y. Assume h|x = 1 and that h has compact support in
(=R, R) x Y. There is a constant C, depending only on h (and consequently only on
R and K), with

|05h| 4 |02h| < Coh. (4.3)

Set Q := (—R,R) x Y. Then we have
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||VSFA||2L2(K),E < ||hVSFA||%2(Q)7€
= /h2<V5FA/\*EVsFA>
Q

= —/ h2(VsFy AVFy),
Q

where we have used the e-ASD condition and the commutativity relation

Vs*e = *evs-

Write A = a(s) + p(s) ds. Then we have

Fy= Fa(s) —bs ANds,

where

bs := 0sa — dgp.

Then
= dp0sA—da(dap)

— dA (8314 - dAp) .

where d 4 is the covariant derivative on the 4-manifold R x Y. We also have

0sA — dap = 0sa — dgp + (asp - vsp) ds = by,

since the ds terms cancel, and so we can write

VSFA = dAbsa (44)
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where we are viewing bs as a 1-form on the 4-manifold R x Y. Using (4.4) and Stokes’

theorem, we obtain

HVSFAH?}(K),E < HhvsFAH?}(Q),e
= —/ h?(dabs A dabs)
Q
= / 2h88hds/\<bs/\dAbs>—/h2<b8/\[FA/\bs]>
Q Q

_ / 2h63hds/\(bs/\dAbs>—/h2<bs/\[bs/\bs]>/\ds
Q Q

where, in the last step, we used F)4 = F, — bs A\ ds and the fact that Y does not admit

non-zero 4-forms (it’s a 3-manifold!). Next, use the inequality

1
2ab < 2a? + 5b2 (4.5)

with (4.3)) and the identity (4.4) on the first term on the right to get

{IVsFalBaiey e SHIRVFAl 2y < 2C00hbsl22 g + BBV FalR ().
—/ h%(bs A [bs A bs]) A ds
Q

Subtract the term %HhVSFAH%Z(Q) . from both sides to get

UIVsFalBagy . < SRV Fallag, < 200||hbs|]%2(9)76—/QhQ(bs/\[bs/\bs]>/\d5
(4.6)

In particular, we record the following:

0 < 2Co||hbs22(0 . — /QhQ(bs A [bs A b)) A ds. (4.7)

We want to estimate the right-hand side of (4.6]) in terms of || Fa |12 (q),c = 2[/bs]|22(0),e-
Set
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o(5) = 200 Ihbs 3y = [ B2(bs A [ A B)

(so if we integrate over (—R, R) then we recover the right-hand side of (4.7)), since
Q= (—R,R) xY). Then (4.7), and the fact that h vanishes outside of (—R, R), gives

/z g(s)ds > 0, and  g(s)=0 fors¢[~R,R|. (4.8)

Next, set

1
e(s) == §th$H%2(Y),e
(again, only integrating over Y).

Claim: There are constants Dy, D1 > 0, depending only on K, R, with

e (s) + Doe(s) > Dig(s)

The bound (4.2) follows immediately from the claim and Lemma below (the
latter uses (4.8)):

IVeFalBaye < 20(5)

IN

c / e(s)
[~ R—1,R+1]xY

(h =0 outside [-R, R]) = C’/ e(s)
[-R,R|xY

IN

3C1bs1 720 c

= Ol
where the first inequality is (4.6)), the second is the assertion of Lemma The last

two lines are just definitions.

To prove the claim, we have
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e(s) = IValhb)laqy. + /Y (Vo Va(hbs) A *chbs)

Next, we have

V2(hb) = (02h) bs + 2 (Dsh) Vibs + h didabs — h % [by A D],

where d}¢ = %.d,*c on 1- and 2-forms on Y. Then

e(s) = Vulhb)lagy. + /Y ((82R) by Axchby)
+2/ (Dsh) Vb A #ch b5>+/ h2(ddybs A #ebs) (4.9)
Y Y

—/ R% (% [bs A bs] A xcbs)
Y

The first term on the right-hand side of (4.9)) is fine, but we need to estimate the

remaining terms. We begin with the second term by applying (4.3)):

/Y<(a§h) bs A xch bs) > —Che.

For the third term in (4.9) do the same, except also use (4.5)):

1
2/ ((0sh) Vibs A xchbs) = =2 = 2 [[WVsbsllFay
; ,

For the fourth term in (4.9) we integrate by parts and use (4.5)):

/h2<d:€dabs/\*6bs> _ /h2<da e dabs A by)
Y Y
S / 20 dh A (xedabs A bs) + || dabsl|2 ) o
Y b
> —2e — gllh dabs[|Za(y) ¢ + 12 dabsl| 2y o

= %+ Lllh dabslZagy.

Putting this all together, and using d,bs = — *. Vsbs, we get
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¢ = Vahbe) By — Coe /yh2<*6 [bs A bs] A by

> —(Che — / R% (% [bs A bs] A xcbs)
Y
By adding (C2 4 2Cp)e to both sides we recover the claim and this finishes the proof of
the first derivative bound (4.2)).

To finish the proof of the proposition, we need to prove the following bound on the

second derivative:

IV2Fallr2(r)c < CllFallz2(0).e

This is very similar to the proof of (4.2), so we only sketch the main points. The
analogue of (4.6]) for this case is

1 R
0< §HV§FAH%2(K),E < 2Co|!thbsH%2(m,e + [R g(s) ds,

where we have set

gi(s) = _3/Yh2<vsbSA[vsbsAbsD+/Yh2<[bsAbs]Av§bs>.

Then (4.8) continues to hold with g replaced by g;. Set

1
e1(s) = 5 1AV sbs|I T2y c

and, just as before, one can show

€1(s) + Doei(s) > Diga(s)

and the result follows from Lemma .14 O

Lemma 4.1.4. Consider functions e, f,g : Brir — R, where B, := (—p,p) C R, and

assume these satisfy

e >0 isC?;
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° szisC'O;

e g is CY and satisfies

/ g > 0,andg(s) > 0fors € By, \BR.
Br

Suppose

9(s) < f(s) +€"(s), s € Bryr

Then

4
/ g S/ f+ *2/ €.
Br BRrir T JBRr4r\Br

Proof. This is a variation of [24] Lemma 9.2], and is proved in essentially the same way.
However, we recall the proof for convenience.

By considering the rescaled functions

e(s) =elrs),  fls)=r2f(rs),  gls) =r>g(rs),

(which satisfy § < f + "), it suffices to assume r = 1. The positivity conditions on f

and g give

IN

Lo Lir = Lo

LR '(-R
= /Rﬂ@e—e( +s)—€(—R—s),

for all s € [0,1][] Note also that we have

% (e(R+s)+e(—R—5s)) = €(R+s)—€¢(—R—25s)

In particular, integrating in s from 1/2 to ¢ gives

'Tf we know that ¢’ = 0 on Bry1\Br, as we do in the proof of Proposition , then this proves
the result of the Lemma.



124

;</ig—/zﬂl f) < e(R+t)+e(—-R—1t)—e(R+1/2) —e(—R—1/2)
< e(R+t)+e(—R—1)

by the positivity of e. Now integrate in ¢t from 1/2 to 1:
1 R R+1 1
4—/ g—/ f g/ em+ﬂ+d—R—ﬂ:/ .
4 \/-r —R-1 —1/2 Br+1\BRry1/2

4.2 Convergence to holomorphic strips

This section establishes a convergence result which will be used in the proof of the Main
Theorem. It provides sufficient conditions for a sequence of instantons to converge, in
C° on compact subsets of R x I x X, to a holomorphic strip with Lagrangian boundary
conditions.

The simplest version of the theorem holds for connections on R x Y. However, for
applications we will need to consider slightly more general domains. These will be of

the form (R x Y)\ UK, Sy, where each S, C R x Y is either a point or a slice:

{(sksyx) } CRXxY, point
{(skstrson)} CRx(0,1) x ¥e point

{sk} x Y, CRxY, slice
{(sk,tr)} x Be CRx(0,1) x X4 slice
Each Sy induces a shadow, S’k, in R x I defined as the projection to R x I of the

intersection Sy MR X I X X,
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{(sk,0), (s, 1)} if S = {(sk, )}
{(sksth)} if S = {(sk, tr, on)}
Sk = (4.10)
{(sk,0), (s, 1)} if Sp = {s} x Yo
{(sksth) } if Sp = {(sk: 1)} x Zo.

The key point is that UpSp, is always a finite set of points.
To state the theorem, we also recall from Lemma that the L?-orthogonal

projection

proj, : Wh (T*S ® P(g)) — (Im do & Im &) = ker dy, Nker d¥,

is well-defined whenever ¢ > 1 and ||Fy||zq(x) is sufficiently small. Let 75, : R x Y —

R X Y be the map given by translating by sg € R, as described in section

Theorem 4.2.1. Fiz 2 < g < co. Let Q be as in Remark and suppose { S}, is

a finite collection of points or slices Sy C R XY as above. Write S for the shadow of

Sk as in , and set

X :=RxY)\ U Sk,

X = (R x I)\ U S

Assume that all flat connections on Q are non-degenerate, and fix a™ € Agat (Q).
Suppose (€,),cy 15 a sequence of positive numbers converging to 0. In addition,

suppose that for each v there is an €,-ASD connection

ay(8,t) + du(s,t) ds+ (s, t) dt  on {(s,t)} x Xe
ay(s) + pu(s) ds on {s} x Y,

A, =

in All’q(R X Q), which satisfies the following conditions:

oc

e cach A, limits to a* at +00
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Jim (u5)" Avlayy = a®, for some u € G5*(Q),

e for each compact subset K C X, the slice-wise curvature terms decay to zero

| Fo, Nl oo (i) + 11 Fay |l £oo () — 0.

e for each compact KcC X, there is some constant C = C(k) with

sup ||p1"0ja,, (Osa, — da, dv) HLQ(Z.) <C.
K

Then there exist a finite sequence of flat connections

{ai =a%ad',.. .0’ e = a+} C Agat(Q)

and, for each j € {1,...,J}, a continuous connection

ol (s,t) + ¢ (s,t) ds + I (s, t) dt  on {(s,t)} x X,
a’(s) +p'(s) ds on {s} x Y,

Al =
in Allo’q(R X @), which

C

(i) is holomorphic:

Dsad —dy; ¢’ + % (&faj - daﬂpj) =0,Fy =0,

(ii) has Lagrangian boundary conditions:

F,; =0,

(iii) and limits to the flat connections /', a/ at 4oo:

. . * . . . 2’
Jim (o) W]y = o, for some ul € G37(Q),
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lim (uj_)* Aj|{5}><y =a’ L, for some v’ € gg’q(Q).

S§——00

Moreover, after possibly passing to a subsequence, the A,, converge to A’ in the following

sense: There is a sequence of gauge transformations u, € ngo’g(]R x @), and, for each j,

a sequence s), € R such that

— 0
CO(K)

(iv) Hozj - uiT:Za,,

250

(v) supy H((‘?saj —dpi ) — Ad(ul,)T:]yvprojau (Osvy — do, b)) L)

for all compact subsets K C X and K c X. In item (iv) above, the gauge action
is the (s,t)-pointwise action of u,(s,t) € G>9(P,) on connections over the surface
Y. Furthermore, the energy of this limit is bounded by the energy of the sequence of

mstantons:

J
Jj=

. ) 1
E(A’) <sup hmsuprFAVH%z(K) . (4.11)
1 K v—oo 2 ’

where supy is the supremum over all compact K C X, and

) 1 . .
E(A7) == 0507 — d ;¢ |2
2 JRxIxS.

is the energy of the holomorphic curve AJ.

Remark 4.2.2. (a) The same proof we give here carries over with only minor nota-

tional changes to the following situation. Set

X =Rx {Y Uay ([O, 00) X 8Y)}

or

X =CxX



128

for some compact connected oriented elementary cobordism Y, or closed connected ori-
ented surface . Suppose, for each v, we have an open set U, C X which is a de-
formation retract of X, and with the further property that the U, are increasing and
ezhausting: U, C Uy,41 and X = U, U,. Then the statement of Them"em contin-
ues to hold if we assume that A, is defined on U,. In this case we cannot assume that
the connections A, have fized limits at oo, so there is no analogue of item (iii) from
Theorem [{.2.1] for these domains, and it is sufficient to take s, = 0 for all v. We also
do not need to have any non-degeneracy assumptions on the flat connections on the

bundle @, since these assumptions are only used to prove item (iii).

(b) The projection operator appearing in conclusion (v) of Theorem is a little
awkward. However, it can be removed at the cost of weakening the sup norm to an LP

norm. Indeed, we have

v

— 0

[ [[(00? = dus?) = Ad(uw )7, (Duct, — doy60)

P
L2(Z)

for any 1 < p < oo, after possibly passing to a further subsequence. To see this, set

ﬁs,y = asau - da,,¢z/-

It suffices to show

Je

By , we have the following s, t-pointwise estimate:

‘ﬁs,u - projaVBS,V||§2(E.) — 0.

1Bo = P10ja, Bowllzzsa) < C (IdayBowllram) + lda, * Boullzzs,))

= C(IVswFullrzma) + [VewFo,llr2s,)) -
Consider the sequence of maps

RxI —s L*P(g)) 12)

(s,t) —> «VsF,,



129

By Remark[{.1.9 there is a uniform bound

HvsvsFau”LQ(KxE.) + ||vtvsFocu”L2(K) <C (CS(CF) - CS(Cﬁ))

for each compact set K C R x I. In particular, by Sobolev embedding in dimension 2,
we have that the sequence is bounded in W2 and so a subsequence converges
strongly in LP on compact sets, for any 1 < p < oo. The same argument holds for

*V, 1 Fa, and so we have

J 1B = Brota, el < € [ IVawFo a5, + [VeaFo sy — 0

as desired.

Proof of Theorem [{.2.1. We will begin by proving the theorem but ignoring the R-
translations. We will show that the sequence converges, in the sense of items (iv) and
(v), to a single limiting connection A, satisfying (i) and (ii). (This will, for example,
take care of the proof of the types of domains described in Remark (a).) Once we
have proven this, then we will describe how to incorporate R-translations to obtain the

broken holomorphic trajectory (A!,..., A7) with the limits specified in (iii).

We use the notation

/83,1/ = asalz - day¢l/a Bs,oo = 6sOéoo - daoo gboo

By the assumption on the curvature of the «,, it follows that Theorem applies
to au(s,t) for each s,t and v sufficiently large. Let NSp, be the map constructed in

Theorem for the bundle P, — ¥;. Define a map

vy Rx T —s M:=M(P) x...x M(Py)

in terms of its coordinates by using Il o NSp, to project o :

vy(s,t) := (Lo NSp, (aw(s,t)]s,),..., o NSp, (aw(s,t)|sy))-
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Then Lemmas [3.1.11] and [3.1.12] imply that v, is holomorphic.

Claim 1: The v, have uniformly bounded energy:

sup sup |9sv, |3 < 0o (4.13)
v K
for each compact set KcX= (R x I)\ Ug Sk

At each (s,t) € K, we have

05y (s, t)ﬁ\/[ = ‘asvl/ﬁw

Z |05 (IT o NSPZ'(QV))HQL?(EZ»)
= Z | Dq, (Il 0 NSPi)(asau)”%?(Zi)

= Z ”Docu (ITo NSPi)(ﬁs,u)H%Q(Ei)

where the last equality holds by Lemma [3.1.12] since Osa, and 3, , differ by an exact 1-
form. Similarly, by definition of the projection, the 1-form 3y, differs from proj,, 8s. by

an element of Imd,, &Im *d,, , and this difference is also in the kernel of Dy, (IloNSp,)

by Lemma [3.1.12, Hence

Osvu[is = D I1Da, (Lo NSp,) (proja, Bsu) I 22(s,)
i
LemmaB112 < () Z HprOjalﬁs,uH%Q(gi)
i

= COHPTOJa,,ﬂs,V||%2(z.)

< C,
where the last equality holds because ¥, = L;%; (by definition), and the last inequality
holds with C; = CyC (C' is as in the statement of the theorem we are proving). The

constant Cy = Cl(K ) is independent of s, ¢, v and so this proves Claim 1.
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By the holomorphic condition, we have that d;v, is uniformly bounded on compact
subsets of X as well. In particular, {v,} is a C'-bounded sequence of maps for each
compact K c X. By the compactness of the embedding C' — CY for compact sets,
there is a subsequence, still denoted by {v, }, which converges weakly in C!, and strongly

in CY, on compact subsets of X , including the boundary:

v, % v,  weakly in C'! on compact subsets of (R x I)\ U Sk

for some vy € Cl(X ,M). By the weak C'-convergence, it follows that v, is holomor-

phic as well

OsVso + #0400 = 0.

By the removal of singularities theorem for holomorphic maps [30, Theorem 4.1.2 (ii)],
Voo extends to a holomorphic map on the interior R x (0, 1) (this uses the fact that the
shadows Uy S form a finite set). It also follows that v is C°° in the interior R x (0, 1)

[30, Theorem B.4.1].

Remark 4.2.3. We can actually say quite a bit more: The uniform energy bound
given in Claim 1 implies that, after possibly passing to a further subsequence, we have
that the v, : R x I — M converge to vs in C°° on compact subsets of the interior,
X NR x (0,1) (see [30, Theorem 4.1.1]). In particular, this automatically proves item
(v) for KcXNRx (0,1). However, for applications we will need to prove (v) for
KcX (all the way up to the boundary 0X C {0,1} x X,), which requires a more

careful analysis. (See Claim 4.)

Claim 2 below states that v, has Lagrangian boundary conditions at XNRx {0,1}.
This will follow because the v, have approrimate Lagrangian boundary conditions. To
state this precisely, consider the product M(Q12) x M (Q23) X ... x M(Qn1) of moduli
spaces of flat connections on the Q;(;41). For each Q;(;11), the restriction to each of the

two boundary components provides two maps

Oi0 : M(Qi(iv1)) = M(P;),  0Oi1: M(Qiii1)) = M(Pit1).
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Fix j = 0 or 1. Then the {0; ;}, piece together to form an embedding

aj Z:M(ng) XM(QQ?,) X ... XM(QNl)‘—>M

and the image, which we denote by L;), is Lagrangian by Theorem [2.2.16, (See section
(2.3]) for more details on this restriction.)

Claim 2: For each s € X NR x {0}, the sequence {v,(s, )}, converges (in the standard
metric on M) to a point in Ly, for j € {0,1}. In particular, v has Lagrangian

boundary conditions

The hypothesis that the norms ||F,,||co decay to zero on compact sets away from
the Sy implies that Theorem applies to each a,(s) for all v sufficiently large and all
se XNRx {0} (after applying suitable gauge transformations as in Corollary D

For each i, let I1 o HeatQi( be the map constructed in Theorem Define

i+1)

6, XNR x {0} — M(Q12) x M(Qa3) % ... x M(Qn1)

EV(S) = (H o HeatQm (aV(S)’Ym) yooes1lo HeatQN1 (a’V(S)’YNl)) :

Composing with 9;, for j = 0,1, gives a path in the Lagrangian L ;):

lyji=0;0l,: XNRx {0} — L C M, j=0,1.

To prove the claim, we will show

20One may be concerned that since A, is only assumed to be W7 with ¢ > 2 possibly small, it may
not be the case that the codimension-1 restrictions a, (s) are in W2 on Y., and so Theoremdoes
not apply. We can get around this as follows: Since A, is an €,-ASD connection on a 4-manifold, it is
gauge equivalent to an €,-smooth connection A, [5I, Theorem 9.4]. The restriction Aj |y, is smooth
(so W'?), and A!, enjoys all of the same properties we assumed of A,. So replacing A, by A, does the
trick.
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sup  distas (6,5(s),vu(s,4)) — 0, (4.14)
se KNRx {0}

for every compact KcX , where dist ;s is the distance on M given by the symplectic

form and the holomorphic structure determined by the Hodge star. Similarly, distys(p,)

is the distance on the symplectic manifold M (P;), and these determine distys in the

usual way. The proof of (4.14)) is just a computation (for clarity, we use IIp to denote

the projection Aga(P) — M(P)):

<

sup, distas (E,,,j(S), UV(Suj))Z

Supg Z diStM(Pi+j) ({HQi(i+1) o HeatQi(i+1) (al’ (3) ’Yi(iﬂ))} ’ZH»J'?
1

Ip,; oNSp, (a” (5,9) ‘Eiﬂ))Q

SuPs Z diStM(PH—j) (HPi+j {(HeatQi(i-H)aV(S)|Yi(i+1)> |Ei+j} )
7

s, (350, (o s 1

2
L2(3i15)

Sups Z H (HeatQi(i+1)aV(S)|Yi(i+1)) |Ei+j o NSPZ’H’ (aV (Sa ]) |Ei+j)’
i

The last equality holds because restricting a flat connection on Q;(;41) to the boundary

commutes with harmonic projections Ilg,

and lp, ;. The inequality holds by the

i+1)

definition of the distance on the M (F;), and because II;;; has operator norm equal to

one. By the triangle inequality, we can continue this to get
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sup, distas (€y5(s), Ul/(saj)>2

< sup, Z {H (HeatQi(Hl)a,,(s)m(iH)) IS0y, — (au(S)|Yi(i+1)) b i2(2i+j)
1
+ H (a’/(s)|Yi(z‘+1)) ‘Eiﬂ' - NSPHJ’ (OW (5,7) ’Zi“) ;(Ziﬂ')}
< Sup, Z {H (HeatQi(i+1)aV(8)|Yi(i+1)> |2i+j o (a”(s)’Yi(”l)) |Ei+j ;(Eiﬂ')
1
+ ’ ay (8,7) 25, — NSpy, (a” (5,7 ‘E"“) ;(Em‘)} '

The second part of Theorem [3.2.3| shows that the first term in the summand goes to
zero as v — 00, since F,, converges to zero in C° (uniformly in s). Similarly, the
second term in the summand goes to zero by Proposition This verifies and
proves that v, has Lagrangian boundary conditions away from the boundary shadows
Sp MR x {0,1}. Since this set is finite and away from it the map vy is holomorphic
with Lagrangian boundary conditions, we can apply the removal of singularities theorem
again to deduce that v, has Lagrangian boundary conditions on all of R x {0,1}. This

proves Claim 2.
Claim 3: There exists a smooth lift oo : R X I — A;lft(P.) of Voo : R X T — M.

Write voo = (vk,...,vY) € M(Py) x ... x M(Py). For each i, the map II :

Aé’aqt(Pi) — M(P,) is a principal Qg “/(P;)-bundle, and pullback by v¢_ provides a bundle

over R x I:

. *
(vi) AR (P) — Rx L.
Sections of this bundle are exactly lifts of v’ . Since the base is contractible, the space
of smooth sections of (vf)o)* Aéft(]%-) is homotopic to the space of smooth sections of

the gg’q(Pi)—bundle over a point. The latter is clearly non-empty, and so the former is

non-empty as well. This proves Claim 3.

By exactly the same type of argument, the boundary conditions of v, together with

the injectivity of the embeddings M (Q;(;41)) = M (P;) x M (P;+1) (see Theorem [2.2.16])
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provide the data for a smooth lift as : R — Afli’aqt(Q.). Then ay and a are unique
up to gg’q—gauge transformation, and it is possible to choose them so that they match
up along the seam. Then by Lemma the 0-forms ¢oo, VYoo : R x I — WH4(Py(g))
and ps : R — Wh4(Q4(g)) are all uniquely determined by aeo, as via items (i) and

(ii) in the conclusion of the proposition. These patch together to form a continuous

q

. 1
connection Ay, € A}/

(R x @). It remains to prove items (iii), (iv) and (v). We save

(iii) for the end.

Item (iv) follows by transferring the C° convergence of the v, to a statement about
the a,,. To spell this out, first note that, because M is finite-dimensional, we can choose
any metric we want. To prove (iv), it is convenient to choose the metric induced from
the CY norm on the harmonic spaces (recall that the tangent space to M at [a] € M
can be identified with the harmonic space H}). In particular, the C° convergence of
the v, to v immediately implies that, for each (s,t), there are gauge transformations

uy(s,t) € gg’q(P.) such that

Szp Z ”u;’;NSPZ (au) - aooHZCO(EZ.) — 0, (4.15)
7

for all compact K C R x I (here the gauge action is the point-wise action of wu,(s,t)).
By perturbing the gauge transformations, we may suppose that each u, is smooth as a

map into gg’q(P.). This gives

2 2
|y — OéooHoO(sz.) < 4supg Z {HU;EOCV — u,NSp, (avch(zi)
i

+ [ NS, () = asollZo(ss |

<  C supg Z {HFau Hi‘o(&)

+ [[upNSp () = oo [0,

where the last inequality follows from Proposition This proves (iv).
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Claim 4: For each compact K c X, there is a uniform W32-bound

Sup HUI/”W&Q(K) <C.
14

Before proving Claim 4, we show how it is used to prove item (v) in the proposition.
First of all, by the compact Sobolev embedding W32 < C!, Claim 4 implies that, after
passing to a subsequence, the v, converge to v, in C' on compact subsets of X. In
particular d,v, converges to Jsvs in C? on compact subsets. At this point, the proof
is formally much like the proof of item (iv), except we use Corollary instead of
Proposition [3.1.9] Explicitly, this is done as follows: The appropriate lift of Jsvo to
T AY(P,) is fBs,00, since it is the harmonic projection of Jsa (see Lemma .
Similarly, the appropriate lift of dsv, is the harmonic projection of D,, (NSp,) (9say).

This harmonic projection is exactly

Dq, (ILo NSp,) (9suy).

since D,II = proj, whenever « is flat. Moreover, the image of d,, is in the kernel of

D,, (IIoNSp,), so we may equally well use

Dau (H © NSP«;) (ﬁs,u)

as the harmonic lift of dsv,,. Then the C° convergence dsv, — Osvoo implies that

sup Y [|Bs.00 = Ad(w) Do, (Lo NSp) (Bs) |75,y = 0, (4.16)
R

for any fixed compact K ¢ X (we have chosen to use the metric given by the L? norm
on ¥, though any LP norm with 2 < p < oo would work just as well). The gauge
transformations that appear here are exactly the ones from the proof of item (iv), and
arise from the fact, since uja,, converge to aw, the harmonic spaces Ad(u,(s,t))Hy, (s )

converge to H, (5. For each (s,t) € K and 1, the triangle inequality gives
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Hﬁs,oo - Ad(uv>pr0jal,/65,z/HL2(Ei) < H/Bs,oo - Ad(“V)DaU (H o NSPZ) (’8571’)|’L2(E.)

+ HDau (ILo NSp,) (Bs,v) — proj,,, (BS,V)HLz(E.)

IN

H/BS7OO - Ad(uV)‘Dau (H ° NSPZ) (/687’/)||L2(E.)

+f(aw)|[proja, (Bsw) ll2(x)
where the last inequality is Corollary That corollary states that f(a,) — 0
uniformly in s,¢, as v — 0. Recall that we have assumed in the hypotheses that
[proja,, (Bsw) [l L2(x) is uniformly bounded by some constant C', so summing over i and

taking the supremum over (s,t) € K gives

sup 22 [|Bs,00 — Ad(u,,)projauﬁs’,,HiQ(Ei)

S Supf{ Zz Hﬁs,oo - Ad(uu)Dau (H © NSPi) (/BS,V)H%%Z].) + f(al/)QC'

This goes to zero by (4.16)), and proves (v).

To prove Claim 4, and thereby complete the proof of item (v), we need to bound all
mixed partial derivatives of v, up to degree 3. Since v, is holomorphic, this reduces to
finding uniform bounds for the first, second and third s-derivatives of v,. Writing v, =
I o NSp(ay,), we want to translate derivatives on v, into derivatives on a,, € AY(P,).
Note that we have the freedom to choose a convenient representative in the gauge
equivalence class of A,. The components of Osv, in M(P,) = M(Py) x ... x M(Pn)

are given by

Dq, (ITo NSp,) (9sa,) = Dq,, (ILo NSp,) (ﬁsw) )

where the equality holds because dsc, — 35, is an exact 1-form and so lies in the kernel
of the linearization D,, (I o NSp,). By Theorem (iii), the L%-operator norms of

the operators Dy, (Il o NSp,) are uniformly bounded, so to bound [9sv, | it suffices to
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bound ||5s,,|| 2. However, this is a component of the energy of A, and so is uniformly

bounded a priori:

_ 2
HBS VHL2 Kx%e) ’ L2(KxZa) 60

IN

1P s,

(4.17)

IN

2
HFAV”LQ(RXY),eV

= 2(CSa(a™) = CSqy(a™)).
(For more details, see the proof of Corollary ) This provides uniform bounds on
the first derivatives of the v,,.
The second derivatives are similar: By the product rule, the second s-derivative of

the components of v, are controlled by the following term:

D2 (ILoNSp,) (Bsp: 0saw) + Do, (ILo NSp,) (955,
(4.18)
= D2, (I1oNSp,) (Bss Bsw) + Day (1o NSp,) (9,55.)
where the equality holds because II o NSp, is gauge-equivariant, and so Im(d,) lies in
the kernel of the Hessian D?(IT o NSp,). Consider the Hessian term in (4.18)). Lemma
says that the L?-operator norms of the operators Diy (ITo NSp,) are uniformly

bounded, and so bounding the Hessian terms reduces to bounding

(KXe)’
which we have already done in (4.17)). To prove Claim 4, it therefore suffices to bound
the other term in (4.18)):

Da,, (H © NSP,) (8868,1/)-

As before, since Dy, (Il o NSp,) is uniformly L?-bounded as an operator, it suffices to

bound |05, || 2. For this, we exploit the gauge freedom and assume that ¢, = 0 (i.e.,
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A, is in temporal gauge). Then 05 = Vg, and it suffices to bound

”asﬁsHLz(f(xzi) - HVsBsHLz(szi)
That this is uniformly bounded is exactly the content of Corollary So we have

bounded the second s-derivatives of the v,. The bound for the third s-derivatives is

similar. This completes the proof of Claim 4, and so also the proof of item (v) in

Theorem [4.2.1]

It remains to prove item (iii) and the energy bound . Note that all of the
analysis we have done so far remains valid. The only catch is that it may be the case
that the limiting connection A is constant (so all of the energy in the sequence escapes
to +00). To get around this, we need to translate by just the right values to make sure
that the energy does not escape. This type of result is standard, and we include a sketch
for completeness. See [38, Proposition 4.2] for more details. Before defining appropriate
real numbers s, used for this translation, we make a few preliminary remarks.

First of all, the hypotheses on the A, are translation invariant. That is, we may
replace A, by 75 A,, for any real number s, € R, and the proof up until this point goes
through without a problem.

Second, since we have assumed that all flat connections on ) are non-degenerate,
it follows from Theorem that M(Q), the moduli space of flat connections on
Q — Y, is a finite set of points. By Proposition this moduli space maps onto
the set of Lagrangian intersection points L N Ly C M(P,) (see also Remark
(a)). In particular, the set L) N Ly is finite. Let €g > 0 be small enough so that
the €p-balls centered at the p; are mutually disjoint: Be,(p) N B, (p') = 0, for distinct
p, 0’ € Loy N L.

Lastly, note that for any s, € R, the map NSp, commutes with translation:

NSp, (75, o) = 75 NSp,(a) = 75 vs.

By assumption, each A, converges at +o00, modulo gauge transformation, to the flat

connection a*. Since the maps NS p, preserve flat connections, it follows that each v,
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converges, as s — 100, to the intersection point

p* = ¥([a¥]) € Loy N Ly

associated to a*, where U : M(Q)/Hy — Ly N Ly is the map from Proposition m
which identifies the generators of the Floer groups. The same holds true if we replace
A, by 75 A, for any s, € R. That is, 7 v, converges to pt as s — +o0, for any s, € R.

With these remarks out of the way, define s, as follows:

8, = sup {5 € ]R‘ distarcp,) (P, vu(s,t)) > €0,  for some t € I} )

Then for each v we have

distarp,y (07, (78,v0) (5,1) =€Vt €1,Vs <0, (4.19)

and

distprcp,) (7o v0) (0,8),p7) =€ VeI (4.20)

Then the discussion above shows that, after passing to a subsequence, the translates

75 vy converge to a limiting holomorphic strip v!, and this must satisfy

lim v'(s,t) =p =:p°

S§——00
for all t, by (4.19). The equalities expressed in (4.20) and the definition of €y, show

that v1(0,) is not at a Lagrangian intersection point. In particular, v! is non-constant.

1

Since v! is a holomorphic strip, there is some intersection point p' € Ly N L1y with

lim v'(s,t) = p',

S—00
(see section [2.3)). This also means that the v, become arbitrarily close to p!.
Next, repeat this procedure with p' replacing p®. It follows that a suitable transla-

tion of the v, converge (after passing to yet another subsequence) to holomorphic strip
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v? which limits to p' at —oo. It must also limit to some other intersection point p? at
+00. Moreover, due to the C' convergence, it follows that we have an energy bound

E(w*% K) <limsup E(v,; K) — E(v'; K)
v

~

for every compact K C X (see [37, Corollary 3.4]). Here we are using E(v, K) =
%/ |850|%; to denote the energy on the set K.

K

Continuing inductively, we obtain a sequence of intersection points p/ and non-

constant holomorphic strips v/ with

lim o/ (s,t) =p/ L, lim v (s,t) = p’.

S—>—00 S5—00

and

ZE(vj;K) < limysupE(vl,;K) (4.21)
J
for all compact K c X. This shows that there can only be a finite number of strips v7:
Each non-constant holomorphic strip carries a minimum allowable energy A > OE| The
right-hand side of is bounded by CSy,(a™) — CS4,(a™), the total energy of the
instantons, so there can only be finitely many terms on the left-hand side.
Finally, lift each intersection point p’ to a flat connection @’ € Aga:(Q), and lift

each holomorphic strip v/ to a connection A7 as we did when we defined A, above.

The energy bound (4.11)) follows immediately from (4.21]).

4.3 Proof of the Main Theorem

In this section we carry out the proof of the Main Theorem [2.4.1] Our overall strategy
is to show that the hypotheses of Theorem are satisfied with each Sj = () empty,

at which point the Main Theorem essentially follows immediately. This will be carried

3By reflecting each strip one can compute that this is one-half the minimal amount for holomorphic
disks and one-quarter the amount for holomorphic spheres; see [30, Proposition 4.1.4] and the proof of
[30, Lemma 4.3.1 (ii)].
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out in two stages. The first is to show that if the hypotheses of Theorem [£.2.1] are not
satisfied, then we have energy quantization (defined below). The second is to show that
any energy quantization is excluded a priori by the hypotheses of the Main Theorem.

Throughout this discussion, we fix the following notation: Let ) — Y be as in

Remark and we decompose Y = Y, U(I x 3,) as a union of cylindrical cobordisms

I xXYe=1xU;%;

and non-trivial cobordisms

Yo = Uit

We write Qe := Qly, and Ps := Q[{o}xx, -

For a connection A on R x () we will use the notation

a+odds+1vdt onRx I x X,
A= ¢ v (4.22)
a+pds on R x Y,

and

Bs = 0sa —da¢, By =0 —datp, =00 — 00— [, ]

bs = 0sa — dgp.

We use analogous notation for the components of A4, Ay, A,, and A, which will appear
later on in our analysis. See Remark[2:3.6] It will be notationally convenient to consider
¢,1,p as being defined on the whole manifold R x Y by extending them by zero.
Likewise, we consider F,, and F, as being defined on all of R X Y as being extended by

zero. Note, however, that these extensions are typically not continuousﬁ

4Though we will not be using this perspective, perhaps it is worth pointing out that we can think of
these extension of F,, (resp. F,) as being the curvature of some o’ (resp. a) where al'{(s,t)}xE. = a(s,t)

(resp. o/|{s}xy. = a(s)) and is a flat connection on each {s} x Yo (resp. {(s,t)} X X).
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4.3.1 Energy quantization (bubbling analysis)

As described above, our goal is to show that the hypotheses of Theorem [4.2.1] are
satisfied. In the current section, we show that if these hypotheses do not hold, then
this implies energy quantization: there is a subset S C Rx Y and a positive constant
h > 0, depending only on the group PSU(r), such that for every neighborhood U of S,

the energy

1
f/<FA/\*€FA>Zﬁ
2Ju

is bounded from below. Here *. is the Hodge star defined with respect to the e-
dependent metric. In our cases, the set S will either be a point or a slice {sp} x Yitis1)

or {(so,t0)} x X, as described in the beginning of section

Fix limiting flat connections a® and a real number ¢ > 2. For sake of contradiction,
suppose the existence statement in the Main Theorem does not hold. Then there is
a positive number dg > 0, a sequence of positive numbers €, — 0, and, for each v, an €,-
ASD connection A, descending to the zero-dimensional moduli space M\Qey o([a™],[a™]),

and such that

o — asslleox xsa) = do

for all Ay, € AM(R x Q) satisfying (i) and (ii) from the Main Theorem and for
some compact K C R x I. Since g > 2, by applying a suitable gauge transformation in
leo’g(R X ), we may suppose that A, is €,-smooth [51, Theorem 9.4]. (Equivalently,

we may assume that (F'*)*A, is smooth with the standard smooth structure on R x Y,

where F€ is the map (2.5)).)
Let proj,, be as in Lemma Observe that if the curvatures

[ Fo | oo @xy) + ([ Fa, | Lo @xyy — 0

converge to zero, and if the term
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sup [|proja, Bswllr2(z,) < C
RxI

is uniformly bounded, then Theorem applies (with the Sy all empty), and provides

us with a contradiction. It therefore suffices to rule out each of the following cases:

Case 1 [[Fy, [|Loc®xy) + [[Fa, || Lo ®xy) = 005
Case 2 [[Fy, [|Lo®xy) * [[Fa, [ Lo @xy) = A > 0;

Case 3 [|[Fy, [|L=®xy) * [|Fa, [ Lo @®xy) = 0,

but supgy s Hprojayﬁs,l,ﬂp(z.) — 00.

We rule these out by showing that each leads to energy quantization. In section

below, we will show that any energy quantization leads to a contradiction.
Case 1: Instantons on S*.

In this case we identify a point in R X Y where the curvature diverges (a blow-up
point). We will then conformally rescale in a small neighborhood of this point to show
that a non-trivial instanton on S* bubbles off. The energy of such instantons cannot be

arbitrarily small, so this implies energy quantization for this case. Here are the details:

By passing to a subsequence, we may assume the L°-norm of each curvature is

always achieved on ¥; or Yj(;;.1) for some i (same i for all v):

[ Fo, |eo ®@x1x5i41) + 1 Fau Lo ®xYipny) = 1Fau L ®xy) + [ Fa, | Lo ®xy)-
(i+1)

Find points (s,,t,) € R x I with

1 Fos (st llLoomipn) + 1o sl 2o (viiiny) = 1Faullnee@xy) + [1Fa, Lo ®xy)-
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This discussion is translation invariant, so we may suppose s, = 0. Also, by passing
to a subsequence we may suppose t, — to, € I converges. We need to distinguish the
sub-cases when the blow-up point occurs in the cylindrical part I x 3;, and when it

occurs on the non-trivial part Y1)

Sub-case 1 For all but finitely many v we have

[ Fa (50 t) |20 (511) 2 1 Fan (s0) 120 (v 1409 (4.23)

and to #0,1;

Sub-case 2 For all but finitely many v we have

[ Fo (vt lLoe i) < [1Fas)lloeviginy) (4.24)

or (4.23) holds and to =0, 1.

Without loss of generality, we may suppose i = 1 and ¢ € [0, 1).

In Sub-case 1, define rescaled connections A, in terms of its components as follows:

ay(s,t) = ales et +t)s,
&Ey(s,t) = ad(es et + tV)‘EQ (4.25)
&V(s,t) = alas et +t)s,

which we view as a connection defined on B€7177 x Y9 C CxXy, wheren = % min {teo, 1 — too},
B, C C is the ball of radius r centered at zero, and we assume v is large enough so
t, <.

In Sub-case 2 we take
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ay(s) = ay(es)ly,
ﬁl/(s) = eVpV(€V8)|Y12
B afeys, —et + 1)y, on X
ay(s,t) =
a(eys, 6,,t)|22 on Yo

(4.26)

- evPeys, —et +1)|5, on 3
du(s,t) = !

€V¢(6I/87 Gut)|22 on Yo

- e Y(eys, —et + 1)y, on 3

Uy (s, t) = !
e(€ys, 6,,t)|22 on Yo

which we view as a connection defined on R x Y12(¢,, 1), where we are using the following

notationﬁ

X(r) =X Ugx [0,7) x 0X, X :=X Uyx [0,00) x 0X. (4.27)
for a smooth manifold X with boundary 0X and for r > 0.

Remark 4.3.1. There exists smooth structures on these spaces which are compatible

i the sense that the inclusions

X(r) C X(r') C X (4.28)

are smooth embeddings for v < r'. If X has a metric g, then we will consider the metric
on X (r) and X which is given by g on X and dt* + glsx on the end. In particular,
the embeddings become metric embeddings. This will be called the fixed metric

on the given manifold, and we denote its various norms by | - |, || - ||lze, ete. If X is

5Strictly speaking, for this case we need to only consider these connections as being defined on
R x (Y12 Us, [0, e;1) X Zg). However, the next case requires that we consider them on the larger space
R x Y12(5;1), so we do so here in an attempt to better streamline the discussion.
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equipped with a bundle B — X then we define bundles B(r) — X(r) and B® — X*°

in the obvious way. Note also that we have the following decomposition

RxX®=(RxX)U(HxdX). (4.29)

In both Sub-cases, by construction, the connections A, are ASD with respect to the

fixed metric, and have uniformly bounded energy

|, <CS(am) ~CS(a®).

1
2 Fx,
Here the norm should be taken on the domain on which the connection is defined.

Furthermore, the energy densities are bounded from below:

Vv

175, Il 155, 1 + (15, [l

(4.30)
= |[Fa,llzee + [[Fa, [l 2o

In particular, the condition of Case 1 implies that

HFAVDHLOQ — OQ.

Following the usual rescaling argument [41] [12), Section 9] (see also [30, Theorem 4.6.1]
for the closely-related case of J-holomorphic curves) we can conformally rescale in a
small neighborhood U of the blow-up point to obtain a sequence of finite energy instan-
tons with energy density bounded by 1 and defined on increasing balls in R*. By Uh-
lenbeck’s Strong Compactness Theorem there is a subsequence that converges,
modulo gauge, in C* in all derivatives to a finite energy non-constant instanton Ao
on R*. By Uhlenbeck’s removable singularities theorem this extends to non-constant
instanton, also denoted by A, on a PSU(r)-bundle R — S*. Since As is ASD and

non-constant we have
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— ~ 2 — — ~ ~
0<5 [ IF;| 3 Jo (Fa A#Fs)
1
- __ <F~ A F~ >

= q4(R) e
is the PSU(r)-characteristic class. So 1 < |[F'; \\%2(34) = lim HFAVH%Q(U) .. for every
oo V—00 [

neighborhood U of the blow-up point. In particular, we have energy quantization for

this case with A = 1.

Case 2: Instantons on non-compact domains.

This case is much the same as the previous, in that instantons near the blow-up
point bubble off. However, this time the geometry of the underlying spaces on which
these bubbles form can be more exotic. The key ingredient used to show that we have

energy quantization for these domains is Proposition below.

Define A, exactly as in Case 1 above. Everything up to and including equation

(4.30) continues to hold. In particular,

liminf ||[F5 || > A > 0.

After possibly passing to a subsequence, the energy densities converge to some A’ €

[A, o0]:

HFZ,,HLOO — A

If A’ = co then we are done by precisely the same analysis as in Case 1. So we may
suppose 0 < A’ < oo, in which case we can apply Uhlenbeck’s Strong Compactness
Theorem directly to the sequence ﬁ,,, which therefore converges to a non-flat
finite-energy instanton A, on a bundle over one of the spaces R x Y or C x X,
depending on where they blow-up occurs (see the discussion above Remark for a

definition of Y7¥). We need to show that there is a minimum allowable energy
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/ Fal?>h>0
RXYS

for all non-flat instantons A on bundles over the domains C x Y9 and R x Yﬁoﬂ

We begin by briefly recalling from [12] the case C x Xo. This motivates the basic
approach for the (notationally more cumbersome) case R x Y%, Fix a non-flat finite
energy instanton A on a bundle over C x ¥5. The basic idea is to introduce polar
coordinates on the C component in C x ¥o. This allows us to view A as being defined
on the cylinder R x S! x 33 = C\ {0} x Xp. By the usual argument (see section2.3)),
the finite energy instanton A limits to flat connections on the cylindrical ends S* x Yo,
at +oo, and the energy of A is given by the difference of the Chern-Simons functional
applied to each of these limiting flat connections. To show the energy of non-flat
instantons is bounded from zero, it suffices to show that the Chern-Simons functional
only obtains discrete values. We prove this in Proposition[4.3.4] below. Also see Remark

4,99

@) &)

HXEQ HXEQ HXEl HXZQ
RXYlg

N (=)

[

(a) Polar coordinates on C x Xs. (b) Polar coordinates on R x Y%

In the case of instantons on R x Y%, we want to do a similar thing by identifying

“polar coordinates” on R x Y;%’, which will allow us to view this manifold as a cylinder

SThere is nothing special about the particular subscripts in X3 and Yis here. Indeed, these can
be replaced by any compact oriented surface-without-boundary ¥ or 3-manifold-with-boundary Y,
respectively.
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R x X for some closed oriented 3-manifold X (to do this we will need to “cut” RxY¥ in a
way analogous to removing the origin when we make the identification C\ {0} = Rx S%).
These “polar coordinates” arise by exploiting the decomposition (4.29)). In particular,

since Y19 = X1 U Xy is disconnected, we can write

R x Y = (H x 51) U (R x Yi9) U (H x T5).

The middle slice R x Y32 plays the same role here as {y-axis} x ¥ did in the previous

case.

Example 4.3.2. Suppose Y19 = I X Yo is a cylinder. If we imagine letting the volume

on I go to zero, then we recover exactly the case C X Xo described above.

The “polar coordinates” we use will restrict to the usual polar coordinates on each
copy of H, patched together along the middle strip R x Yjo. Explicitly, we define
these coordinates as follows: Begin by writing a connection A in the usual Cartesian

coordinates as

a+pds, R x Yo
a+ods+pdt Hx XUy
On H the polar coordinates are (s,t) = (e cos(6), e sin(f)), with 7 € R and 6 € [0, 7].

In these coordinates the connection A takes the form

Algys,us, = a(r,0) + ¢(7,0) dr + (7, 0) db.

The relationship between the two coordinate expressions can be written in matrix no-

tation as
a(r,0) 1 0 0 a(e” cos(h), e sin(h))
o(r,0) | = 0 e cos(d) € sin(f) é(e™ cos(6), e sin(0)) (4.31)
U(7,0) 0 —e"sin(f) e cos(h) P(e™ cos(), e sin(h))

The ASD relations in polar coordinates become
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00 — gy + + Byt — d)) = 0

0,0 — Dpd — [@, ﬂ F e % P = 0. (4.32)

The energy takes the form

1 o pmo
§||FAH%2(R><Y1°2°) = /—oo/o {Hafa_da‘b”%%&uza)
L1+ HFEH%Q(ZIHEQ)} o dr

> 2
+/_ ||FQHL2(Y12) ds

We then view R x Y5\ {0} x Y12 as a cylinder in the following way: The domain
R x Y3\ {0} x Y12, is foliated by a family of closed connected 3-manifolds, where each

leaf of this foliation is diffeomorphic td7]

X = ?12 Us, ([O,W] X 21) Us, Yio Us, ([O,W] X 22) Us, - (4.33)

This is a cyclic decomposition, so the right side wraps around and glues onto the left

side, just as in (2.2). Then polar coordinates provide a map

t:Rx X < RxYZ,

which is an embedding onto the complement of {0} x Y72 in R X V|3 (the Rin R x X

is the radial parameter 7, whereas the R in R x Y|¥ is the parameter s).

"Strictly speaking, X is only a C'-manifold. It is perhaps easiest to see this by reducing the
dimension. So suppose Yi2 = [ is an interval, which means we take the ¥; to be points. Then X
is obtained by gluing the end points of two semi-circles to the endpoints of two line segments. The
result is a topological circle. Consider the tangent lines to the semi-circles near the endpoints. These
tangent lines approach a horizontal line at the endpoints, but only in a C° sense. So we only get a C*
manifold X. To get a C*° manifold, one would need to perturb the polar coordinates slightly so that
these tangent lines converge in C'°°. We leave the details to the reader.
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[0, 7] x 3 [I‘p,w] x ¥q

Example 4.3.3. As in example [.3.9, suppose Yio = I X Yo is the trivial cobordism.
Then R x Y5 = C x X9, and X = S x X. In this case, the foliation is provided by a
family of embeddings S' x ¥ < C x X, defined by embedding S* < C as a circle of

some radius T > 0.

In our situation, Y79 is not a trivial cobordism, but the discussion of the previous
example carries through. Namely, the polar coordinates on H x ¥ UX, provide a family
of embeddings ¢, : X — R x Y%, For each 7 > 0, the restriction of A to the image of
L+ defines a continuous connection @(7) on the closed oriented 3-manifold X. In terms

of the polar coordinates defined above, we can write

a(—e") on Yo
a(r,:) +¥(r,)dfls, on [0,7] x X4
a(e”) on Y1z

(1,-) +¥(r,-) df]s, on [0,7] x o

]

Then if A is an instanton on R x Y{3’, we have

1

5 ’FA‘Q = / /<FE(T)/\876(T)> dr
2 Jrxvy —oo X

— /OO {/}((dao (@(r) —ao) A 0-a(r))

— 00

(4.34)
Lo

+3ar) ~ @ na(r) - a nda(r) } dr
© d

= » ECSEO (@(r)) dr
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for any fixed reference connection @y on X, which we may assume is flat.

+

We want to be able to say that there are limiting flat connections @= over X with

lim a(r) =a .
T—F00

This would be immediate if A pulled back under

t:Rx X <> RxYY

to an instanton on R x X with respect to the usual metric on R. However, since A is
an instanton on R x Y% with respect to a product metric ds? + g, its pullback ¢*A is

an instanton on R x X with respect to the pulled back metric

e2Tdr? + g = L*(d52 +9),

and this is enough to conclude that @(7) limits to a flat connection at +oo. Indeed,

consider the restrictions

Zn = L*A‘ [n,n+1]xX

for n large. View each A, as being defined on [0,1] x X. Then, with respect to the

fixed metric dr2 + ¢’ on [0,1] x X, this satisfies

2 = 7 “ Pl
Iz 22 o yxxyarrcy = NEallz2(nmri)xx)arreg + 108 = dabllLa f nsyxx) arztg
< e (HFEH%Q,dTQ*Fg/ + ||0a — dﬁpH%Q,L*(ds”g))

< 6_n||FAHL2,d32+g'

Since A has finite energy, this shows HFZHH%Q([O 1 , converges to zero. By

xX),dr2+g
Uhlenbeck’s weak compactness theorem, it follows that a subsequence of the A, con-
verges, after composing with suitable gauge transformations, to a flat connection A"

on [0,1] x X as n — co. Write AT =gt +pTdr. If we assume that A is in radial gauge
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(i.e., dT-component equal to zero) then p* = 0, and @™ is independent of the 7 variable.
By this same argument, every subsequence of A4,, has subsequence which converges to
a flat connection. If all flat connection on X are non-degenerate (i.e., isolated, mod-
ulo gauge), then these limiting flat connections must all be the same, and so the full
sequence A, converges to flat connection @™, after composing with a suitable sequence
of gauge transformations. Since the A, are restrictions of the same connection, these
gauge transformations can be chosen to piece together to form a single continuous gauge
transformation on [0,00) x X. This shows that @(7) converges
—+

Thﬁrglo a(t)=a

to some flat connection.

At first glance, this argument breaks down when one tries to repeat the process as
T — —oo (since e 7 > 1 for 7 << 0, our energy bound from before fails). Geometrically,
however, there should be no issue at —oo because this corresponds to the cut {0} x Y2,
and A extends continuously over the cut. There are various ways to deal with this issue,
and we follow an argument similar to the one given by Wehrheim in [48]. The idea is

to put A in a suitable gauge, and to find a suitable reference connection @y, for which

lim CSa,(a(r)) = 0.

500
We assume that A is in a gauge such that 1) = 0 on H x X1 X9, at least for 7 << 0. This
is a ‘O-temporal gauge’. (It may not be possible to do this for large 7 since above we
needed A to be in radial (7-temporal) gauge for large 7.) We assume that @, satisfies a
similar condition: Over [0, 7] x 31 UXy C X we write our flat connection in coordinates
as @p = ap + 1y df. Then by acting on it with a suitable gauge transformation, we may
assume 1, = 0.

Setting u(s) = a(s) — @oly,,, we have
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CSu(a(r) = [ (o) (=) + S (B(=¢) A (=] A (=)
+5 [ tdanlen) ) + L) A ()] A )

+ /07r /21u22 %@(96(7', 0) nai(r,0) = @o(0)) + (Fa(r.0), (7, 0)) db

The first two integrals on the right cancel as 7 — —oo, because A extends continuously
over {0} x Yj2. Likewise, the third term goes to zero as well since we have assumed

(7,0) = 0, and (4.31)) shows that dpa(r,6) converges to zero as T approaches —oo.

We therefore have

1

5 ‘FA,Q :6850(6+>
RxY%»

for some flat connections @g,a’. If A is not flat, then Proposition below shows

that there is some /i > 0 (depending only on the bundle) with

1
7/ IFa? > h.
2 JRxyg

This finishes case 2.

Proposition 4.3.4. Let Y be a closed, connected, oriented 3-manifold, and Q — Y
a principal PSU(r)-bundle. Fix a reference connection ag € AY?(Q). Then when
restricted to the flat connections, the Chern-Simons functional CSq, : Aé’azt(Q) - R

obtains only discrete values. Moreover, the set

{CSu(a)

1,2
a,a0 € A3 (Q) }
is discrete.
Remark 4.3.5. In the case where the group is PSU(2) and Y is the mapping torus of

some surface diffeomorphism, Dostoglou and Salamon showed the stronger result that

CSa, only takes on values in Cpsy(o)Z [12]. In [{§], Wehrheim extended this to other
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Lie groups (but still only for mapping tori) by showing that each flat connection can be

gauge transformed to one with Chern-Simons value zero.

Proof of Proposition[{.3.4 We prove this in three steps.
Step 1: The path-connected components of .A{lift(Q) are the connected components.

It suffices to show that Aéi(@) is locally path-connected. The Yang-Mills heat flow
provides a nice proof of this. For i = 0,1, let a; € .Ailift(Q). We want to show that if ag
and a; are close enough, then they are connected by a path in .A{lift(Q). Consider the

straight-line path y(t) = ag + t(a1 — ap), which lies in A“?(Q). Then

2
F’y(t) = tdao(al - CLO) + 5 [al —agNay — ao] ,
and so
IEywllze < lldag(ar — ao)llz2 + [lar — aoll74
< C(llar = aollwrz + [lar — aolly12)

since |la1 — aol|z+ < C’||a1 — ao|lyr2 by Sobolev embedding. Let eg be the constant
from (3.38)), and take d¢g := min {1, eg/2C}. Then () is in the realm of the heat flow

map, Heatg, whenever ||a; — ag||y12 < dg. In particular,

at = Heatg(v(t)) € Aé;i(@)

is a continuous path from ag to ai, as desired (this uses the fact that Heatq is the

identity on Aé’a?t (Q)).

Step 2: The restriction of the Chern-Simons functional

CSuy - AgZ(Q) — R

18 locally constant. In particular, it descends to a map

CSay : M(Q) = Ag5(Q)/G5%(Q) — R.
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Suppose a : [ — Afll’aZt(Q) is a smooth path. Set v(t) = a(t) — ap. Then we have

1d

$CS0(alt) = 33 [ 2Fu A(0) + (da7(0) A(0) + 3B A(E) A7 (2)

- ;/Y{2<Fa0 ANY () + {dag'(8) Av(E)) + (dao ¥ (£) A Y (1))

HBO A @] A7)
= 3 [ Fa AT )

= 0.
Hence CS,,(a(0)) = CSqy(a(l)).

Step 3: For each gauge transformation u € G*2(Q) (not necessarily in the identity

component), and each flat connection a € Aflift(Q), we have

CSqp(u*a) — CSqy(a) = Cpgy(r deg(u),

for some constant Cpgu(y) depending only on PSU(r) and choice of metric on its Lie

algebra.

To see this, first define the bundle

Qu:=1xQ/({0},q) ~ ({1}, u(q)).

This is a bundle over S x Y. Here we identify S' = R/Z. The path of connections

a(-):t—a+t(ua—a)

descends to give a connection A on @,. From the definitions, we have
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1
CSug(1*a) — CSuyla) = /0 /Y (Fue) A Osa(t)) dt

= / <FA/\FA>
Slxy

= COpsu(r)@4(Qu)

= Cpgy(r) deg(u),

where characteristic class g4 is as in section [2.2.1

Combining steps 2 and 3 shows that CS,, descends to a map

CSa : M(Q)/m0(G**(Q)) — S = R/CGZ

which is locally constant. Therefore, it only depends on the number of connected

components of M(Q)/mo(G%2(Q)). By Remark the space is M(Q)/70(G*%(Q))

is compact, so there are only finitely many components. This shows that é‘vS'aO only
obtains finitely many values, and so CS,, only obtains discrete values. This proves the

first part of the proposition.

The second part is similar: Notice that it follows from the definition that

CSy,(a) = —CSq(ap),

and so if ap and a are both flat and u is a gauge transformation, then

CSurag(a) — CSuy(a) = CSulap) — CSa(u*ap) = Cpgy(r) deg(u).

So we again obtain a well-defined map

M(Q) x M(Q) — R

sending ([a], [ag]) to CS4,(a), and as before this descends to a circle-valued map
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M(Q)/m0(G*?%) x M(Q)/mo(G*?) — S*.

Since M (Q)/m0(G*?) x M(Q)/70(G?*?) is compact, we are done by the same argument

as before.

Case 3: Holomorphic spheres and disks in M (P).

In this case, we rescale around the blow-up point to find that a holomorphic sphere
or disk bubbles off in the moduli space of flat connections. However, these rescaled con-
nections do not satisfy a fixed ASD equation, and so Uhlenbeck’s Strong Compactness
Theorem does not apply, as it did in Cases 1 and 2. One could try to use Uhlenbeck’s
Weak Compactness, but it is too weak to conclude that the bubbles are non-constant,
as we were able to do easily in the previous two cases. The technique of Dostoglou
and Salamon [13] applies here to show that the holomorphic spheres are non-constant.
However, due to the presence of boundaries, it is not clear how to extend their analysis
to apply to holomorphic disks. In our approach, the non-triviality of the holomorphic
disks stems directly from item (v) in Theorem [4.2.1] (or, rather, a variation of this

proposition suited to other domains, as in Remark (a)).

The condition of this case implies that

¢y i= sup ||projg, Bsvllr2(s;) — 00
RxT

for some 4. Find points (s,,t,) € R x I with

Hprojayﬁs.u(sw ty) ||L2(2¢) = Cv

(Such points exist since (s, decays at oo, due to the finite energy; alternatively, one
could replace ¢, by ¢, /2, without changing the argument.) We may translate so that
s, = 0, and pass to a subsequence so that ¢, — t, € I converges. The two relevant

subcases to consider are as follows:
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Sub-case 1 t € (0,1)

Sub-case 2 to € {0,1}

We may assume, without loss of generality, that ¢ = 2 and, if Sub-case 2 holds, that

teo = 0. Define rescaled connections fl,, using and , except with every e,
replaced by ¢!, and with the Sub-cases here replacing the ones in Case 1. We will prove
we have energy quantization in Sub-case 2, by showing a holomorphic disk bubbles off.
Sub-case 1 is similar, but we get a holomorphic sphere instead and we leave the details
to the reader.

The rescaling for Sub-case 2 is such that we view the connections A, as being defined

on R xYi2(c,) (see the discussion above Remark [4.3.1). The components of F; satisfy

A A . - 5 A1
/Bs,y+*6t,V:07 =€ *F&w bSl/:_y F&ya

where €, := c,€,. It may not be the case that ¢, is decaying to zero; this is replaced by

the assumption in this case that the slice-wise curvatures converge to zero in L°:

[Ea, Lo = [[Fay Lo, [[Fa, l[Lee = |[Fa, || zoe-

We also have

[p10j4, Bs. (0, 0) || £2(s,) = 1. (4.35)

Then exactly the same proof as in Theorem (see Remark (a)) shows that,

after possibly passing to a subsequence, there exists a sequence of gauge transformations

Uy, € gfo’q(H x P,), and a limit connection Ay € All(;g(R x Q7%) satisfying

C

(i) Bs,oo + *Bt,oo =0

(i) Fa, =0,Fs_ =0

oo Qoo



161

(iii) supg HAd(u,,)proj&Vlé&V - /@S,OOHLZ(Z.) —0

for all compact K C H. Let Ilp, : Agat(F;) — M(F;) and g, : Agat(Q12) = M(Q12)

be the projections to the moduli spaces. Then

Voo = (HP1(doo’21)7HP2(OA‘oo|22)) H— M(Pl) X M<P2)

is a holomorphic curve with Lagrangian boundary conditions

R — M(ng) — M(Pl) X M(PQ)

determined by as : R — A%l’aqt(ng). Furthermore, vy, has bounded energy

/ Ogvsef? = / By o?
H HxX1UXo

IN

lim inf,, ||,83,V||%2(R><Y)

= liminf, HIBS,VH%Q(ny) (4.36)

€

IN

lim inf,, ||FAV||2L2(R><Y)

s€v

= 2(C8q(a7) = CSq(a™))
In particular, the removal of singularities theorem [30, Theorem 4.1.2 (ii)] applies and so
Voo extends to a holomorphic disk v : D — M (P1) x M (P,) with Lagrangian boundary
conditions. Condition (iii) above combines with to show that

|05v50(0,0)] > ||pr0jdoo(0,0)3s7oo (0,0) ||L2(Z.)

= Jlim |[proja, (0,0)8s.(0,0)l L2(s.)
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In particular, vy, is non-constant. We have energy quantization for non-constant holo-

morphic disks [30, Proposition 4.1.4], which takes care of Case 3.

4.3.2 Energy quantization implies the Main Theorem

Here we show that any energy quantization leads to a contradiction. By the assumptions
of the Main Theorem, we only consider connections A = A, which satisfy the e-ASD
equations and limit to fixed flat connection a® at +00. Any such connection has energy

which depends only on the a™:

VYM(A) =CSuy(a™) — CSao(Cﬁ)v

where

yMe(A) : <FA /\*EFA>

"2 Jrxy

is the total energy, and ag is any fixed reference connection on Y. In particular, the

energy is finite, so energy quantization can only occur for a finite number of points

(from cases 1 and 2) or slices (from case 3). Denote the collection of these points and

slices by {Sk}le. On the complement of the Sk, the hypotheses of Theorem

are satisfied, and so there is some limiting broken trajectory (Al, A ) on R xY,
0_ ,— 1

and tuple of flat connection (a° = a=,a',...,a’ = a¥), where each A7 descends to a

holomorphic curve with Lagrangian boundary conditions:

v/ iR x T — M(P)x...x M(Py).

Moreover, v7 lifts to a connection on R x Y which converges to a’~! and a/ at —oo
and oo, respectively. By the energy bound (4.11)) and the energy quantization, we

immediately have
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S Ew) = 1 Buttoe — dae b

5 RxIxXe
< —Kh+limsup, YM(A,) (4.37)

= —Kh+ (CSqy(a™) — CSqy(at))

To achieve the desired contradiction, we assume the conjectural index relation

#symp(aa a/) = Hinst(aa a/)

for flat connections a,a’. Then the index formula (2.31)) gives
J . . J . .
Zﬂsymp(a]_lya]> = Zﬂinst(a]_lya])
j=1 j=1

(Mo = Ms—1) + C (€S(@ ™) = CS(a))

<
Il
=

Il
M=
N

J
(naj - 77(1]'*1) =+ CE(UJ)

1
2

e
[y

IN

1
—KCh+ 5 (na‘*' - 77(1_) + CyM(Al/)
1 - +
= —KCh+ 3 (Mot — Na-) —f—C(CS(a ) —CS(a ))
= —KCh+ pinst(a™,a™)

= —KCh+1,
If the number of bubbles K is positive then, since jisymp only takes on integer values,
this would imply that figymp(a’~t,a?) < 0 for some j. This is not possible since this
would mean that v; descends to a moduli space of negative dimension (quotienting by

R reduces the dimension by 1). This shows that K = 0 and so no bubbling can occur.
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Similarly, if J > 2, then pisymp(a?~1,a?) < 0 for some j, which cannot happen for the
same reason. This shows that the broken trajectory (A',..., A”) consists of a single

trajectory A', which finishes the proof of Theorem m
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