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1 Introduction

Let X be the set of A € U(2) with trace zero.

Theorem 1.1. The determinant map X — S is a non-trivial S?>-bundle. More specif-
ically, this bundle is isomorphic to the mapping torus of the map ¢ : §2 5 g2 given
by ¢(x,y,2) = (x,y, —2).
Proof. View S3 C C? as a subset of C? and consider the map
®:5'xS* — U2
o 6B
oy — (% F)

This map is a diffeomorphism with inverse given by

A= ( : Z ) — (det(A), (det(A)’la,det(A)’lbD.

It is clear also that @ is a bundle isomorphism relative to the projection on
S! x S3 to S! and the determinant map on U(2).
The trace map on U(2) pulls back under ® to have the form

(6, (&, B)) — da + .

It follows that ® identifies X with the subset Y of (4, (a,8)) € S' x S® with
oa+a = 0. That is,
Y = Usest S,

where S3 := 5% N {; x C, where
ls:={aecC|éx+w=0}.

Clearly S? is an equatorial 2-sphere in S, since /; is a line through the origin in
C. Consider the bundle £ — S! with fiber /5 over 6. This is the Mébius bundle
(e.g., write § = 5%, then a € {, if and only if y7a is purely imaginary; that is,
{; is obtained by from the imaginary axis by rotating by 7~ !). Tracing through
the identifications, the result follows. O
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