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By printing my name I pledge to uphold the honor code.
I. True/False, circle T or F as appropriate. Then explain your answer by citing specific
theorems/definitions/computations/etc. as time permits. /ZFé

1. a) T ) . The infemium and the supremium of a set are always limit points.
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b) T @ The continuous image of a convergent sequence converges.
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F The proof that convex implies connected requires the LUB property.
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d) @ F Most of Calculus comes down to the fact that [a,b] is compact and
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g) T @ lim lim f(n,m)= lim lim f(n,m).
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h) @ F It is immediate from the definitions that L(P, f,«) < U(P, f,a) for
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i) T (F) It is immediate from the definitions that / f@)da < | f(x)da.
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I1. Definitions Please define/state the following. aoeT .

1. What are our two different definitions of a continuous function (assume f: X — Y
where X and Y are metric spaces)? Give examples of a theorem that is easier to prove
with one and one that is easier to prove with the other. c\,(( o5 é\\(@s@k\ %&\\L‘c
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2. A set K in a metric space X is compact if ... (please give the topologlcal definition - ’\
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3. A is connected if what holds? What method of proof is usually helpful for proving
connectedness and why is it so effective?
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4. What is the idea behind uniform continuity? Name one thing that it is useful for, i
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Please state the general form of the Extreme Value Theorem. What are Som
we have proven using EVT in Math 4117 \
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6. By defintion a function is Riemann-Stiltjes integrable on [a, b] with respect to an in-
crea‘si(\r;g function « on [a, b] if what holds? (Again, pleas& define all of your terms.) o
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7. What is our useful condition for showing a function is Riemann/Riemann-Stiltjes in-
tegrable?
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II1. Short answer Please answer the following using a sentence or two.

1. Demonstrate that y = :}:2 isn’t uniformly continuous on R. i <l
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2. Prove that every differentiable function is continuous.
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Use your definition of a Riemann integral above to explain what a Riemann integral
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4. Why does the lower Riemann-Stiltjes integral (that you defined above) exist for any
bounded function f on [a,b] with respect to any increasing function a? ; .
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5. Let P* be any refinement of a partition P of [a,b]. How would we show that
U(P*, f,a) <U(P, f,a) for any f bounded on [a, b] and any o increasing on [a, b]. Be
as explicit as possible in a few sentences. . ) )
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6. Show there exist non-Riemann integrable functions by providing a specific example
and demonstrating that your definition from II.6 fails to hold. ) 7‘ Aboq
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7. Let X be aset. Is P(X) a o-algebra and why? Why is it a poor choice for a o-algebra?
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II1. Proofs Please prove or explain the following as appropriate. NTAL, S&S |

1. Prove that the uniformly continuous image of a Cauchy seq is Cauchy. A
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2. Let f: [a,b] — R continuous on [a,b] and differentiable on (a,b) and ¢ € (a,b) is a

local maximium. Give the technical definition of a local maximium and prove that
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3. Let f:[a,b] = R be a constant function. Prove that f € R(«a) for all o increasing on ?:)C
[a, b] using your definition from section II. '
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4. Let f € R(a)[a,b]. Prove that your useful criterion for showing that a function is
Riemann-Stiltjes integrable from section IT holds.
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5. Please construct an un-measurable set and demonstrate why is it unmeasurable.
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