485 REPRESENTATION THEORY BIG QUIZ
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By printing my name I pledge to uphold the honor code. BO
Unless otherwise stated, assume that G is a group, X is a set with a G action, F is a field, and V

is a n-dimensional vector space over F' with a G action.

I. True/False, circle T or F as appropriate. After you have finished the rest of the quiz,

please explain your answer by citing specific theorems/definitions/computations/etc. ":ﬂ(

1. a) T @ The action of G on a set X is faithful if and only if all of the stabilizers

are the identity subgroup.
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b) @ F The size of an orbit always divides the size of the group.
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c) T (F) GL,F is a vector space over F.
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d) T @ There always exists a positive definite inner product on V.
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e) @ F Given a representation p : G -Qi/) then p(g) is uniquely determined,
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: f) @ F The permutation representatizl: isn’t technically a representation.
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g) T @ SLs is a compact continuous group.
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h) T @ To produce a Haar measure for GLzR, we need merely divide the EC-LD%"D
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i) @ F Every finite subgroup of SLzR is cyclic.
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)] T @ Taking the trace of a matrix is really stupid thing to do because out
of n? entries of a matrix, it only depends on n of them. ‘
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II. Definitions/Fill in the blank Please define/state the following.

1. A form is p_qgitive definite if what holds? Why do we care about positive definite
- forms? & AreN LG > >0 . WSoOWE  DERWNAE < F o.N.
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2. A representation of G on V is defined to be what? ‘Please give the diagram that
expresses the representation both as linear transformations and as matrices (Rgs and
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What is a Haar measure? Why do we care about them? A %
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4. Huge new theorem GRORS  \NRTeAD o \—m

a) Define the character x of a re resentatlon
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b) A cdlass function from G to F is what?
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c) How are representations related to class functions? T oMADAeeR. - Q-hwsR

d) Define our hermitian form on t‘}:'l*:-set‘-of class fuh%tloﬁg Is 1t p%os1t1ve definite? "lﬁ‘\
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5. Basis change preserves which of the following things? (Please circle the things that
are preserved. If something is not preserved, write how change of basis effects the
%' quantity in question)
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IT1. Short answer

1. Give four different ways that a finite group GG can act on itself (as a set). Which of
your actions are faithful? ¢, chas Ao TRAAMN  WiHwRw  q W — W
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5 2. Extend the action of ¥3 on an equilateral tna.ngle 6 representatlon of Y¥son R N
(hint: your matrices will be a lot nicer if you choose a basis whose angles are 2 /3 W\.\

angle apart): S ~ — ( | -'; r‘-._a(—ll :))
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E 3 3. Go through the process of constructmg a posﬂ:we definite inner product for your
representation of X3 above and use this to get a unitary representatlon
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4. Let F=Ror C. Why does the exlstence of a G-invariant subspace in V give us a pair
of lower dimensional representations? WORMMAR ‘PRC»\TG‘
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5. How many one dimensional representatlons 35 are there? Please construct thr:rml :
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6. Demonstrate exphmtly the orthonormal basis portion of our huge new theorem for the W WA .
representations of 23 you have constructed above. - TN, @08
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