485 REPRESENTATION THEORY WEEKLY QUIZ 1

January 23, 2017 Name: _KN

By printing my name I.pledge to uphold the honor code.
No books, notes, internet, etc. This should take about a half hour.

REMBER TO SIGN IN!
1. Definitions. For this problem, assume G is a group and X is a set.

a) Group G acting on the set X.
GeX —2X (4 n—>4 TN
(g3 —>g* (g = qlhs) Wahel, YaeX
‘ b) why is the second property called ‘associativity’, and why is this a slightly mis-
: leadin; e for it?
s ngc]ﬁ-iw Ikssoqm\sw-( e AOSE AT \NJouSsy  MoMINK
ARCOND PARBIIRBELS . IS SLLBTLL MAUSADd NG AR
WE'RS TAVE, AReorc 9 DIFPOROR cPeRhans Cg_dr_\a\ €% = Z(\ft’@
c) The orbit O, of x € X is defined as what? Please list some properties of O..

4[ Ow3igrlgea] tod<lal, xeOy

\. d) The stabilizer G; of z € X is defined to be what? Please list some properties of
4 \ Go- Cw-;‘(%e.c\\ %«=M7\ G & & SBGRap =G,
(Onl = |G /Gy |

e) The G-action is faithful if ...

qx=% \f%eX = TLC‘-

f) The G-action is transitive if ...

\Hcoae)( | %eQ @ . %’&'-“a.

2. Theorems: Please state the theorem we covered in class that best fits each discription.

a) Gactionson X vs Ty ThaRe \v A NAARM  BUigonuws CoceaR RONDINGE

PEWSSN e TWO. CxX—> X sAUS g.aec,, x——-»Xm S
( [ gy — %
\ L b) Faithfullness in terms of stabailzers A ?Wx
Aomers v warwew- e (G, = (‘Lq?
1
c} Transitivity in terms of orbits b

\ ( =0, Y xeX.

d) All transitive G-sets are isomorphic as G-sets to what?

Te SE~ o (ostrs & TS STARALGRSR .

3. Permutation representation: Let Z/3Z act on itself. Please write out its permutation

representation, o} 2_3 w WS N CAOPEARSNS 'iv\\['z- V\+37Z_

\ Q—= \o1 2
o\ =2
| ——= V2 ©



4. Let G = X3 acting”on an equilateral triangle

a) What are the sizes of the orbits? Give an example of one of each possible size.
SATR VS
oRBLT EEC R AN

rd u

é.i* 3J &_\ SARPE  oRRW

30 _ R G |
S b) What are the stabalizers for your example orbits? *x

\ L STARMAZER. &F cenWt o By 4 v CFS,.S

STABNLZSR O RBT o suas 3 b (LW/da
STMMLEE. 05 RRET & s o % LY

5. Matrix example: let GLa(R) act on R? by left multiplication.
a) Describe the decomposition o_fi R? into orbits.."
ORBTS Aze  RI-Y01 ANOD O .
SINCe Top Rt PMR o TonRS B L P2 B W[ NSTeeR
\ ( Pror =@, Ae(*\—zp TAAN, P\T‘O%M

b) What is the stabalizer of e; = (1,0) under this action?

w NV [ ‘53“H@?&4‘0~

(55N =(2) o smammen e (o 4

(s A LRe?)
6. Group actions on vector spaces

a) Define a vector space \/ o
A \soree. SPAGE obe A P T s A S il
2 SRbnaNs + AND  Sdhade MU BH BloMonnrs o~ .
. e Am ARBLAR P UNDDR. \Borel Apbiuan
SOl VT OBTRI\BRES  Ne \mue. ARV

b) What should a group acting on a vector space look like?

G Acrs o The sev \/ Wi 3 Asovaonhc

PR®RmE  THE DA Vo TRe AdRies
\M\GP.AQC;‘-%\,S_[-\“{.

N AR \}%eqif\?‘\_ﬁé\‘)cxe\?
: %(7\?‘4—053): cé'ir-&c\.(.%&)
c) What would be the difference between Z/3Z acting on R? as a set and as a vector
space? Ag AL gev, A O TH CRRVS
Pow svee B> oo 3, By As A
\/ NocxRaRhes M O Acss AS  \Dotrny
' T % AAS »o Al ®Rom_ 3 PeawtAay

TWA-  tho B> 7o KIRY As veoron- BSRAGY
jl\k DECLRGLNCA s KO RBTS 15 Moes us



485 REPRESENTATION THEORY WEEKLY QUIZZ

February 1, 2017 Name: IKEY

By printil:g my name I pledge to uphold the honor code.

No books, notes, internet, etc. This should take about a half hour.

REMBER TO SIGN IN!

1. Definitions. For this problem, assume that V is a vector space over a field F.
a) What properties does a vector space have?

VECTR, ADDITON (0% An ABTLIAN CP WRT THIS)
\ ( AND sch AR MULT (ASS0c, DISTRIRAEY cvR ADDTA)

b) A basis for V is ..
ANY e & Lsheat INDER st o B Orols. o

MAIMINM, - 2
c) Change of basis, change of basis matrix
- REWRMNG \ETRoes Ak \,\wm CDM%G-\- DIFESORR Ei%\&
FLBMONS 2 LB+ +Abn © FCndon P NG S
ebms MAW-»L n- Pl S To@MMS

d) Bilinear form on V is..
Vx\}| —F L-IN'?ML\N bk\'—x (‘Mm b” WS o Mv»; wASLS

GAMN U TR . c,ooe.mmkm PENCRD A,QeQ)'an%k%\gJ\b
A MR A <RZ, AR
e) A bilinear (or&Hermetmn) form on V' is positive definite if... (What must F be?)<\r N >0

\ ( f) A Hermetlan form of V is ..(what must F be?), the standard Hermatian form is © MNST BS

<HB2= N AR whees # Mohng ( R =<
caw-s\oc.haa TEARNSY T Mgt e & (Fop canvuain
) 6L UTO M sumzs%ggs'rmm; Peaoi . Tol, WAS, C&“T
g # n> Un —- U NTAgsy MAIRACES \J(\C-Cq\_nc k. VA.;:U:\ , A‘ '-___Ai-.

\ ( n“T“NCN"EbQ.D DR NINALS- (\wmm )

h) A group G acting on V satisfies what conditions?
G MOST SADSEH Tis— conmans. P Aomng N A RET

(G‘N —V o UWRY—F Ao (( W (ﬁ )
A wan. A BEIPwONNG VBT MDMWMM& To Lie YEXxer
2. Theorems g (’\T A “WQ)W@# ’U" -\-Ck%

a) What are the ma.tr1c1es whose bilinear forms are equivalent to dot product under
all possible change of bases? What do we call the condition on the bilinear form

,'I, that is equivalent to dot product? MNRALES & THw TOR ? P FR NN"
Pelly - SUA MATRaes Aew dwrsd PolimVes  DomNTE,

| B TS TOP LU Moce S
\ A wromow & “‘l ) Whve foSwhivg DEeRMANGG |

b) Hermetian symmetry corresponds to what condition on the matrix for the trans-

formation? A, A’&'

c) What sort of change of basis preserves the standard hermetian form? \)N\Tp(m dn\BSl

d) Wt ToesThe actieh of.G-of V ‘prodiceastibgroup of GHE)?



3. Explanations

a) Why is every bilinear form given by a matrix?
SINCE  Tve TORM 1) Linshe- 1N BhAeky
(LCRDNAT | Ro2 AN BAS ;E: = %B‘; ";.\m’?\

w RS Wk -
Wen <X i‘—2‘> = <ZM‘:Q::L Zm‘l\ol_z
= ZM:‘_ s ’zﬁ&>
= Zm s’y <\3"-\\d&:
N
B TS \\pdtug ory BARS, TUSMGAKRS |

b) How does a change of basis effect the matrix for a bilinear form? why? efuyhe .
addNo-the problemrssgsetiopd -
W P s A cuiies & BRAMS MMRR, MO LA W7, 18 A BNk
WENSED (B PR = KR RO, T TR
TO R&E The SUNE T WS A DERGRANE BANNS .
N ader wicenl ‘
|
- 35 =D =
AR = A PR VAR o ASTTEP
THS Meh ol ey MAERR R 1S

PAP

¢} Why do we not use the standard bilinear forpd if F = C7 |

Bechdsey T OGNV RO | DeeWNLWTE |
B we WAT L3O .‘@'> TO BE ' FUOOEAN

NFeD 31 = (apbilet -~ x (axon) €y N
RN 2, % .. ke th

TO e NS, ZAF NP T airbtoe- AnTon _

owower, VAR = adrr2alit coc +anOw +2anon

OWThNCE, W&

d) Why does the action of G on V produce a subgroup of GL(V)?
N eDbe. P A o= { Te BeSRED \BOroR
Apornion § ick\_k_e; MAAT, W NRed
%(;,.+.ckg\=%v+qam. Vonotor, TWS & KA The
Dernon O A kR TRANY
I we Rhex e el WS
PRLTORIGS  w TROM o oG ‘
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485 REPRESENTATION THEORY WEEKLY QUIZ 3

February 13, 2017 Name: KeyY

By printing my name I pledge to uphold the honor code.

No books, notes, internet, etc. This should take about a half hour.
REMBER TO SIGN IN!

1. Definitions. For this problem, assume that V is a vector space over C with { , } a
positive definite hermitian form on V and G is a group acting on V.

a) Please give both a matrix level condition for being unitary and a condition that
is basis free (this last will be in terms of {, }).

WAy Bve vomen W AT=A* gaps FeBe 'S _
™ o - QRS ren A b T

b) A unitary representation is .
T )

c) A form on V is is G-invariant if ..
Pl

N <G, E‘\’\r Q> Q\‘i\“‘\

d) What is the ‘averaging trick’ for a finite group G acting on a vs V7

we Ot TR AN Mearehgd Re5. DOF . Hodw BRM WG &
o V%\mmwr as B4 ooEwiNg <T7 = -\—Zf{g'\s 53““3

at (roughly speaking} is a measure p on a set X7

Wio A WM OF sPeopfing, Mow WUk AL
ceRrhan $@ws o X e R (G N 35 eed N Ay o ‘f’éc)\
f) If a group G acts on X, what would it mean for u to be a Haar measure?

e MEANURE MBS E,e Q N\\kaANT_ N Adwsd
B SeX, 946G 2 ,u(S

g) How do we genera.hze the * averagmg tr13 to non-finite groups?
We MO S = S Tw M A WA MEAS RS
<RR>™ f M T

h) A group is compact if .. = o
. B
\r?‘gscm_\?_aimm»&%kﬁ"\
e BV (rwhwy o

i) G is continuous if what matrix level condition holds?
) W& Bhott SAER N Tho MATES LS Ghen 81 A CARINVRY

FutCRay -

j) G is a topological group if what holds?
e GFQ—2G A0 GG Ale Cenmnedy FONCNE

ST A €T 9
k) Given a positive definite hermitian form on V and W a subspace of V, what is
the orthogonal complement WL of W7
\QL"’%\G&\‘\ -(’ O\f- wWes YS



2. Theorems

a) A unitary representation exists when? .
voe- Par FAVNTE GRoPS ¢ Al CRT GRaRS

WA whihe MeAswe { MA R TR c,,‘?gh
b) Please list some corollaries for the theorem in part a
ENoen RsP @FSevilion 0 44— &L(}\D /J((.,) & CoNNCAS
1 hk SWe® o= VUa
‘s Aee ~ Avcl TR AL RAaPL B
A Ry D‘A&\@H—\E&?\%\NVW 6P MRNg R w2 AN /R
¢) When does a Haar measure exist? WAL ANy oD g
\ ( A CPT ToRoLOC\ M. &V e®

d) Givea connection between continuous groups and topological groups.

B A trERH G Slony R A L] c{)-\’ 2o
S e TR OO
SRR AN MATRN Mﬁw W GULN BY CONTY PRICDS, ==

';Q;:%L WM & CONTTRNSS
natl mp

3. Explanafions utations

STARX W/ AERUWRARHM Pos. OFF. Yok, B,
?W«/Wm‘ TR TO . GET G~ \NIARANT N .

THon B0 AN 0N, BAS  Fee DAx BeRM.
WRr T BARS | Py ReeUn N qeG.
Q——a(s.\—(;l‘i)
\ €
b) What is the poing’ (}f ?h% ‘ fig trick’ and why does it work?
? e N WElees ARk
Lg':':&mha- INGGals o o, - WA et &RoaX BuoNo-
MDD LSt TOAX SR PHRMIIES THE- GROX
Flomoms,  AAD PANTE ADDINON 1§ cahMRANS,

c) Let G = (4) < GLy(C) where A = ( _} _é) What is the G-invariant form

that we get from the ‘avera%ing trick’? )(,‘ _l) _ (l O)
|

K= o0 o) 7 A4 A”‘fn-‘ 1ol Lo

= (M AF v -
P :I w‘ *ff’f‘fﬁ‘f’(ﬁ;’“ A3 -2 17 .
‘ ke (oll10)7 | 3 43
Atz (=LY o AA=(,§° 1ol Vi s\ )s )
A’"A‘f‘l F)’ 4= ( 1) 5o et 8 '%@1)*(1 i)+(l 2)) (’{5 s
d) Why is dff a Haar measure for the action of 50, on S§17 N
Sozb;.s(wse -sm)@) \ N é L d@ . N

QUQG C,OSG' - "@_\_e)
e o S So ACRON S
co SN Mo Bl & Thiges, &7 —© ADD VTN

AR+B) = 2O+ teESeens ADDITNWY .
Cmﬁd@'\, MR 1o 10, 2W). The TRANSURON ANAUANT AR

MeASWs 1S AM)
REMEMBER TO PUT YOUR COMPLETED QUIZ IN THE CORRECT ENVELOPE AND
SIGN OUT!
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