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5 Stratified Random Sampling

5.1 Introduction

Definition 5.1: A stratified random sample is a sample obtained by separating the
population elements into nonoverlapping groups, called strata, and then selecting a

simple random sample from each stratum.

Often, the population sizes of the strata are known, and the sample sizes of the strata
are nonrandom.

REASONS FOR USING STRATIFIED SAMPLING:

® Stratified sampling helps protect from the possibility of obtaining a really bad

sample.

® We may want data of known precision for subgroups.

Example: Mcllwee and Robinson (1992, Women in Engineering: Gender, Power, and
Workplace Culture) sampled graduates from engineering programs at public
universities in Southern California. They were interested in comparing the

educational and workforce experiences of male and female graduates.

How do you think that the authors conducted their survey?

® A stratified sample may be more convenient to administer and may result in a lower

cost for the survey.

Example: In a survey of businesses, one might stratify according to the size of the

firm.

Why is stratification convenient here?
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©® Properly performed stratified sampling typically will give more precise (having lower
variance) estimators, because the variance within each stratum is often lower than
the variance in the whole population. This lower variance results in a smaller

bound, B, on the error of estimation.

Example: How should we sample if we are interested in estimating mean blood

pressure?

Example: How should we sample if we are interested in studying the concentrations

of plants in an area?

Homework p. 157 Exercises 5.24

5.2 How to Draw a Stratified Random
Sample

® Typically, different strata tend to have different characteristics.

Example: How should strata be selected when trying to determine the winner of a

Presidential election?

O
® First, clearly define the strata.
Example: Suppose that the strata consist of urban households and rural households.

Is a medium-size city considered urban or rural?
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Notation:
® L = number of strata
® N; = number of sampling units in stratum ¢

® N = number of sampling units in the population = Ny + Ny + ...+ N

5.3 Estimation of a Population Mean, pu,

and Total, T

Determine a reasonable estimator of the population mean, pu.

We estimate the mean of the ith stratum by the sample mean, Y;, of the stratum, for

i=1,...,L.

How much weight should be given to each sample mean, Y;, of the stratum, when

estimating the population mean, p?

Suppose stratum #1 represents 20% of the population. How much weight should be

given to Y; when estimating p?

The stratified sample mean, denoted by Yat, is the weighted average of the sample

means, Y;, of the strata.

L
_ 1 _
YsFN;Nm

Determine a reasonable estimator of the VARIANCE of Y.

Recall: Tf X and U are independent random variables, then

var(X + U) = var(X) + var(U).

Recall: Tf b is a constant, then var(bX) = b? var(X).
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Recall: For simple random sampling withOUT replacement,

. . 52 n
Vi) =V(Y) =" (1——)
)=V == (1-%
Thus, for stratified random sampling,
L

N 1 9 n; s
V(Yst):m >N (1—ﬁi) .

=1

Error of estimation is |Ygt — pl.

N —

Bound on the error of estimation is 2 1/ V(Ygt).

Sample size allocation is discussed in section 5.5. For the next example, we sample

proportionally to stratum size.

Exercise 5.6, p. 154, EXER5 6.txt: A school desires to estimate the average score
that may be obtained on a reading exam for students in the sixth grade. The
students are grouped into three tracks according to ability. Track I is the fast

track, and track III is the slow track. The population sizes of these three tracks are

55, 80, and 65. The sample sizes are 14, 20, and 16.
(a) Estimate the average score, p, for the sixth grade.

> # Read in the data. The columns represent TRACK and SCORE,

respectively.

> myframe = read.table2( "EXER5. 6.txt!" )

\4

scorel = myframe[ 1:14, 2 ]

> # We need the sample means, sample sizes, and population sizes.

\4
[=}
Il

c( 14, 20, 16 )

\4
=
I

c( 55, 80, 65 )

> N.total = sum(N)
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(a’) Place a bound on the error of estimation.

2
%

S*
— 2
B=2 NQEjN (1——>n—i

> # We need to compute the sample variances.

(a') Using functions from the survey package, repeat parts (a) and (a’).

(b) Construct parallel box plots for the data, and comment on the patterns you see.

(c) Estimate the difference in average scores between track I and track II students.

Are track I students significantly better, on the average, than track I students?

> # Compute the bound on the error of estimation (recall section 4.6,

pp. 95-100) .
N _ N a - s2 (051 52 no
Y, - Ys) = V(Y Vo)=2 (1-=)+2 ([1-=
V( ! 2> ( 1>+V( 2) 1 ( N1> +TLQ ( NQ)
B=24/V(Y; - Y3)

Estimate 7, the population total, for stratified sampling.

L
=NV =Y N Y,

i=1

A reasonable estimate of the variance of 7 is

AL S*
V(7st) = V(N Ya) ZN2 <1——> ~

SN
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Exercise pp. 5.1-165, p. 165: Data on the population of the United States are
given in Appendix C| pp. 420-421, and online at USPOP.txt. The goal is to
estimate the total U.S. population in the 18-24 age group from a sample of states.
The states are divided into four geographic regions. Using these regions as strata,
select an appropriately sized stratified random sample of states, and use the data
regarding population in the 18- to 24-year-old group to estimate the total U.S.
population in that age group. Because the total population is available when using
all of the states, check to see if your estimate is within the margin of error you

established for your estimate.

> # Read in the table, withOUT retyping the numbers.

> pop.frame = read.table2( "USPOP.txt" )

> region = pop.frame[ , 3 ]

> popl = pop.frame[ region == 1, 4 ]

> # Estimate the population total.

> # Estimate the variance of tau.hat.

> var.hat = sum( N°2 * (1 - n / N) * y.vars / n )

> # Place a bound on the error of estimation.

> # What is the true population total?
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# Using functions from the survey package and the same sample, repeat the previous

calculations.

> sampled.pop = c(yl,y2,y3,y4)

> sampled.region = rep( 1:4, n )

O
Homework p. 154: Exercises 5.108* , 5.19$

Hints for homework exercise 5.108* : Your answers should be 7 =
50,505.6 acres and B = 8,663.1 acres. Remember your graph and “comment on the

variation.”

5.4/ Selecting the Sample Size for

Estimating Population Means, u, and

Totals, T
® L strata.
® Each stratum has its own variance, 02, i =1,..., L.

® Goal: Determine the total sample size, n, needed to achieve a particular bound B

on the error of estimation with 95% confidence.

® Decide in advance what proportion of the sample should be taken from stratum #1,

stratum #2, and so on.
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® Hence, decide in advance a; = (ny/n), ay = (na/n), ..., ar = (ny/n), where these

n; and n values are based on the FUTURE sample, NOT the preliminary sample.

® What is 327, a;?

These allocation fractions may be selected in a variety of ways. One example is

proportional allocation.

® What is the proportional allocation of the required sample size?

® The approximate sample size required to estimate p or 7 with a bound B on the
error of estimation is:

L
(5.6) n = dim Nioi/ai
N2D + S8 No?’

where D = B?/4 when estimating p, and D = B?*/(4N?) when estimating 7.

Homework p. 154: Exercise 5.8*

Hints for homework exercise 5.8% : Your final answer should be

n = 32.1, but do NOT round your final answer.

5.5 Allocation of the Sample

Suppose we want to estimate the population mean, u, or total, 7.

Once the overall future sample size, n, has been selected, how should we allocate the

individual future sample sizes, n;, for the different strata?

The answer depends on N; (population size of the stratum), o; (the variability within

the stratum), and ¢; (the cost of sampling from the stratum).
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Example: A university has 6,000 on-campus students and 4,000 off-campus students.
Suppose we want to sample students to estimate the average weekly alcohol

consumption among all students at this university.
How should we allocate our sample?

(a) Suppose that it is just as easy (and cheap) to sample on-campus students as it is
to sample off-campus students, and the variability (i.e., o1) of alcohol consumption
among on-campus students is the same as the variability (i.e., o3) of alcohol

consumption among off-campus students.

How should we allocate our sample of size, say, n = 1007

(b) Now suppose (based on a preliminary sample) that off-campus students have

greater variability (i.e., o2) in alcohol consumption than on-campus students do.

Again, how should we allocate our sample of size, say, n = 1007

(c) Next suppose that sampling is door-to-door, and that sampling off-campus
students is more expensive (i.e., time-consuming) than sampling on-campus

students.

How should we allocate our sample size, based on our limited resources (of time or

money)?

O

Approximate allocation that minimizes cost for a fixed value of V(Yyt) or minimizes

V (Yyt) for a fixed cost:

(5.7) n=n < LNiUi/\/c_i )
> b1 Niow/\/cr

Another perspective: Fix B (the bound on the error of estimation) and determine the
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entire sample size, n, needed to minimize the cost.

(Sh Now/va) (SE Now/@)
N2D + 31 Nio?
where D = B?/4 when estimating p, and D = B%/(4N?) when estimating 7.

?

(5.8) n=

Then, the individual future sample sizes, n;, of each stratum are determined by the

earlier equation (5.7) on n;.

These two above formulas (for n and n;) produce the optimal allocation for
minimizing cost when B is fixed.

Special case: Neyman allocation occurs when the costs are the same for all strata
under optimal allocation.

Then, the above formulas reduce to the following:

Ni 7
> 1 Nioy,

(Zle Ni"z’)Q
(5.10) n = T :
N2D + Zi:l ]\7710'22

where D = B?/4 when estimating p, and D = B%/(4N?) when estimating 7.

Homework p. 154: Exercises 5.7, 5.9, 5.11

5.6/ Estimation of a Population Proportion,

p

Example: Suppose a university has 65% female students and 35% male students.
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A sample of female students is taken, and a sample of male students is taken.
The students are asked: “Should students be permitted to carry firearms on campus?”

We want to estimate p, the population proportion of students at this university who

would answer “yes.”
Suppose (among the sample of female students), p; = 22%.
Suppose (among the sample of male students), p, = 38%.
How should we estimate p?

How much weight should be given to each sample proportion, p;, of the stratum, when

estimating the population proportion, p?

The stratified sample proportion, denoted by pst, is the weighted average of the sample

proportions, p;, of the strata.
| L
(5.13) Pst = N ;Ni Di

Notice the typo in equation (5.13) on p. 133 of the 7th edition; replace N* by N.

Determine a reasonable estimator of the VARIANCE of pgt.

Is the sample of female students independent of the sample of male students?

Recall: For simple random sampling withOUT replacement,
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Error of estimation is |psy — p|.

A

Bound on the error of estimation is 2 1/ V (pgt).

Note in our above example, we had not yet specified the sample sizes or population

sizes of the strata.

Suppose N; = 6500 and Ny = 3500.

Suppose the sample sizes were ny; = 200 and ny = 150.

Determine the estimated variance of pgt and the bound on the error of estimation.

Example: Continue with the example involving estimating the population proportion

of students who support allowing students to carry firearms on campus.

> # Estimate of the population proportion, p.

Determine the estimated variance of pgt.

Determine B, the bound on the error of estimation when using pgt to estimate p.
Determine a 95% confidence interval on p.

O
Homework p. 152: Exercises 5.1$, 5.31(a$,b,c)*

Hints for homework exercise 5.31(a$,b,c)™ : The population sizes (Ni
and N) are not given but should be assumed to be quite large. However, the
population allocation fractions (Ni/N) are given. The numbers listed in the

*TABLE* are based on samples, not populations.
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(a) pst =0.7384 and B = 0.0172 (WORTH 15 POINTS) To use the survey

(b)

(c)

PACKAGE, first create a data frame consisting of two variables; e.g.,
safelimit and job. The (2595 = 417 4 913 4 29 + 136 + 240 + 860) values of
safelimit should be zero or one, and can be created using the rep and c
functions. Hence, each value of No corresponds to zero, and each value of Yes
corresponds to one. The 2595 values of the job variable can be 1, 2 and 3 (or
any other three numbers or three names) to correspond to the three strata.
This stratum variable job also can be created by using the rep and c
functions. The number of rows of your data frame should be the same as your
overall sample size, which is 2595, and the number of columns should be two.
To create the fpc variable within svydesign, select the overall population size
to be monstrously huge, such as 1el0, and multiply this huge number by 0.5,
0.1 and 0.4 to create the stratum population sizes. After using svydesign, use
svymean, since a proportion is a special case of a mean based on zeros and

ones.

Show that the C.I. on p; — po is (—0.202, —0.073). Alternatively, the C.I. on
po — p1 is (0.073, 0.202). Discuss whether or not zero is in your C.I.

Show that the C.I. on p; — p3 is (—0.131, —0.060). Alternatively, the C.I. on
ps — p1 is (0.060, 0.131). Discuss whether or not zero is in your C.I.

5.7 Selecting the Sample Size, n, and

Allocating the Sample, n;, to Estimate

Proportions, p

Recall: A proportion is a special case of a mean, when the original data have what

numerical values?

Recall the formulas in sections 5.4 and 5.5/ for selecting the sample size, n, and
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allocating the sample, n;, to estimate a MEAN, pu.
These formulas contain o;, fort =1,..., L.

Suppose the data consist of only zeros and ones, corresponding to failures and

successes.
Then, the data represent Bernoulli(p) random variables.
What is the mean, p, of a Bernoulli(p) random variable?

What is the standard deviation of a Bernoulli(p) random variable?

The approximate sample size required to estimate p with a bound B on the error of

estimation is: .

2 Nipigi/ai

- 9
N2D + 37 Nipig;

where a; is the fraction of observations allocated to stratum ¢, p; is the population

(5.15)

proportion for stratum 7, and D = B?/4.

The approximate allocation that minimizes cost for a fixed value of V' (pgt) or

minimizes V (pgt) for a fixed cost:

Ni/pigi/ci
(5.16) n;=n :
Zle Nin/Prar/ ck

fori=1,...,L

The Tth edition has the typo of ny instead of n;.

What is the drawback to using the above formulas?

Special case: Neyman allocation

When is p;q; (the variance of the stratum) maximized?
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Summary: The following are the steps to obtain optimal allocation with fixed B

when estimating p:
©® First, select B, the bound on the error of estimation.

® Use equation (5.16) to obtain the ratios n;/n.

® Set the allocation fractions a; = n;/n for the future sample.
©® Use equation (5.15) to obtain n.

® Finally, let n; = a;n, fori=1,..., L.

Example (revisit): Suppose a university has 65% female students and 35% male

students.
A sample of female students is taken, and a sample of male students is taken.

We want to estimate p, the population proportion of students who support allowing

students to carry firearms on campus.
Based on the preliminary sample of 200 female students, p; = 22%.
Based on the preliminary sample of 150 male students, p, = 38%.
Suppose N; = 6500 and Ny = 3500.
Determine the appropriate sample sizes under Neyman allocation using B = 3%.
(Recall in our preliminary sample that B = 4.64%.)

(a) Use equation (5.16) (with equal costs ¢;) to determine n;/n, which will be set

Niy/Digi
a; =mn;/n = T Pid
> et Nen/Drdi

equal to a;.

(b) Next, use equation (5.15) (with equal costs ¢;) to determine n, based on your
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values of a;.
L
_2un N?pigi/a;
N2D + 3¢ | Nipg;

(c) Next, determine the sample sizes needed for each stratum.

n; = a;n
O

Homework 7. 155: Exercises 5.13*

Hints for homework exercise 5.13%* : The solutions are: n = 157.2. The
allocation sample sizes are (39.0, 17.3, 68.7, 32.2).

5.8 Additional Comments on Stratified
Sampling

Compare stratified sampling to simple random sampling.

Example (revisit from section 5.7): Suppose a university has 65% female students

and 35% male students.

Based on a preliminary sample of 200 females and 150 males, a reasonable estimate of
p, the population proportion of students who support allowing students to carry

firearms on campus, is 27.6%.

To estimate p using a stratified sample with B = 3%, we found in section 5.7 to

sample a total of about 789 students.
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How many students should be sampled in a simple random sample, also with

B =3%?
Using 27.6% as an initial estimate of p, apply equation (4.18) on p. 93.

Npq

"= (N —-1)D+pq’

where D = B?/4

Exercise 5.22, p. 157: When does stratification produce large gains in precision over
simple random sampling? (Assume costs of observations are constant under both

designs.)

O

Homework 7. 157 Exercise 5.22

5.10 Stratification After Selection of the
Sample

Example: Suppose a sampling frame lists all households in an area, and you would
like to estimate the average monthly household food bill (x). One desirable
stratification variable might be household size. Why?


http://educ.jmu.edu/~garrenst/math325.dir/textbook325scheaffer.pdf#page=161
http://educ.jmu.edu/~garrenst/math325.dir/textbook325scheaffer.pdf#page=109
http://educ.jmu.edu/~garrenst/math325.dir/textbook325scheaffer.pdf#page=109
http://educ.jmu.edu/~garrenst/math325.dir/textbook325scheaffer.pdf#page=173
http://educ.jmu.edu/~garrenst/math325.dir/textbook325scheaffer.pdf#page=173
http://educ.jmu.edu/~garrenst/math325.dir/textbook325scheaffer.pdf#page=161

Section 5.10  Stratification After Selection of the Sample August 6, 2024

18

From U.S. Census data, the distribution of household sizes in the region might be

known:

Number of persons  Percentage

in Household of Households

1 26
2 31
3 18
4 15
o+ 10
total 100

However, the sampling frame does not include information on household size.
The sampling frame lists only the households.

First take a simple random sample of, say, 100 households.

Suppose we obtain the following sample sizes:

ny =21, no =36, ng =19, ngy =11, n5 =13

Suppose the sample mean monthly food bills for the five strata are the following:

Y, = $270, Y, = $420, Y; = $560, Y, = $690, Y; = $810

How should we estimate p?

O

Formulas for poststratification (i.e., stratify AFTER the sample is taken) when
estimating p (p. 146):

Let A; = N;/N,fori=1,...,L.

Yao = ) AY;

i=1
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L L
(5.20) V,(Yat) = % (1 —~ %) > Aisl+ % > (1—As;

i=1 i=1

Example (revisit): Estimate the average monthly household food bill (u).
Suppose s; = $150, so = $270, s3 = $390, s, = $470, and s5 = $560.
Suppose that this community has 10,000 households.

Determine the poststratified sample mean, the estimated variance of the estimator, the

bound on the error of estimation, and a confidence interval on pu.

Interpretation: We are 95% confident that the true population average monthly
household food bill (1) is between $415 and $557.

O

5.11 Double Sampling for Stratification

Previously in this chapter, the populations sizes (/NV;) of the strata were known. How?
Now, suppose the N; are unknown, but stratification is still desired.

Suppose you want to administer a lengthy (i.e., expensive!) questionnaire, and you

want to stratify by race/ethnicity.

Hence, your sample sizes n; likely will be small.

Procedure:

® Take a large sample size, n’, of the entire population.
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This first sample is called the phase 1 sample.
® From this phase 1 sample, ask the respondent about his or her race.
©® The phase 1 sample sizes (based on race) are n), nb, ..., n}.

What is your best estimate of the allocation fractions Ny/N, No/N, ..., N,/N?

® For each stratum, subsample the phase 1 sample.
® This subsample, which is of size n;, is called the phase 2 sample.

® From this subsample, administer the lengthy questionnaire to collect data.

2

® Based on these data, compute the sample mean, Y;, and sample variance, s?, for

each subsample of the stratum.

® This sampling method is called DOUBLE SAMPLING or TWO-PHASE
SAMPLING. O

What is a reasonable estimator of the mean, u, under stratification (but NOT double

sampling)?
Therefore, under double sampling, a reasonable estimator of p is:
L
52 =Y,
i=1

An estimator of the variance of Ys/t is:

/ L 2 / 1\2
N n woay\ s; o ai(Y;—Y%)
523 V() = 3 (a2 - 5) 2y 2B

How should formulas (5.22) and (5.23) change if we are estimating 7 rather than pu?

How should formulas (5.22) and (5.23) change if we are estimating p rather than pu?
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Exercise 5.29, p. 158: A question on a proposed annexation is to be asked of a
suburban area, but responses for registered voters could be quite different from
those who are not registered. Of 1000 residents of the area who were telephoned,
80% were registered voters. Ten percent of each group (registered and
nonregistered) were asked to complete a follow-up questionnaire, on which one
question was “Do you favor annexation into the city?” The data are summarized as

follows:

Voters Nonvoters
n; 80 20
Yi 60 8

(a) Estimate the proportion of residents who will respond yes to the question of

interest.

L
N /N
Pt = Y i
=1

(b) Estimate the variance of pl;.

L ~A A A
iy = nap\ Pidi | ai(pi — Py)’
(pst)_n,_lz ai_ﬁ n¢—1+

(c) Estimate B, the bound on the error of estimation of pl;.

(d) Construct a 95% confidence interval on p.
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DOUBLE SAMPLING FOR NONRESPONSE

Example: Traugott (1987, Public Opinion Quarterly) analyzed callback data from
two 1984 Michigan polls on preference for presidential candidates. The overall
response rates for the surveys were about 65%. However, only about 21% of the
interviewed sample responded on the first call. Up to 30 attempts were made to
reach persons who did not respond on the first call. The later respondents were

more likely to be male, older, and Republican than early respondents.

48% of the respondents who answered on the first call supported Reagan, and 45%
supported Mondale.

However, 59% of the entire sample supported Reagan, and 39% supported Mondale.

Do the nonrespondents resemble the hard-to-reach (late) respondents?

However, we might use the late respondents to estimate the opinions of the

nonrespondents in some situations.

O

Example: Suppose in a telephone interview (regarding political affiliation) in a

sample of size n’ = 4000, we have that 1000 people responded on the first call.

Keeping in the mind the concept of double sampling, what are the two strata?

How do we estimate the allocation fractions?

For our second phase, how many of the 1000 early respondents do we sample?

Suppose p; = 0.45, the sample proportion of Republicans among early respondents.
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Since these initial nonrespondents are perhaps more difficult to sample, let us

subsample only, say, 800 of these initial nonrespondents.

Among these 800 initial nonrespondents, eventually ny = 500 of them respond.

These 500 late respondents represent all of the original 3000 initial nonrespondents.

Suppose ps = 0.6, the sample proportion of Republicans among late respondents.

(a) How should we estimate p?

(b) Estimate the variance of pl;.

(c) Estimate B, the bound on the error of estimation of pf;.

(d) Construct a 95% confidence interval on p.

Example: The U.S. Census Bureau tries to enumerate as many people as possible
in the decennial census. However, some people are missed, causing population
estimates from the census to underestimate the true population count. The
undercount is thought to be greater for inner-city areas and minority groups and

varies among different regions of the United States. Congressional representatives,
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billions of dollars of federal funding, and other resources are apportioned based on

census results.

For the year 2000 census, a panel of the National Academy of Sciences recommended

double sampling. How?

Supreme Court Decision: On January 25, 1999, in U.S. Department of Commerce v.
U.S. House of Representatives, the Supreme Court ruled 5 to 4 that the use of
sampling in the Census was prohibited by law for the purpose of apportioning seats
in the House of Representatives among the states. The Court went on to affirm
that the law requires the Secretary of Commerce to use modern statistical
methods, where feasible, for all other purposes. Two of the most important of these

are the allocation of Federal funds to states and in-state redistricting.
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