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The Unit Step Function
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The Unit Step Function

Definition
The unit step function or Heaviside function is a function of the form

0, t<a,
ua(t):{l t>a

where a > 0.
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The Laplace Transform of the Unit Step Function
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The Laplace Transform of the Unit Step Function

The Laplace transform of u, is

E(ua(t)):/ e_St-Odt—l—/ e 'dt =
0 a

Methods of Applied Calculus (JMU) Math 337 September 7, 2012

3/9



The Laplace Transform of the Unit Step Function

The Laplace transform of u, is

E(ua(t)):/ e_St-Odt—l—/ e_Stdt:/ e dt
0 a a

Methods of Applied Calculus (JMU) Math 337 September 7, 2012

3/9



The Laplace Transform of the Unit Step Function

The Laplace transform of u, is

E(ua(t)):/ e_St-Odt—l—/ e_Stdt:/ e dt
0 a a

Methods of Applied Calculus (JMU) Math 337 September 7, 2012

3/9



The Laplace Transform of the Unit Step Function

The Laplace transform of u, is

E(ua(t)):/ e_St-Odt—l—/ e_Stdt:/ e dt
0 a a

Methods of Applied Calculus (JMU) Math 337 September 7, 2012

3/9



The Difference Between Two Unit Step Functions
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The Difference Between Two Unit Step Functions

Ul(t) — U2(t)
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The Difference Between Two Unit Step Functions

Ul(t) — U2(t)
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L(uy(t) — wp(t)) = Le=s — Le72,
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The Unit Step Function Combined with Other Functions
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The Unit Step Function Combined with Other Functions

Consider
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The Unit Step Function Combined with Other Functions

Consider
() = 0, t < a,
g\t = f(t—a), t>a,

We may write g(t) = u,(t)f(t — a).
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The Unit Step Function Combined with Other Functions

Consider
0, t < a,
g(t) = { f(t—a), t>a,
We may write g(t) = u,(t)f(t — a).
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L(g(t)) = L(ua(t)f(t —a)) = /000 e uy(t)f(t —a)dt

= / e *'f(t — a)dt.
a
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L(g(t)) = L(ua(t)f(t —a)) = /000 e uy(t)f(t —a)dt

= / e *'f(t — a)dt.
a

Substituting 7 =t — a:
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L(g(t)) = L(ua(t)f(t —a)) = /000 e uy(t)f(t —a)dt

= / e *'f(t — a)dt.
a

Substituting 7 =t — a:

/ e_S(T“La)f(T) dr
0
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L(g(t)) = L(ua(t)f(t —a)) = /000 e uy(t)f(t —a)dt

= / e *'f(t — a)dt.
a

Substituting 7 =t — a:

/ e_5(7+a)f(7') dr = e_as/ e *Tf(r)dr
0 0
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L(g(t)) = L(ua(t)f(t —a)) = /000 e uy(t)f(t —a)dt

= / e *'f(t — a)dt.
a

Substituting 7 =t — a:

/ e_S(T+a)f(T) dr = e—as/ e_STf(T) dr = e—asﬁ(f(t)).
0 0
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The kth Unit Impulse Function
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The kth Unit Impulse Function

Definition
The kth unit impulse function is

[k, oa<t<a+i,
5a’k(t)_{ 0, 0<t<aort>a+g,

where a > 0.
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The kth Unit Impulse Function

Definition
The kth unit impulse function is

[k, oa<t<a+i,
5a’k(t)—{ 0, 0<t<aort>a+g,

where a > 0.
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The Laplace Transform of the Unit Impulse Function
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The Laplace Transform of the Unit Impulse Function

Note that/ dak(t) dt =
0
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The Laplace Transform of the Unit Impulse Function

Note that / d2k(t)dt =1, and that
0
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The Laplace Transform of the Unit Impulse Function

Note that / d2k(t)dt =1, and that
0
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The Laplace Transform of the Unit Impulse Function

Note that / d2k(t)dt =1, and that
0
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The Laplace Transform of the Unit Impulse Function
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The Dirac Delta Function
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The Dirac Delta Function

Note that klim L(6ok(t)) =1.
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The Dirac Delta Function

Note that klim L(6ok(t)) =1.

We let klim L(00,k(t)) = L(6(t)), where 6(t) is called the Dirac delta
function or delta function.
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The Dirac Delta Function

Note that klim L(6ok(t)) =1.

We let klim L(00,k(t)) = L(6(t)), where 6(t) is called the Dirac delta

function or delta function.

So £(d(t)) = 1 and £1(1) = &(t).

Methods of Applied Calculus (JMU) Math 337 September 7, 2012 9/9



