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Taylor Polynomials and Maclaurin Polynomials

Definition

Let f be a function with an nth derivative at every point in an interval /
containing the point xo. The nth Taylor polynomial for f at xg is the
function

D k) (x
Ta(x) = Z fi(o)(x — xo)k.

k!
k=0

If xp = 0 we also call this the nth Maclaurin polynomial for f. That is,

", (k)
Ta(x) = Z ka.

k!
k=0

Methods of Applied Calculus (JMU) Math 337 September 11, 2012 2/9



The Remainder of a Function

Definition
Let f be a function with an nth order derivative at every point in an open
n
£(k)
interval | containing the point xg, and let T,(x) = Z k(lxo)(x — xp)¥

k=0
be the nth Taylor polynomial for f at xg. We define the nth remainder
for f, to be
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Lagrange's Form for the Remainder

Theorem

Let f be a function which can be differentiated n + 1 times in some open
interval | containing the point xy and let R,(x) be the nth remainder for f

at x = xg. For each point x € | there is at least one ¢ between xy and x
such that

Fnt1) (¢
Ra(x) = Ty (x = x0)" 1.
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Taylor Series and Maclaurin Series

Definition
Let f be a function with derivatives of all orders on an interval /
containing the point xg. The Taylor series for f at xp is the power series

> F(n)(x
Zif (O)(x—xo)”.

n!
n=0

If xp = 0 we also call this the Maclaurin series for f. That is,

©_£(n)
Zf (O)Xn'

nl
n=0
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Power Series

Taylor series and Maclaurin series are examples of power series.
Definition

Let {an}52o be a sequence of real numbers and let x be a variable. A
power series in x — xg is a series of the form

o0

Z (x —x0)" = ag + a1(x — x0) + az(x — x0)2 + - - + an(x — x0)" + - - -
n=0

(0.9}
If ¢ is a real number at which the series of constants Z an(c —xp)"

n=0
converges, the power series is said to converge at c.
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Convergence of a Power Series in x — xg

Theorem

o
Let Z an(x — xp)" be a power series in x — xp. Exactly one of the

fo/lor;;i%g occurs:

@ The series converges only at x = xg.

@ There exists a positive real number p such that the series converges
absolutely for every x € (xo — p, %o + p) and diverges if x < xo — p or
X > Xxp+ p.
© The series converges absolutely for every real number x.
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The Interval of Convergence and Radius of Convergence

The three conditions in the previous theorem define both an interval of
convergence and a radius of convergence for the power series in x — xg:

@ The interval of convergence is the single point x = xp and the radius
of convergence is 0.

@ The interval of convergence is one of:

(xo—p,x0+p), (0—p,x0+pl, [X0—p,x0+p) or [xo—p,x0+p]

and the radius of convergence is p.

© The interval of convergence is (—o0,0) and the radius of
convergence is infinite.
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Analytic Functions

Corollary
[e.¢]
Iff(x) = Z an(x — x0)" has a positive radius of convergence then
n=0
(") (x0)
ap=———>
n!
o0
and hence the Taylor series for f(x) expanded about xy is Z an(x — x0)".
n=0
Definition
A function f is said to be analytic at a point xp if f(x) is equal to a power
series on some open interval |x — xg| < R about xp.
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