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We extend the method of sums of commuting operators to the study of the existence and uniqueness of
bounded solutions of Volterra equations of the form wu(r) = Au(z) + fooo dB(t)u(t — t) + f(¢) with bounded f
in the infinite dimensional case. The main results are necessary and sufficient conditions for the above equa-
tions to have a unique bounded solution with spectrum not intersecting the spectrum of the equation under
consideration. Applications are made to illustrate the main results.
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1. INTRODUCTION

In this article we are concerned with Volterra equations of the form
u(t) = Au(t) + / dB(@)u(t — 1) + f (1), (1)
0

where f is a bounded continuous (or almost periodic) function, 4 is in general
unbounded closed linear operator on a Banach space X, with the domain D(A) and
(the standing condition) {B(f)},~, is a family of closed linear operators in X,
B(") : Ry — L(Y,X) is left continuous and of bounded variation, where Y is D(A4)
with the graph norm ||y| := |Ay|| + |lyll, Vy € D(A).
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The study of bounded and almost periodic solutions of linear inhomogeneous equa-
tions is one of central topics of the qualitative theory of differential equations which
plays an important role in investigating the behavior of solutions of the perturbed non-
linear equations (see e.g. [6,9,10,14,15,26]). As is well known, many problems of applied
mathematics lead to equations of the form (1) (see for instance [4,7,10,14,20]). The
global theory of (1) is concerned with the existence of periodic, almost periodic
solutions of (1) with f of similar property.

Recently, of increasing interest is the extension of the classical results in the finite
dimensional case to the infinite dimensional case (see [1,2,5,8,13,16,17,19-22,23,24]
and the references therein for more information). The general setting of the problem
stated above has been first studied by Priiss [19]. Necessary and sufficient conditions
for several classes of equations, including the case where the spectrum of f'is compact,
have been obtained. For example, when A is the generator of an analytic semigroup the
main task in [19] is to try to prove the following condition

ANA =0, 2)

where Ay ={fe R: A(iE—A4-— Jﬁ(g))*l € L(X,Y)} (which is called spectrum of
Eq. (1), here dB(&) stands for the Fourier transform of dB), is a necessary and sufficient
condition for the admissibility of the function space A(X) for Eq. (1). However, as
pointed out in [19, p. 136], the problem of finding necessary and sufficient spectral con-
ditions for the existence of bounded solutions to the general class of equations with B
of bounded variation is open. For example, the question of whether (2) is necessary and
sufficient for the existence and uniqueness of periodic solution to the following simplest
equation

u(t) = Au(t) + Bu(t — )+ f(), teR, 3)

where A is the generator of an analytic semigroup and B is an arbitrary bounded linear
operator, is still open. Needless to say, this kind of problem has many applications in
physics, biology, etc. In [8,21] necessary and sufficient conditions for the existence of
periodic solutions to Eq. (1) have been given with some additional conditions on the
phase spaces or f. We refer the reader to [11,12] and the references therein for complete
results in the finite dimensional case.

In this article we will extend the abstract approach of sums of commuting operators
as done in [16] in combination with the method of Priiss in [19] to give a necessary and
sufficient condition for the existence of bounded solutions to Eq. (1). Our results can be
applied to solve completely the above kind of problems (3) with B even more general.
Roughly speaking, our method of study is first to decompose f into two components
one of which has a compact spectrum and the other one has a spectrum far enough
from zero. Then we solve the equation with the first component by using Priiss’
method. The second component can be dealt with by using the sums of the commuting
operators method. Finally, the superposition principle allows us to get the bounded sol-
ution for the starting equation by summing up the two solutions obtained above. The
main result obtained in this article is Theorem 4. Its particular case, Theorem 5 resolves
completely the bounded solution problem for the case of bounded B(f). Applications
are provided in Section 5. The results of this article complement and extend several
results of [11,12,15,16,19,25].



ON THE BOUNDED SOLUTIONS OF VOLTERRA EQUATIONS 435

2. PRELIMINARIES

2.1. Notation

Throughout the article we will use the following notations: N, Z, R, C stand for the set
of natural, integer, real, complex numbers, respectively, and Ny :=NU {0}. X will
denote a given complex Banach space. If 7 is a linear operator on X, then D(T)
stands for its domain. Given two Banach spaces Y, W by L(Y, W) we will denote the
space of all bounded linear operators from Y to W and L(X, X) := L(X). As usual,
o(T), p(T), R(r, T) are the notations of the spectrum, resolvent set, and resolvent of
the operator T, respectively. We will denote by o/(T) := {£ € R: i& € o(T)}. The nota-
tions BUC(R, X), AP(X) will stand for the space of all X-valued bounded uniformly
continuous functions on R and its subspace of almost periodic functions in Bohr’s
sense. By (S(?),., we will denote the translation group on BUC(R,X), i.e.,
S()v(s) ;== w(t+5),Vt,s € R,v € BUC(R,X) with infinitesimal generator D := d/dt
which is defined on D(D) := BUC(R,X). Let M be a subspace of BUC(R,X), 4
be a linear operator on X. We shall denote by A, the operator f € M~ Af(-) with
D(Ap) ={f e MVt e R, f(t) € D(A), Af(-) € M}. When M = A(X) (see the defini-
tion of this function space in the next subsection) we shall use the notation A := Ay,.

2.2. Spectrum of a Bounded Uniformly Continuous Function

The spectrum of a given function u € BUC(R, X) is defined as the following set
(Beurling spectrum)

sp(u) := {£ € R: Ve > 03f € LY(R),supp Ff C (§—e€,E+¢€), fxu0}, 4)

where

00

S xu(s) == +Oo.f(s— nu(tyde — Ff(s) 1=f e Mf (ndt.

— —00

It coincides with the set (Carleman spectrum) consisting of & € R such that the Fourier—
Carleman transform of u

/ ~ e Mu(1) dt, (Re >0) ;
i) =1" (5)
—/ Mu(—1)dt, (Rer<0)
0

has no holomorphic extension to a neighborhood of i& (see e.g. [20, Proposition 0.5,
p- 22]). In turn, the Carleman spectrum of a uniformly continuous and bounded func-
tion u coincides with its Arveson spectrum

isp(u) = o(D,), (6)

where M, is the closed subspace of BUC(R, X) spanned by all translations of u , i.e.,

M, = span{S(t)u, T € R}, (7)
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(see [2, Section 2] for a short introduction to these notions of spectrum and its
inter-relations).

We collect some main properties of the spectrum of a function, which we will need in
the sequel, for the reader’s convenience.

THeOREM |  Let f,g, € BUC(R, X),n € N, such that g, — f asn — oo, Y € S, where S
is the Schwartz space of all C*°-functions on R with each of its derivatives decaying faster
than any polynomial. Then

(1) sp(f) is closed,
(1) sp(f (- +h)) =sp(f),
(iii) If o € C\{0} sp(af’) = sp(f ), _
(iv) If sp(gy) C A for all n € N then sp(f) C A,
v) If A is a closed operator, f(t) € D(A), Vt € R and Af € BUC(R, X), then
sp(Af) C sp(f),
(vi) sp(¢ = f) Csp(f)NsuppFy,
(vii) sp(f — ¥ *f) Csp(f)Nsupp(l — F),
(viii)) For K € BV(L(Y, X)) , sp(dK x 1) C sp(f).

Proof For the proof we refer the reader to [20, Proposition 0.4, p. 20, Proposition 0.6,
p. 25, Theorem 0.8 , p. 21] and [19, Proposition 2]. |

Definition 1 A closed and translation invariant subspace M of the function space
BUC(R, X) , i.e., S(tr)M C M for all T € R, is said to satisfy condition H if the follow-
ing condition is fulfilled:

VC e L(X), VfeM=CfeM.

In the article, as a model of the translation invariant subspaces, which satisfy
condition H, we can take

A(X) := {u € BUC(R, X): sp(u) C A}, ®)
where A is a given closed subset of the real line. In connection with the translation

invariant subspaces we need the following simple spectral properties.

LemmA 1 Let M satisfy condition H. Then o(An) C 0(A) and
IR, AN < IR, DI, YA € p(A).

Proof Let A € p(A). We show that A € p(Apq). In fact, as M satisfies condition H,
Vf € M,R(A, A)f () := (A — A)'f() e M. Thus the function R(x,A)f(:) is a solu-
tion to the equation (A — A )u = f. Moreover, since A € p(A) it is seen that the above
equation has at most one solution. Hence A € p(Apr¢). Obviously, ||R(A, Apm)ll <
IR, A u

2.3. Sums of Commuting Operators

We recall now the notion of two commuting operators which will be used in the sequel.
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Definition 2 Let A and B be operators on a Banach space G with nonempty resolvent
set. We say that 4 and B commute if one of the following equivalent conditions hold:

(i) R(A, A)R(1, B) = R(u, B)R(%, A) for some (all) A € p(4), u € p(B),
(i) x € D(A) implies R(u, B)x € D(A) and AR(u, B)x = R(i, B)Ax for some (all)
w € p(B).
For 6 € (0, ), R > 0 we denote (0, R) ={z € C: |z| > R, |argz| < 6}.

Definition 3 Let A and B be commuting operators. Then

(1) A4 is said to be of class X(6, R) if there are positive constant R and

30, R) C p(A) and sup |[AR(, A)|| ;== M < oo, 9)
AEX(6, R)

(i) 4 and B are said to satisfy condition P if there are positive constants 6,6, R such
that ¢ <0 < /2, A and B are of class (0 + /2, R), X(r/2 — &', R), respectively.

If A and B are commuting operators, 4 + B is defined by (4 + B)x = Ax + Bx with
domain D(4 + B) = D(4) N D(B).

In this article we will use the following norm, defined by 4 on the space X, || x|, :=
IR(x, A)x||, where A € p(A). It is seen that different A € p(A) yields equivalent norms.
We say that an operator C on X is A-closed if its graph is closed with respect to the
topology induced by 7 4 on the product X x X. It is easily seen that C is A-closable
if x, — 0,x, € D(C), Cx,, — y with respect to 7 4 in X implies y=0. In this case,
A-closure of C is denoted by C".

THEOREM 2 Assume that A and B commute. Then the following assertions hold.

(1) If one of the operators is bounded, then
o(4 + B) C o(A) + o(B). (10)

(i1) If A and B satisfy condition P, then A+ B is A-closable, and

a((A ¥ B)A> C o(A4) + o(B). (11)

In particular, if D(A) is dense in X, then (4 + B)A = A+ B, where A + B denotes the
usual closure of A+ B.

Proof  For the proof we refer the reader to [3, Theorems 7.2, 7.3]. |

2.4. Unbounded Perturbation of Operators

We will consider the Volterra equation (1) as a perturbed equation of the evolution
equation v’ = Au. To this end, the following perturbation theorem is the key tool.

THEOREM 3 Let A be of class (0, R) and M be defined by (9) for some w > 6 > 7/2.
Suppose also that B is a linear operator with D(B) D D(A) and there are nonnegative
reals o, 8 such that

I1Bx|| < aflAx|l + Blix|l, Vx € D(A).
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There exists a positive number R’ such that if 0 < a < 8 := (1/2)(1 + M)™", then A + B is
of class (6, R').

Proof The proof can be taken from the one in [18, the proof of Theorem 2.2.1,
p- 80]. |

Remark 1 In this article we will consider the operator 4 which is of class (6 + /2, R)
with 7/2 > 6 > 0. In particular, if A is the generator of a uniformly bounded analytic
semigroup of bounded linear operators, then A4 is of the above class.

3. BOUNDED AND ALMOST PERIODIC SOLUTIONS

From the standing hypothesis on B(:), it follows that if u € D(Apucw x)), then
u € D(Bpucw, x)), Where Beucm, x)u(t) := [y~ dB(nu(t — n). Moreover,

| Beucw,xou(-)ll < VarB|§® | Apucmw, xyu(-) Il + VarB| lu(-)|l, Yu € D(Bgucw,x))-

We will fix a pair of nonnegative constants a, b (which may be different from the pair
(VarB|§°, VarB|y°)) such that

| Beucw, xou()ll < allApucw, xpu()ll + bllu(-)ll, Yu € D(Bpuc,x))- (12)

Let A CR be a closed subset. We will consider the following abstract operator
equation

Du=Au+ Bu+f (13)

where D :=d/dt, Au(t) = Au(t), Bu(t) = fooo dB(t)u(t — 1) in the function space A(X).
Obviously, A consists of all functions w € A(X) such that w(¢) € D(A), YVt € R and
Aw(:) € BUC(R, X), i.e., sup,cr |W(?)|| < oo and sup,cg [|Aw(?)|| < co. D(B) consists of
all functions w € A(CX) such that w(¢) € D(A4),Vt € R and if v(¢) := 0+°° dB(n)w(t — n),
then v € BUC(R, X). Hence, in A(X), B is A-bounded, so it may be regarded as a
unbounded perturbation of .A. Below we will consider the sum of the operators —D
and A + B. These are commuting operators as shown in the following lemma.

Lemma 2 Under the above notation, D and A + B are commuting operators.

Proof Obviously, D(A + B) = D(A). To prove the lemma it suffices to show that for
fixed Ag, no such that Riy > 0 (hence Ay € p(D)) and ny € p(A + B) we have

R(%0, D)R(mo, (A + B)) = R(no. (A + B))R(%0, D). (14)

Recall that D generates the translation group (S(¢)),.p- Hence,

R(xo, D)y = f e ™IS(tyvdt, Vve AX).
0
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Thus, it remains to show that the translation group (S(#)),.g commutes with A + B. In
fact, let us denote R(n9, A+ B)f = w. This means that w is the unique solution in A(X)
to the equation

now(t) — Aw(t) — /000 dB(uw(t — ) =f(1), VielR

for any fixed f € A(X). Of course, for every 7 € R the function S(t)w is a solution
to the above equation with the right hand side S(z)f € A(X). Thus, S(t)w =
R(no, A+ B) S(r)f. From the arbitrary nature of f € A(X), this yields

S(R(o, A+ B) = R(no, A+ B)S(1), VreR,

i.e., the commutativeness of the translation group and the operator R(ng, A + B). This
completes the proof of the lemma. |

On the other hand, we have the following lemma.

Lemma 3 Let A be of class (0 + /2, R) for w/2 > 6 >0 with constant M and
a < (1/2)(1 + M)~", where a is a nonnegative real chosen in (12). Then on A(X),
A+ B is of class (0 + 7/2, R) with R independent of A.

Proof The lemma is an immediate consequence of Theorem 3 and (12). In fact, by
Lemma 1 and (v) of Theorem 1, A is of the same class as 4. Again, by (viii) of
Theorem 1 and Theorem 3 the operator A+ B is of class (0 + 7/2, R) for some
positive R’ independent of A (which depends only on the constants @, b, M, determined
by 4, B(+)). |

3.1. Definition of Admissibility
Definition 4

(1) A function u € BUC(R,X) is said to be a (classical) solution of Eq. (1) if
u'(-) € BUC(R, X), u(t) € D(A), Vt € R, Au(-) € BUC(R, X) and Eq. (1) holds.

(i) (cf. [5, Def. 2.1, p. 41]) A function u € BUC(R, X) is said to be a mild solution of
Eq. (1) if there are a sequences of classical solutions u,(-) € BUC(R, X) of Eq. (1)
with the right hand side f, € BUC(R, X) such that u, — v and f, — f as n — oc.

We adopt the definition of admissibility (see also [20]) as follows:

Definition 5 The function f'in Eq. (1) is said to be regular if Eq. (1) has at least one
classical solution u. A translation invariant closed subspace M C BUC(R, X) is said
to be almost admissible for Eq. (1) if for every f € M Eq. (1) has a unique mild solution
ur € M such that the operator M > f'+>uy € M is continuous. An almost admissible
function space M is said to be admissible if every trigonometric monomial xe™*’, as a
function of ¢, is regular if it belongs to M.

Remark 2

(1) In the case where A is the generator of a strongly continuous semigroup and B(z)
is extendable to a bounded linear operator on the whole space X such that B(-)
is a function of bounded variation from R, — L(X), the notion of admissibility
means that for every /' € M there is a unique mild solution x; € M in the usual
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sense to Eq. (1) (see [16, §3.4]). In this case we will say that B is of the bounded case.

(i1)) The notion of admissibility in [19] is a little stronger than the one in the above defi-
nition. In fact, in [20] it is required that all elements of M N BUC! (R, X) be regular.
This requirement yields that every trigonometric monomial xe*’ is regular if it is
in M. However, if B is of the bounded case, all these notions are the same for
the function space A(X) (see [16, Corollary 3.1]).

3.2. Necessary and Sufficient Conditions for Admissibility

Below we will denote
o0 ) -1
Ag = {x eR :,zl(m —A —/ dB(n)e—'M> € L(X,Y)}.
0

ProrosiTioN 1 Let A € R be a closed subset and A(X) be admissible for Eq. (1). Then
the following assertions hold.

(i) ANA=0,
(i) sp(u) C Ag for every (classical) solution u of the homogeneous equation (i.e. Eq. (1)
with f=0).

Proof The second assertion has been proved in [19, Proposition 1]. For the first asser-
tion we note that translations commute with the Green operator G which takes every
f € A(X) into the unique mild solution u, € A(X). In fact, for classical solutions, this
claim is obvious because if u, is a classical solution of Eq. (1) with f, then S(h)us
is the unique classical solution of Eq. (1) with S(h)f for any & e R. Hence,
S(h)Gf = GS(h)f. Recall that there is a dense subset of A(X) of such regular functions
/- Since the Green operator, by definition, is a (unique) extension of the operator f > uy
defined on the set of regular f of A(X), this operator commutes with translations as
well. Hence, for the function f(f) := xe™, x e X, A € A we have S(h)Gf = GS(h)f,
Vh € R. This yields that

This shows that Gf(f) = ye™' for some y € X. On the other hand, by definition of
admissibility, this trigonometric monomial should be a classical solution of Eq. (1).
This yields in particular that y € Y. Hence, we have proved the existence of an operator
P:X > x—yeY. Obviously, by definition of admissibility, this operator is continu-
ous. Next, we see that P is the bounded inverse of the following operator

00
0:Yoy— <ik —A-— / dB(S)ei$>y' e X.
0
In fact, both P,Q are continuous linear operators. Moreover, Q is injective, and

obviously, PQ = Iy, QP = Ix. Thus, A € Ay.

Remark 3 Similar results were proved in [19, Proposition 1] for a little different defini-
tion of admissibility. Without additional conditions we cannot say anything about the
relation between sp(u), sp(f), and Ay.
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ProposITION 2 Let A be of class (0 + /2, R) with w/2 >0 >0, B be of bounded
variation with a < (1/2)(1 + M), where the constant a is chosen to satisfy (12) and
M is determined by A. Then A Noi(A+ B) = @ is a sufficient condition for the almost
admissibility of the function space A(X) for Eq. (1).

Proof  The theorem is an immediate consequence of Theorem 2 and Lemma 3. W

CoRrOLLARY 1  Given A, B as in Proposition 2. Then if for sufficiently large N such that
AN[=N,N] =0, ACX) is almost admissible for Eq. (1).

Proof Under the corollary’s assumptions, on the space A’(X) the operator A + B is of
class X(0 + 7/2, R') with 7/2 > 6 > 0 with some R’ independent of A’. This yields in par-
ticular that the set 0;(A + B) C [- R, R] for any closed subset A’ C R. Consequently, if
AN[—R, R] = @, then in A(X) all conditions of Proposition 2 are satisfied. |

In this subsection we will prove the following theorem which is the main result of the
article.

THEOREM 4  Let A be the generator of an analytic semigroup, and B be of bounded vari-
ation with a < (1/2)(1 + M)~", where the constant a is chosen to satisfy (12) and M is
determined by A. Then, the function space A(X) is admissible for Eq. (1) if and only if
ANAy=0.

Proof It may be seen that it suffices to prove the theorem with the assumption that A4
is of class X(0 4+ /2, R) for some 0 < 6 < 7/2 and R > 0. We will use the principle of
superposition, i.e., if the equations x = Ax(¢) + Bx(¢) + f1(¢) and y = Ay(t) + By(t) + f>(¢)
have two solutions x(-), y(-). Then, the equation x = Ax(¢) + Bx(¢) + (f1(f) + f2(¢)) have a
solution x(-) + y(-). Now using the sums of the commuting operators method we can
show that on A(X) the operator A+ B is of class X(6,R) for some positive R,
> 0> /2 (these constants are determined by the operator 4, independent of A), so
oi(A+ B) C[—R, R] (recall that o;(A+ B) :={£ € R: i§ € 6(A+ B)). On the other hand,
for every f € A(X) we can decompose it into two components one of which has spec-
trum outside the area of o,(A+ B) C[—R, R], say, f>. The other component f; has
compact spectrum in [—-R — 1, R+ 1]. In fact, we can choose a continuous function ¢
on R such that Fe(f)=1, Vte[-R,R], Fo(t)=0, V|t| > R+ 1 and 0 < Fe(1), Ve R
(recall that F¢ denotes the Fourier transform of ¢). In this way, we can define
fii=oxf, fr:=f—@x*f. By (vi) and (vii) of Theorem 1

sp(/1) C sp(f) Nsupp(Fe) C sp(f)N[-R—1,R+1]

sp(f2) C sp(f) Nsupp(l — Fe) C sp(f) NR\[-R, R].
Thus, we can apply Priiss’ result [19, Theorem 1] for the equation (1) with f;. The equa-
tion with f> can be solved by using Corollary 1. Now we show that A(X) is admissible.
To this end, we will establish the Green operator on A(X) for Eq. (1) which will be
defined on a dense subset F of regular functions. We will denote

Al i=AN[-R—1,R+1]

A := AN (R\[=R, R]).



442 T. NAITO et al.

Let us denote by F> the subset of A,(X) such that for every f, € F, Eq. (1) has a unique
classical solution in A>(X). In A>(X), the operator (D — A — B),,x) is invertible. In fact,
0(=Da,x)) = iAp, meanwhile, io;((A + B) o, x)) = 0((A+ B),x)) N iR C i[—R, R]. Hence,
Theorem 3 applies. Thus, F> is dense in A,(X). We define F := A (X) + F,. Obviously,
by the above argument, for every /" € F there is at least a classical solution uy € A(X) to
Eq. (1). We now show that such a solution u,is unique. In fact, this is an immediate conse-
quence of the assertion (ii) of Proposition 1. For every function g € A(X) we denote by
g1:=@*g, g :=g— ¢+*g. Note that since F¢ has compact support, this decomposition
is continuous with respect to g € A(X). Solving Eq. (1) separately with respect to f1, f> we
have solutions G f1 :=uy,, G2 f> := uy,, where G1 , G, denote the Green operator of Eq. (1)
on A;(X) and the operator (D —.A— B) A2(X)) defined on A,(X). The above argument
shows that the mapping G: F > f—>u; :=u;,+ uy, € A(X) can be extended uniquely to
a continuous mapping on the whole space A(X) by the formula Gf :=G; f1 + G, f>. It
remains to show that every trlgonometrlc monomial xe™ is a regular function. In fact,
since A & Ao, (ix— A —dB()))"' e L(X, Y). Hence ye* is a classical solution of Eq. (1)
with (¢) := xe™, where y:= (ix — A — dB())) ' x.

In the same way as above we consider the following equation

—+00
u(r) = Au(r) +/ dB(mu(t —n) +/(1), (15)
—0o0
where A is the generator of an analytic semigroup, B(¢) € L(X), V¢ € R, and B(-) is of
bounded variation, and f is a bounded continuous function. A minor modification
of the proof of [19, Theorem 1] shows that its statement remains true for equations
of the form (15). Applying exactly the method of proving Theorem 4 we arrive at the
following result which resolves completely the bounded solution problem for the
bounded case of B.

THEOREM 5  Let the above conditions be fulfilled for Eq. (15) and A be a closed subset of
R. Then the function space A(X) is admissible for Eq. (15) if and only if AN Ay = @.

Remark 4 Several particular cases of Theorem 5 has been proved in [11,12,15,16].

For a closed subset A C R let us denote by AP, (X) the subspace of AP(X) consisting
of all almost periodic functions f such that sp(f) C A. Obviously, AP, (X) is a closed
subspace of A(X) which is invariant under translations.

THEOREM 5  Let the conditions of Theorem 5 (Theorem 5, respectively) be satisfied. Then
APA(X) is admissible for Eq. (1) (Eq. (15), respectively).

Proof Note that the proof of [19, Theorem 1] is also applicable to the case of AP, (X).
On the other hand, the statement of the results in Corollary 1 is also true for the case
of AP, (X). Combining these facts and following the proof of Theorem 5 we get the
theorem. |

4. PERIODIC AND QUASI PERIODIC SOLUTIONS
To illustrate applications of the main results obtained in the previous section we con-

sider below the admissibility of the function spaces of periodic and, more generally,
quasi-periodic functions for Eq. (1).



ON THE BOUNDED SOLUTIONS OF VOLTERRA EQUATIONS 443

4. Periodic Solutions

We consider the periodic solutions of Volterra equations of the form (1). As we can
charaterize the t-periodicity of a bounded continuous function f by sp(f) C 2nZ/z,
we have the following

COROLLARY 2 Let A be of class X(0, R) for m > 6 > 7/2 with constant M defined by (9),
and B satisfy the standing hypothesis. Moreover, let a < 8 := (1/2)(1 + M)™'. Then a
necessary and sufficient condition for the space of t-periodic continuous functions to be
admissible for Eq. (1) is Ao N 2nZ/Tt = Q.

4.2. Quasi Periodic Solutions

A set of reals S is said to have an integer and finite basis if there is a finite subset 7 C S
such that any element s € S can be represented in the form s =nb; + --- + ny,b,,
where nje”Z, j=1,....m, bje T, j=1,...,m. If fis quasi-periodic, i.e., it is of
the form f(1) = F(1,¢t,...,1), t € R, where F(t1,t,...,1,) is a X-valued continuous
function of n variables which is periodic in each variable, the set of its Fourier—Bohr
exponents is discrete (which coincides with sp(f) in this case), then the spectrum
sp(f) has an integer and finite basis (see [13, p. 48]). Conversely, if fis almost periodic
and sp(f) has an integer and finite basis, then fis quasi-periodic. We refer the reader to
[13, pp. 42-48] for more information on the relation between quasi-periodicity and
spectrum, Fourier—Bohr exponents of almost periodic functions.

COROLLARY 3 Let A be of class X(0, R) for & > 0 > 1/2 with constant M defined by (9),
B satisfy the standing hypothesis, and a < 8 := (1/2)(1 + M)~'. Moreover, let f be quasi-
periodic with sp(f) having an integer and finite basis such that sp(f )N Ay = @. Then Eq.
(1) has a unique quasi-periodic mild solution xy such that sp(xs) C sp(f').

Proof  Under the assumptions, Theorem 5 can be applied to the function space
AP, (X), where A :=sp(f). This shows that Eq. (1) has a unique mild solution x,
which is almost periodic and has the spectrum sp(x,) C sp(f*). Since sp(f) has an inte-
ger and finite basis, so does sp(x,). But this fact yields that the almost periodic function
Xy is quasi-periodic. |

5. APPLICATIONS

Example 1 Consider the equation
n
X (1) = Ax(D) + D Arx(t = w) + /(1)
k=1

where x(7) € X, 4 is the generator of an analytic semigroup of bounded linear operators
on a given Banach space X, 4, € L(X),k=1,2,....,n, i € R, 0,k=1,2,...,n In
[11,12] a necessary and sufficient condition for the existence of w-periodic solution
has been given in the finite dimensional case. Here we consider the case of quasi-
periodic solutions. For instance, f(7) := g(t) + g(~/21), where g is a w-periodic function.
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A necessary and sufficient condition for the equation to have a unique quasi-periodic
solution x,such that sp(xy) C ((27Z/w) + (2v/27Z)w)) for every f of the above form is

2nZ 2277
<L+ \/;n )QA():@,

w

where Ag:={neR:A(inl — Y ;_, Age ™)~ e L(X)}. In particular if Ay = @ we get
the conclusion in [15, Section 4] for the existence and uniqueness of bounded solutions
in the finite dimensional case.

Example 2 Consider the heat equation in materials with memory
00
u(t, x) = Au(t, x) + / AdB(t)u(t — 1)
0

+ Y @t — 1, X) +/(x), 1€R, xeQ, (16)
k=1
u(t,x)=0, teR, xea, (17)

where Q@ ¢ R" denotes a bounded domain with smooth boundary 3 and B € BV(R,)
and is left continuous, B(0+) =0 and a;, kK =1,2,... are reals. The case where
dB(t) = b(t)dt for a function h(-) € L'(R,) and a; =0,k =1,2....n and the case
where both

a:=VarB|)° and b:= Z]_ |lal

are small enough have been treated in [20, Applications (a)]. We define X := L*(R),
A = A with D(4) = W>2(Q) N Wy, Then, 4 is a self-adjoint negative definite hence
analytic, and o(4) = {u;}7° C (—00,0). To apply Proposition 2, Theorems 4, 5 we
assume that VarB|° is sufficiently small. Meanwhile, the coefficients a; can be arbitra-
rily large.

Example 3 Consider the following system of equations arising in population dynamics
uy = diAui(t, x) + Zj_, / db(Dur(t —1,x), teR, xeQ
0

a2

f 8v(l,x):O, xeo, j=1,...,n,

where Q C R” denotes a bounded domain with smooth boundary and v(x) the outer
normal at x € 9Q. Let X :=[L*(Q)]", 4 := D - A = (diag d)A, d; > 0 for all j with
domain

D(A) = {u € X: duj € W>*(Q), d;du;/dv = 0 on Q)
and let B(¢) be defined as follows

(B () =D bu(Ou(x), ueX,
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where by € BV(R,). Then 4 is the generator of an analytic semigroup and Theorem 5 is
applicable without any assumption on the smallness of VarB|{°. As shown in
[19, Applications], the spectrum of the equation can be computed as follows:

Ao = {p € R: k,,(ip) = 0 for some m € Ny},

where
Ky = det(k — D — JE(,\)), m e No.

Here po:=0 > u; > ua,... denote the eigenvalues of the Laplacian with Neumann
boundary condition.
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