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1. Introduction

This paper is concerned with hyperbolic singular perturbation problems for

integrodifferential equations. For references in this area, we refer the reader to

the monographs of Fattorini [4], Goldstein [6] and Smith [11], and the papers

of Fattorini [5], Grimmer and Liu [7], Hale and Raugel [9], and the references

therein.

In Fattorini [5], the following hyperbolic partial differential equation with a

small positive parameter e from traffic flow
e2
o2u
ot2

�
� a

o2u
ox2

�
þ ou

ot

�
� b

ou
ox

�
¼ 0;
is formulated as an abstract differential equation
e2u00ðt; eÞ þ u0ðt; eÞ ¼ ðe2Aþ BÞuðt; eÞ; tP 0
in a Banach space, with A and B linear unbounded operators satisfying certain

conditions. Then the inhomogeneous singular perturbation problem
e2u00ðt; eÞ þ u0ðt; eÞ ¼ ðe2Aþ BÞuðt; eÞ þ f ðt; eÞ; tP 0;
uð0; eÞ ¼ u0ðeÞ; u0ð0; eÞ ¼ u1ðeÞ;

�
ð1:1Þ
is studied, and it is shown with some conditions on A and B that, as e ! 0, if

u0ðeÞ ! w0, e2u1ðeÞ ! 0, and f ð�; eÞ ! f ð�Þ, then uðt; eÞ ! wðtÞ uniformly on

compact subsets of tP 0, where uðt; eÞ is the solution of the Cauchy problem

(1.1) and w is the solution of the Cauchy problem
w0ðtÞ ¼ BwðtÞ þ f ðtÞ; tP 0;
wð0Þ ¼ w0:

�
ð1:2Þ
This is an extension of an earlier result in Fattorini [4] about the parabolic

singular perturbation problem
e2u00ðt; eÞ þ u0ðt; eÞ ¼ Auðt; eÞ þ f ðt; eÞ; tP 0;
uð0; eÞ ¼ u0ðeÞ; u0ð0; eÞ ¼ u1ðeÞ;

�

and
w0ðtÞ ¼ AwðtÞ þ f ðtÞ; tP 0;
wð0Þ ¼ w0;

�

where the same result mentioned above holds.
Stimulated by the work of Fattorini [5], we study in this paper the con-

vergence of solutions of the following Cauchy problem for a hyperbolic inte-

grodifferential equation
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e2u00ðt; eÞ þ u0ðt; eÞ ¼ ðe2Aþ BÞuðt; eÞ þ
R t
0
Kðt � sÞðe2Aþ BÞuðs; eÞds

þ f ðt; eÞ; tP 0;
uð0; eÞ ¼ u0ðeÞ; u0ð0; eÞ ¼ u1ðeÞ;

8<
:

ð1:3Þ
to solutions of the Cauchy problem
w0ðtÞ ¼ BwðtÞ þ
R t
0
Kðt � sÞBwðsÞdsþ f ðtÞ; tP 0;

wð0Þ ¼ w0;

�
ð1:4Þ
when e ! 0. Here A, B and KðtÞ (for each tP 0) are operators in a Banach

space X and satisfy some assumptions (see Section 2 below), and f ð�; eÞ,
f ð�Þ 2 L1

locð½0;1Þ;X Þ. Eq. (1.3) models physical problems, such as viscoelas-
ticity. Following Fattorini [5], we call this study as the hyperbolic singular

perturbations for integrodifferential equations.

We will show that, as e ! 0, if u0ðeÞ ! w0; e2u1ðeÞ ! 0, and f ð�; eÞ ! f ð�Þ,
then uðt; eÞ ! wðtÞ uniformly on compact subsets of tP 0 for the solution

uðt; eÞ of (1.3) and the solution wðtÞ of (1.4). When Kð�Þ � 0, this result goes

back to the corresponding results (Theorems 3.3 and 8.4) in Fattorini [5] for

equations without the integral term. Also it covers Theorem 2.1 in Liu [10]. See

Remark 3.4 below for details.
2. Preliminaries

Throughout this paper, e > 0, X is a Banach space; LðX Þ denotes the space
of all continuous linear operators from X to itself; and DðAÞ stands for the

domain of an operator A.
Here we list the basic assumptions and results of Fattorini [5] that will be

used in this work. See [5] for details.
Assume that the domain Dðe2Aþ BÞ ¼ DðAÞ \ DðBÞ is dense in X ; that the

homogeneous version of (1.1) ðf ð�; eÞ ¼ 0Þ has a solution for u0ðeÞ; u1ðeÞ in a

dense subspace D of X ; and that the solutions of the homogeneous version of

(1.1) depend continuously on their initial data uniformly on compacts of tP 0.

This is equivalent to the following assumption (cf., [4,5]; see also [14,15]).

(A1) e2Aþ B is the generator of a strongly continuous cosine function on X .

Under this condition, one can define two propagators of the homogeneous
version of (1.1) by
Qðt; eÞu ¼ uðt; eÞ; Gðt; eÞu ¼ vðt; eÞ; u 2 D; tP 0;
where uðt; eÞ (resp. vðt; eÞ) is the solution of the homogeneous version of (1.1)

with uð0; eÞ ¼ u, u0ð0; eÞ ¼ 0 (resp. with vð0; eÞ ¼ 0, v0ð0; eÞ ¼ e�2u); these

propagators can be extended to all of X as bounded operators, which we
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denote by the same symbol; and these operator-valued functions are strongly

continuous in tP 0. It is also shown in [5] that the solutions of (1.1) are given
by
uðt; eÞ ¼ Qðt; eÞu0ðeÞ þ Gðt; eÞ½e2u1ðeÞ� þ
Z t

0

Gðt � s; eÞf ðs; eÞds; ð2:1Þ
and that for u 2 X
e2G0ðt; eÞu ¼ Qðt; eÞu� Gðt; eÞu: ð2:2Þ
Following Fattorini [5], we also make the following assumptions.

(A2) There exist constants C, x, e0 independent of t and e such that for tP 0

and 06 e6 e0
kQðt; eÞk; kGðt; eÞk6Cext: ð2:3Þ
(A3) The restriction B0 of B to DðAÞ is closable and there is a m such that

ðk � B0ÞDðB0Þ is dense in X for Rek > m.
By virtue of [5, Theorems 3.2 and 8.3] we know that under these assump-

tions, the closure B0 of B0 generates a strongly continuous semigroup fSðtÞgtP 0

satisfying
kSðtÞk6Melt; tP 0 ð2:4Þ
for certain constants M and l; and
lim
e!0

Qðt; eÞu ¼ SðtÞu; u 2 X ; ð2:5Þ

lim
e!0

Gðt; eÞ
h

þ e
� t

e2

i
u ¼ SðtÞu; u 2 X ; ð2:6Þ
uniformly on compact subset of tP 0.

To link the semigroup fSðtÞgtP 0 and Eq. (1.2), we assume

(A4) B0 ¼ B.
Therefore, under the assumption (A4), the solutions of (1.2) are given by
wðtÞ ¼ SðtÞw0 þ
Z t

0

Sðt � sÞf ðsÞds; w0 2 DðB0Þ: ð2:7Þ
The following is an assumption made specially for the integrodifferential

equations (1.3) and (1.4).
(A5) fKðtÞgtP 0 � LðX Þ. For each x 2 X , Kð�Þx 2 W 2;1

loc ð½0;1Þ;X Þ. kK 00ð�Þk is lo-

cally bounded on ½0;1Þ. Here K 00 is the strong derivative.

Definition 2.1. An X -valued function uð�; eÞ on ½0;1Þ is called a solution of

(1.3) if uð�; eÞ is twice continuously differentiable, uðt; eÞ 2 DðAÞ \ DðBÞ for tP 0
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and (1.3) is satisfied. Similarly, an X -valued function wð�Þ on ½0;1Þ is called a

solution of (1.4) if wð�Þ is continuously differentiable, wðtÞ 2 DðBÞ for tP 0 and
(1.4) is satisfied.

Suppose that uðt; eÞ is a solution of (1.3). As in [4,5,10], we write
uðt; eÞ ¼ e
� t

e2v
t
e

� �
:

Then by (1.3) we have
v00 t
e


 �
¼ e2Aþ Bþ 1

4e2


 �
v t

e


 �
þ
R t
0
Kðt � sÞe

t�s
2e2ðe2Aþ BÞv s

e


 �
dsþ e

t
2e2f ðt; eÞ

vð0; eÞ ¼ u0ðeÞ; v0ð0; eÞ ¼ 1
2e u0ðeÞ þ eu1ðeÞ;

(

that is
v00ðtÞ ¼ e2Aþ Bþ 1
4e2


 �
vðtÞ þ

R t
0
~Kðt � s; eÞðe2Aþ BÞvðsÞdsþ ~f ðt; eÞ;

vð0; eÞ ¼ u0ðeÞ; v0ð0; eÞ ¼ 1
2e u0ðeÞ þ eu1ðeÞ;

(

ð2:8Þ
where
~Kðt; eÞ ¼ eKðetÞe t
2e; ~f ðt; eÞ ¼ f ðet; eÞe t

2e; tP 0:
From [3,12,13], one can find the existence and uniqueness theorems for

solutions of (2.8) and (1.4). Since the singular perturbations is what we are

concerned in this paper, we assume that (1.3) (i.e., (2.8)) for every e > 0 and

(1.4) have unique solutions, respectively.
3. Singular perturbation theorem

Now we state and prove our main result of the paper concerning singular

perturbations for Eqs. (1.3) and (1.4).

Theorem 3.1. Let T > 0 be fixed, (A1)–(A5) hold, and

(A6) u0ðeÞ ! w0, e2u1ðeÞ ! 0, as e ! 0,
(A7) f ð�; eÞ ! f ð�Þ in L1ð½0; T �;X Þ, as e ! 0.

Let uðt; eÞ and wðtÞ be the solution of (1.3) and (1.4) on ½0; T �, respectively.
Then
uðt; eÞ ! wðtÞ uniformly for t 2 ½0; T � as e ! 0:
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Proof. Using (A5) and a standard fixed point argument, one can deduce that

there exists an LðX Þ-valued function F ð�Þ such that
F ðtÞ þ KðtÞ þ
Z t

0

Kðt � sÞF ðsÞds ¼ 0;

F ð�Þx 2 W 2;1
loc ð½0;1Þ;X Þ for each x 2 X ;

kF 0ð�Þk is locally bounded on ½0;1Þ;
where F 00 is the strong derivative (cf., [1,2]).

Let dð�Þ be the Dirac measure. Then
ðd þ F Þ � ðd þ KÞ ¼ d: ð3:1Þ
Since uðt; eÞ satisfies (1.3), we get
e2u00ðt; eÞ þ u0ðt; eÞ ¼ ðd þ KÞ � ðe2Aþ BÞuðt; eÞ þ f ðt; eÞ;
then by (3.1), we obtain
ðd þ F Þ � ½e2u00ðt; eÞ þ u0ðt; eÞ� ¼ ðe2Aþ BÞuðt; eÞ þ ðd þ F Þ � f ðt; eÞ:
This means that uðt; eÞ satisfies
e2u00ðt; eÞ þ u0ðt; eÞ ¼ ðe2Aþ BÞuðt; eÞ þ f̂ ðt; eÞ;
uð0; eÞ ¼ u0ðeÞ; u0ð0; eÞ ¼ u1ðeÞ;

�
ð3:2Þ
where
f̂ ðt; eÞ ¼ ðd þ F Þ � f ðt; eÞ � F � ½e2u00ðt; eÞ þ u0ðt; eÞ�: ð3:3Þ
Similarly, we have
w0ðtÞ ¼ BwðtÞ þ f̂ ðtÞ; tP 0;
wð0Þ ¼ w0;

�
ð3:4Þ
where
f̂ ðtÞ ¼ ðd þ F Þ � f ðtÞ � F � w0ðtÞ: ð3:5Þ
Therefore, by (2.1) and (2.7), we know that
uðt; eÞ ¼ Qðt; eÞu0ðeÞ þ Gðt; eÞ½e2u1ðeÞ� þ
Z t

0

Gðt � s; eÞf̂ ðs; eÞds; ð3:6Þ

wðtÞ ¼ SðtÞw0 þ
Z t

0

Sðt � sÞf̂ ðsÞds: ð3:7Þ
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Thus
uðt; eÞ � wðtÞ ¼ Qðt; eÞu0ðeÞ � Qðt; eÞw0 þ Qðt; eÞw0 � SðtÞw0

þ Gðt; eÞ½e2u1ðeÞ� þ
Z t

0

½Gðt � s; eÞ þ e
�t�s

e2 � Sðt � sÞ�f̂ ðsÞds

�
Z t

0

e
�t�s

e2 f̂ ðsÞdsþ
Z t

0

Gðt � s; eÞ½f̂ ðs; eÞ � f̂ ðsÞ�ds:

ð3:8Þ
Clearly, (2.3), (A6) and (2.5) imply that, for t 2 ½0; T � uniformly
Qðt; eÞu0ðeÞ � Qðt; eÞw0 ! 0; as e ! 0; ð3:9Þ
Qðt; eÞw0 � SðtÞw0 ! 0; as e ! 0; ð3:10Þ

Gðt; eÞ½e2u1ðeÞ� ! 0; as e ! 0: ð3:11Þ
By (2.3), (2.4), (2.6), (3.5) and the properties of F ð�Þ, we have, for t 2 ½0; T �
uniformly
Z t

0

Gðt
h

� s; eÞ þ e
�t�s

e2 � Sðt � sÞ
i
f̂ ðsÞds ! 0; as e ! 0: ð3:12Þ
Since for each t > 0,
Z t

0

e
�t�s

e2 ds ¼ e2 1
h

� e
� t

e2

i
6 e2 ! 0; as e ! 0; ð3:13Þ
we see that for t 2 ½0; T � uniformly
Z t

0

e
�t�s

e2 f̂ ðsÞds ! 0; as e ! 0: ð3:14Þ
Moreover, from (3.3) and (3.5) and the properties of F ð�Þ, we deduce that
f̂ ðt; eÞ � f̂ ðtÞ ¼ ðd þ F Þ � ½f ðt; eÞ � f ðtÞ� �
Z t

0

F ðt � sÞ½uðs; eÞ � wðsÞ�0 ds

� e2
Z t

0

F ðt � sÞu00ðs; eÞds

¼ ðd þ F Þ � ½f ðt; eÞ � f ðtÞ� � F ð0Þ½uðt; eÞ � wðtÞ�
þ F ðtÞ½u0ðeÞ � w0� þ e2F 0ðtÞ½u0ðeÞ � w0�

þ e2F 0ðtÞw0 þ e2F ðtÞu1ðeÞ �
Z t

0

F 0ðt � sÞ½uðs; eÞ � wðsÞ�ds

� e2
Z t

0

F 00ðt
�

� sÞuðs; eÞdsþ F 0ð0Þuðt; eÞ þ F ð0Þu0ðt; eÞ
�
:

ð3:15Þ
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By (2.3), the properties of F ð�Þ, (A6), and (A7), we get
Z t

0

kGðt � s; eÞF ð0Þ½uðs; eÞ � wðsÞ�kds6 ðconstÞ
Z t

0

kuðs; eÞ � wðsÞkds;

ð3:16Þ
Z t

0

kGðt � s; eÞ
Z s

0

F 0ðs� rÞ½uðr; eÞ � wðrÞ�drkds

6 ðconstÞ
Z t

0

kuðs; eÞ � wðsÞkds; ð3:17Þ
where ‘‘const’’ means a constant that is independent of e and t 2 ½0; T �. Also,

for t 2 ½0; T � uniformly
Z t

0

Gðt � s; eÞðd þ F Þ � ½f ðs; eÞ � f ðsÞ�ds ! 0; as e ! 0; ð3:18Þ
Z t

0

Gðt � s; eÞF ðsÞ½u0ðeÞ � w0�ds ! 0; as e ! 0; ð3:19Þ
Z t

0

Gðt � s; eÞe2F 0ðsÞ½u0ðeÞ � w0�ds ! 0; as e ! 0; ð3:20Þ
Z t

0

Gðt � s; eÞe2F 0ðsÞw0 ds ! 0; as e ! 0; ð3:21Þ
Z t

0

Gðt � s; eÞF ðsÞ½e2u1ðeÞ�ds ! 0; as e ! 0: ð3:22Þ
Combining (3.8)–(3.12), (3.14)–(3.22), we have
kuðt; eÞ � wðtÞk6 0ðe; ½0; T �Þ þ ðconstÞ
Z t

0

kuðs; eÞ � wðsÞkds

þ
Z t

0

Gðt
���� � s; eÞe2

Z s

0

F 00ðs
�

� rÞuðr; eÞdr þ F 0ð0Þuðs; eÞ

þ F ð0Þu0ðs; eÞ
�
ds

����; ð3:23Þ
where 0ðe; ½0; T �Þ satisfies
0ðe; ½0; T �Þ ! 0 as e ! 0; uniformly for t 2 ½0; T �: ð3:24Þ
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Next
e2
Z s

0

F 00ðs
�

� rÞuðr; eÞdr þ F 0ð0Þuðs; eÞ þ F ð0Þu0ðs; eÞ
�

¼ e2
Z s

0

F 00ðs
�

� rÞuðr; eÞdr �
Z s

0

F 00ðs� rÞwðrÞdr þ
Z s

0

F 00ðs� rÞwðrÞdr

þ F 0ð0Þuðs; eÞ � F 0ð0ÞwðsÞ þ F 0ð0ÞwðsÞ þ F ð0Þu0ðs; eÞ
�

¼ e2
Z s

0

F 00ðs� rÞ½uðr; eÞ � wðrÞ�dr þ e2F 0ð0Þ½uðs; eÞ � wðsÞ�

þ e2
Z s

0

F 00ðs� rÞwðrÞdr þ e2F 0ð0ÞwðsÞ þ e2F ð0Þu0ðs; eÞ; ð3:25Þ
and
 Z t

0

Gðt � s; eÞe2F ð0Þu0ðs; eÞds

¼ Gð0; eÞe2F ð0Þuðt; eÞ � Gðt; eÞe2F ð0Þu0ðeÞ

þ
Z t

0

G0ðt � s; eÞe2F ð0Þuðs; eÞds

¼ Gð0; eÞe2F ð0Þ½uðt; eÞ � wðtÞ� þ Gð0; eÞe2F ð0ÞwðtÞ
� Gðt; eÞe2F ð0Þ½u0ðeÞ � w0� � Gðt; eÞe2F ð0Þw0

þ
Z t

0

G0ðt � s; eÞe2F ð0Þ½uðs; eÞ � wðsÞ�ds

þ
Z t

0

G0ðt � s; eÞe2F ð0ÞwðsÞds: ð3:26Þ
By (2.3), the properties of F ð�Þ, (A6), and the boundedness of wð�Þ on ½0; T �,
we see that
Z t

0

Gðt
���� � s; eÞe2

Z s

0

F 00ðs� rÞ½uðr; eÞ � wðrÞ�drds
����

6 ðconstÞ
Z t

0

kuðs; eÞ � wðsÞkds; ð3:27Þ

Z t

0

Gðt
���� � s; eÞe2F 0ð0Þ½uðs; eÞ � wðsÞ�ds

����6 ðconstÞ
Z t

0

kuðs; eÞ � wðsÞkds;

ð3:28ÞZ t

0

G0ðt
���� � s; eÞe2F ð0Þ½uðs; eÞ � wðsÞ�ds

����6 ðconstÞ
Z t

0

kuðs; eÞ � wðsÞkds;

ð3:29Þ
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kGð0; eÞe2F ð0Þk6 1

2
; for e small enough; ð3:30Þ
and for t 2 ½0; T � uniformly
Z t

0

Gðt � s; eÞe2
Z s

0

F 00ðs� rÞwðrÞdrds ! 0; as e ! 0; ð3:31Þ
Z t

0

Gðt � s; eÞe2F 0ð0ÞwðsÞds ! 0; as e ! 0; ð3:32Þ

Gð0; eÞe2F ð0ÞwðtÞ ! 0; as e ! 0; ð3:33Þ

Gðt; eÞe2F ð0Þ½u0ðeÞ � w0� ! 0; as e ! 0; ð3:34Þ

Gðt; eÞe2F ð0Þw0 ! 0; as e ! 0: ð3:35Þ
Moreover, it follows from (2.2) that
Z t

0

G0ðt � s; eÞe2F ð0ÞwðsÞds

¼
Z t

0

½Qðt � s; eÞ � Gðt � s; eÞ�F ð0ÞwðsÞds

¼
Z t

0

½Qðt � s; eÞ � Sðt � sÞ�F ð0ÞwðsÞds

þ
Z t

0

½Sðt � sÞ � e
�t�s

e2 � Gðt � s; eÞ�F ð0ÞwðsÞdsþ
Z t

0

e
�t�s

e2 F ð0ÞwðsÞds:

ð3:36Þ
By (2.3)–(2.6) and (3.13), we get, for t 2 ½0; T � uniformly
Z t

0

½Qðt � s; eÞ � Sðt � sÞ�F ð0ÞwðsÞds ! 0; as e ! 0; ð3:37Þ
Z t

0

Sðt
h

� sÞ � e
�t�s

e2 � Gðt � s; eÞ
i
F ð0ÞwðsÞds ! 0; as e ! 0; ð3:38Þ

Z t

0

e
�t�s

e2 F ð0ÞwðsÞds ! 0; as e ! 0: ð3:39Þ
Consequently, a combination of (3.23), (3.25)–(3.39) shows that
kuðt; eÞ � wðtÞk6 0ðe; ½0; T �Þ þ ðconstÞ
Z t

0

kuðs; eÞ � wðsÞkds; t 2 ½0; T �:
This, together with Gronwall’s inequality (cf., e.g., [8]), implies that
kuðt; eÞ � wðtÞk6 0ðe; ½0; T �Þ; t 2 ½0; T �:
This completes the proof. h
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Theorem 3.2. Let T > 0 be fixed, and (A1), (A2), (A5)–(A7) hold. Also, assume
that B generates a strongly continuous semigroup on X and DðAÞ \ DðBÞ is a core
of B. Let uðt; eÞ and wðtÞ be the solution of (1.3) and (1.4) on ½0; T �, respectively.
Then
uðt; eÞ ! wðtÞ uniformly for t 2 ½0; T � as e ! 0:
Proof. Since B generates a strongly continuous semigroup on X , and

DðAÞ \ DðBÞ is a core of B, we see that (A3) and (A4) hold. Thus we get the

conclusion by Theorem 3.1. h

In the case that the Assumption (A4) is not satisfied, then instead of (1.4),

we can consider
w0ðtÞ ¼ B0wðtÞ þ
R t
0
Kðt � sÞB0wðsÞdsþ f ðtÞ; tP 0;

wð0Þ ¼ w0;

�
ð3:40Þ
whose solution is defined in a way similar to that of (1.4). Now, under the

assumption (A3), we know from [5] that B0 generates a semigroup fSðtÞgtP 0

satisfying (2.4)–(2.6), and the solutions of (3.40) are given by
wðtÞ ¼ SðtÞw0 þ
Z t

0

Sðt � sÞf ðsÞds; w0 2 DðB0Þ: ð3:41Þ
That is, we have the same settings as before, thus, the arguments made

above for solutions of (1.3) and (1.4) can also be made for solutions of (1.3)
and (3.40). Therefore, we have

Theorem 3.3. Let T > 0 be fixed, and (A1)–(A3), (A5)–(A7) hold. Let uðt; eÞ and
wðtÞ be the solution of (1.3) and (3.40) on ½0; T �, respectively. Then
uðt; eÞ ! wðtÞ uniformly for t 2 ½0; T � as e ! 0:
Remark 3.4. Clearly, if Kð�Þ � 0, then F ð�Þ � 0, and hence f̂ ðt; eÞ ¼ f ðt; eÞ,
f̂ ðtÞ ¼ f ðtÞ. Thus (3.6) and (3.7) give the generalized (i.e., mild) solution of (1.1)

and (1.2), respectively. Therefore, when Kð�Þ � 0, Theorem 3.3 goes back to

Theorems 3.3 and 8.4 in Fattorini [5] for equations without the integral term.
Furthermore it is easy to see that if A ¼ 0, then (A4) holds due to the definition

of B0 and (A1). So Theorems 3.1 and 3.3 cover Theorem 2.1 in Liu [10].
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