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Motivational Example
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Motivational Example

- .

. Lat(1 —x)? . . . .
Consider I = / a2 dx. A partial fraction decomposition gives
0 x
41— 2)* 4
v z) = 20 — 42® 4+ 52t — 42® + 4 — :
1+ 22 1+ 22
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Motivational Example
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. Lat(1 —x)? . . . .
Consider I = / a2 dx. A partial fraction decomposition gives
0 X
4 1 — 4 4
v z) = 20 — 42® 4+ 52t — 42® + 4 — :
1+ 22 1+ 22
and so
1 4 4
1— 22
/ i z) dr = — — .
0 1+ 332 7
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Motivational Example

- .

. Lat(1 —x)? . . . .
Consider I = / a2 dx. A partial fraction decomposition gives
0 X
4 1 — 4 4
v z) = 20 — 42® 4+ 52t — 42® + 4 — :
1+ 22 1+ 22
and so
1 4 4
1— 22
/ i z) dr = — — .
0 1+ 332 7

Since the integrand is nonnegative, the integral is positive, and = < 22/7.
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Motivational Example

- .

. Lat(1 —x)? . . . .
Consider I = / a2 dx. A partial fraction decomposition gives
0 X
4 1 — 4 4
v z) = 20 — 42® 4+ 52t — 42® + 4 — :
1+ 22 1+ 22
and so
1 4 4
1— 22
/ i z) dr = — — .
0 1+ CE2 7

Since the integrand is nonnegative, the integral is positive, and = < 22/7.

Originally described by Dalzell (1944).
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A Bound on 7

1 4 4
1 — 22
1:/ v-z) 2
0 1—|—$2 7
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A Bound on 7

- .

1 4 4
1 — 22
1:/ v-z) 2
0 1—|—$2 7

1

1
Since 1 + 2% € (1,2) when z € (0,1) and / (1 — ) dx = 630"
0
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A Bound on 7

-

1 4 4
1 — 22
1:/ v-z) 2
0 1—|—$2 7

1
Since 1 + 22 € (1,2) when z € (0,1) and / 4 (1 — 2)* dx
0

1 22 1
-7 < .,

1260 = 7 630

o
& ?JAMES
ALMADISON

UNIVERSITY

1
630’

-

1t Intearals — p. 3/13



A Bound on 7

-

1 4 4
1 — 22
1:/ v-z) 2
0 1+$2 7

1
Since 1 + 22 € (1,2) when z € (0,1) and / 4 (1 — 2)* dx
0

1
630’

1 22 1
1260 =7 "< 6307
or
1979 22 1 22 1 3959
630 7 630~ 7 T 1260 1260
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A Series Expansion for

- .

The partial fraction decomposition: 4 _ 2 et + et - da® 44
P P 1422 1+ 241 —x)4/4
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A Series Expansion for

- .

The partial fraction decomposition: 4 _ 2 et + et - da® 44
P P 1422 1+ 241 —x)4/4

Integrate on [0, 1], applying the binomial expansion of 1/(1 + ¢):
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A Series Expansion for

- .

The partial fraction decomposition: 4 _ 2 et + et - da® 44
P P 1422 1+ 241 —x)4/4 '

Integrate on [0, 1], applying the binomial expansion of 1/(1 + ¢):

o0 k 1
1
T = E (_Z> /0 (2 — 4a® + b — 42 + )2 (1 — 2)** du.

k=0
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A Series Expansion for

- .

The partial fraction decomposition: 4 _ 2 et + et - da® 44
P P 1422 1+ 241 —x)4/4 '

Integrate on [0, 1], applying the binomial expansion of 1/(1 + ¢):

o0 k 1
1
T = E (——) / (2 — 4a® + b — 42 + )2 (1 — 2)** du.
N 0

m!n!
(m+n+1)1

1
For nonnegative integers m and n, / z™(1—x)"de =
0

So...
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Series Expansion (cont’d)

- .

- 55 [

Sk 71 Bk+6)! (8t
A(4R) (4 +2)1  4(4k)P2
T Bkr3) (8k+1)!]

k=0
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Series Expansion (cont’d)

- .

O I\ [(4R)AE +6)! 4(4k)\(4k +5)!  5(4k)!(4k 4 4)!
S Z( 4) [ Bk+7! @Bkt 6)! | ®k+5)
A4k (4 +2)!  4(4k)12
T ®k+3) @kt 1)!]

- 4k)!(4k + 3)!
Z(—1)k42—’f( (éé n 7+)' ) (820k® + 1533Kk* + 902k + 165)
k=0 '
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Series Expansion (cont’d)

- .

O I\ [(4R)AE +6)! 4(4k)\(4k +5)!  5(4k)!(4k 4 4)!
S Z( 4) [ Bk+7! @Bkt 6)! | ®k+5)
A4k (4 +2)!  4(4k)12
T ®k+3) @kt 1)!]

- 4k)!(4k + 3)!
> (—1)kg2E ( ’z;é n ;)'3) (820%” + 1533k” + 902k + 165)
k=0 '

22 19 N 543 B 7 N
7 15015 594914320 104187267600
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Series Expansion (cont’d)

- .

0/ 1IN\"[(4k)\(4k +6)!  4(4k)!(4k +5)!  5(dk)!(4k + 4)!
Z(_Z> [ 8k+7)!  (8k+6)! i (8k 4 5)!
A(4k) (4K +2)!  4(4k)!?
T Bkr3) (8k+1)!]

k=0

- 4k)!(4k + 3)!
Z(—1)k42—’f( N4k 4 3) (820%” + 1533k” + 902k + 165)

!

P (8k 4+ 7)!
_ 2 19 543 7 N
¢ 15015 = 594914320 104187267600

Roughly three digits of accuracy are added per term.
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More General Integrals

- .

1 _4n 4n
. . 1—
(Nield 1982) Consider 14,, = / 7 z)

dx for positive integers n.
] 1+ 22 P g
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More General Integrals

- .

. . Latn(1 — x)4n e
(Nield 1982) Consider 14,, = / a2 dx for positive integers n.
0 T
Then I = I,
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More General Integrals

- .

1 _4n 4n
. . 1—
(Nield 1982) Consider 1,4, :/ i Chk)
0

dx for positive integers n.
1+ x?
Then I = I, and (Medina 2006)

55'4”(1 —5’3)4n 6 5 4 2 — n—1—k A4k 4k (—4)"
T = (x° —4x°+5x* —4x +4)Z(—4) " (1—ux) +1+a:2

k=0
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More General Integrals

- .

1 _4n 4n
. . 1—
(Nield 1982) Consider 14,, = / 2 f)
0 142
Then I = I, and (Medina 2006)

dx for positive integers n.

55'4”(1 —5’3)4n 6 5 4 2 — n—1—k 4k 4k (—4)"
e = (x° —4x°+5x* —4x +4),;)(_4) " (1—ux) +1+:1:2

so integrating and simplifying,

(—1)" /1 47 (1 — o)t g nz_:(—l)k 242k (4k)! (4K + 3)! y

gn—1 1+ 22 ar (8k + 7)!

(820k° + 1533k* 4 902k + 165)
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Pancake Functions

- .

1
m 1 _ n
(Backhouse 1995) I,, , = / il ;E)
’ 0 14z

rational a, b, ¢ depend on positive integers m and n, and a and b have
opposite sign.

dr = a + bw + cIn(2), where
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Pancake Functions

- .

1
m 1 _ n
(Backhouse 1995) I,, , = / il ;E)
’ 0 14z

rational a, b, ¢ depend on positive integers m and n, and a and b have
opposite sign.

dr = a + bw + cIn(2), where

If 2m —n = 0(mod 4), ¢ = 0 and we get a 7 approximation.
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Pancake Functions

- .

1
m 1 _ n
(Backhouse 1995) I,, , = / il ;E)
’ 0 14z

rational a, b, ¢ depend on positive integers m and n, and a and b have
opposite sign.

dr = a + bw + cIn(2), where

If 2m —n = 0(mod 4), ¢ = 0 and we get a 7 approximation.

Using 1 < 1+ 2% < 2 for z € (0,1) we get the error bounds

m!n! cath /1 ™1 —x)" dp < m!n!
a+b= x .
2(m +n+1)! 0 1+ 2 (m+n+1)!
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New Series Expansions

- .

Applying the series expansion process to 1, leads to

1
(—4)_"m_k/ (2% — 42 + 5z — 42* +4)x
0

$4(k—l—nm)(1 o x)4(k—|—nm) dr
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New Series Expansions

- .

Applying the series expansion process to 1, leads to

oo n—1 1
o= ) Z(—4)_"m_k/0 (2% — 42® + bt — 42 + 4) x
m=0 k=0

4(k—l—nm)(1 o x)4(k—|—nm) dr

> 4a)! (4o + 3
_ Z Z 1yog2-al O(‘; ( f;; ! (82007 + 153302 + 9020 + 165)
« .

with a = k 4+ nm.
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New Series Expansions

- .

Applying the series expansion process to 1, leads to

oo n—1 1
o= ) Z(—4)—"m—k/0 (2% — 42® + bt — 42 + 4) x
m=0 k=0

$4(k—|—nm)(1 o x)4(k—|—nm) dr

> - (4 + 3)!
— Z Z 1)*42~¢ (; ( j‘;)' ) (8200 + 1533a° + 902« + 165)
(87 .

with a = k 4+ nm.

n = 1 leads to previous series expansion.
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New Series (cont’'d)
B o

With n = 2,

= 8m)!(8m + 3)!
— 42—2m ( 6560m> 4 6132m? + 1804 165)—
<=3 [ e (6560m° + 6132 + 1804m + 165

(8m + 4)/(8m + 7)!
(16m + 15)!

(1640m?> + 3993m? + 3214m + 855)]
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New Series (cont’'d)
B o

With n = 2,

= 8m)!(8m + 3)!
— 42—2m ( 6560m> 4 6132m? + 1804 165)—
<=3 [ e (6560m° + 6132 + 1804m + 165

(8m + 4)/(8m + 7)!
(16m + 15)!

_4r1rl N 16553 n 64615651 N
15015 18150270600 = 102659859353904652800 ’

(1640m?> + 3993m? + 3214m + 855)]
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New Series (cont’'d)
B o

With n = 2,

= 8m)!(8m + 3)!
— 42—2m ( 6560m> 4 6132m? + 1804 165)—
s Z [ 6m 1 7)1 (6560m~ + m” + m + 165)

m=0

(8m + 4)!(8m + 7)! ; 2
1640m3 + 3993m?2 + 3214m + 855
(L6 + 15) \L040m™ £ 3993m” + 3214m + 855)
4717 16553 64615651

= 15015 18150270600  102659859353904652800

which add roughly 6 digits per term.
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New Series (cont’'d)
B o

With n = 2,

= 8m)!(8m + 3)!
— 42—2m ( 6560m> 4 6132m? + 1804 165)—
s Z [ 6m 1 7)1 (6560m~ + m” + m + 165)

m=0

8m 4 4)!(8m + 7)!
(8m + )}(8m +7) (1640m? + 3993m? + 3214m + 855)
(16m + 15)!
47171 16553 64615651

= 15015 18150270600  102659859353904652800

which add roughly 6 digits per term.

We can take n as large as we like, and produce series that add roughly 3n
digits per term!
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Other Integral Approximations
- o

1 4 4
1 — 22 . - :
/ ( z) dr = - 7 IS notable because 22/7 is the classic
0

1+ 22
approximation to .
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Other Integral Approximations
- o

1 4 4

1 — 22 . - :

/ 7 55) dr = — — m is notable because 22/7 is the classic
A 7

approximation to .

It is one of the continued fraction convergents of 7, which begin 3, 22/7,
333/106, 355/113, 103993 /33102, and 104348/33215.
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Other Integral Approximations
- o

1 4 4

1 — 22 . - :

/ 7 f) dr = — — m is notable because 22/7 is the classic
A 7

approximation to .

It is one of the continued fraction convergents of 7, which begin 3, 22/7,
333/106, 355/113, 103993 /33102, and 104348/33215.

Unfortunately, none of the integrals considered so far lead to these
fractions.
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Other Integral Approximations
- o

1 4 4

1 — 22 . - :

/ 7 f) dr = — — m is notable because 22/7 is the classic
A 7

approximation to .

It is one of the continued fraction convergents of 7, which begin 3, 22/7,
333/106, 355/113, 103993 /33102, and 104348/33215.

Unfortunately, none of the integrals considered so far lead to these
fractions.

Consider the slightly more complicated

dr = a+ Brm + vIn 2,

/1 ™ (1 — 2)"(a + bx + cz?)
0 1‘|‘$2

where «, § and v depends on m, n, a, b and c.
&,
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Approximation Algorithm

- .

I _.m n 2
1 —
Toset/ (1 —x)"(a + bx + cx?)
0

422 dx = z — mor m — z for a given z:
X
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Approximation Algorithm

- .

1 2
m(1 _ p\n
Toset/ (1 —x)"(a + bx + cx?)
0

T4 2 dx = z — mor m — z for a given z:
X

® For particular m and n, (symbolically) evaluating the integral leads to
linear equations for a, b and c.
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Approximation Algorithm

- .

1 2
m(1 _ p\n
Toset/ (1 —x)"(a + bx + cx?)
0

T4 2 dx = z — mor m — z for a given z:
X

® For particular m and n, (symbolically) evaluating the integral leads to
linear equations for a, b and c.

® Choose m and n large enough that a + bz + cz? > 0 for z € [0, 1].
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Approximation Algorithm
- o

1 2
m(1 _ p\n
Toset/ (1 —x)"(a + bx + cx?)
0

T4 2 dx = z — mor m — z for a given z:
X

® For particular m and n, (symbolically) evaluating the integral leads to
linear equations for a, b and c.

® Choose m and n large enough that a + bz + cz? > 0 for z € [0, 1].

® Choose m and n as small as possible to make a, b and c as simple as
possible.
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Examples With Convergents
- [, 2, -

1+ 22 7
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Examples With Convergents

f /1 4(1_x)4dx:§—7r,

14 22 7
/1 25 (1 — 2)8(197 + 46222) o 333
=T — —,
0 530(1 + x2) 106
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Examples With Convergents

f /1 4(1_x)4dx:§—7r,

14 22 7
/1 25 (1 — 2)8(197 + 46222) 333
de =1 — —,
0 530 1+x2 106

/1 %(1 — 2)%(25 + 8162%) | 355
0 3164(1 + 22) 113
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Examples With Convergents
- [, 2, -

14 22 7
/1x (1 — 2)%(197 + 46222) 333
de =7 — —
0 530(1 + x2) 106’
/1;1: (1 —2)3(25 + 81622) 355
de = — —m,
0 3164(1 + 2) 113
L al4(1 — 2)12(124360 + 7715922) 103993
de =m — , and
0 755216(1 + :2) 33102
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Examples With Convergents
- [, 2, -

14 2 7
/1x (1 — 2)%(197 + 46222) 333
doe =m— —
0 530(1 + x2) 106’
/1;1: (1 —2)3(25 + 81622) 355
de = == —,
0 3164(1 + 2) 113
L al4(1 — 2)12(124360 + 7715922) 103993
de =1 — , and
0 755216(1 + x2) 33102
/1 12(1 — £)12(1349 — 106022) 104348
T = — T
0 38544(1 + x2) 33215

{a\
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Conclusion

® \We have developed a new family of series for = where each term can
add 3n digits of accuracy for any n.

® We have developed an algorithm to equate the distance between =
and any rational by an integral with nonnegative integrand.
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Conclusion

® \We have developed a new family of series for = where each term can
add 3n digits of accuracy for any n.

® We have developed an algorithm to equate the distance between =
and any rational by an integral with nonnegative integrand.

Further Directions

® Are other integrands worth considering? I've already tried

n

/01 xﬂ;(ll__i;? dz.

® Can we approximate other constants this way?
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