DEF

A function (fct) f is a rule that assigns a single element (value) to each element in
a set D called the domain of f. The element y (value) f assigns to z € D is denoted
y = f(x). The set of all values R assigned by f is called the range of f. We will write
D(f) and R(f) or write

f:D—R

to show that f is the function with domain D and range R (or range contained in R).
If the domain of f is the natural numbers or whole numbers, we will also call the
range of f a sequence and write the range as

{70), F(1), f(2), f(3), f(4), -}

or

{Yo, Y1, Y2, Y3, Ya, ...}
where y, = f(k). *
Notes

1. We will study the range of f, especially for sequences and determine patterns
and convergence in these sequences.

2. An algorithm is a sequence of steps that is often described by a function.

3. To determine the values in the range of a function, one has to follow the rule
given by the function precisely.

DEF
Let f be a fct

1. A root (or zero) of f is a value r so that f(r) = 0.
2. A fixed value of f is a value p so that f(p) = p. That is f assigns p to p.

3. The orbit of xy under f is the sequence

O(xo; f) = {wo, f(w0), f(f(z0)), f(f(f(20))), -}

This sequence is given by the algorithm

Trp1 = f(zg)

for k=0,1,2,3, ...



Notes

1.

The roots of a function can be found by algebra or approximated by an algo-
rithm.

If f is a function from the real numbers into the real numbers, i.e. the domain
of f is in the real numbers and the range of f is in the real numbers then a
fixed value p of f gives the point (p, f(p)) = (p,p) on the graph of f. That is,
the fixed point is also on the line y = .

If you program f into a computing device then the orbit of x5 under f is obtained
by entering xy and then repeatedly using (pressing the) f (button).

If r is a root of f then r is a fixed value of g(x) = f(x) + z and if p is a fixed
value of g then p is a root of f. (Show this!)

For example, if f(z) = £ then

1.
2.

the root of f is given by x + 6 = 0 and f(—6) = 0 so the root is r = —6.

_ pt6
T opt2
(p+6) = p(p+2) or p>+p— 6 = 0 whose solutions are p = —3 and p = 2. You

should check that f(2) = 2 and f(—3) = —3. If you graph y = f(z) then the
fixed points (=3, —3) and (2, 2) will be on the graph of f and on the line y = z.
These are the points of intersection of the graph of f and the line y = z.

if f has a fixed value, it is given by f(p) = p. Solving this equation, gives

The orbit of 0 under f is the sequence

x+6 9 39
O(0; =40,3, =, —, ...
(’x+2> {”5719’ }
This sequence is given by the algorithm
B T +6
Tr1 = fog) = T+ 2

forzp =0and £k =0,1,2,3, ...

NEWTON’s Method

Newton’s Method is an algorithm that finds a root of a fct f from the reals into the
reals. (It can be extended to more complicated fcts.) Newton’s Method determines
an approximation for the root of f by setting up a fixed point algorithm based on f.
One must remember that any equation in one variable can be adjusted algebraically
(usually in many ways) to fit into this algorithm. The best choices are those that
reach the root (fixed value) in as few iterations (terms of the sequence) as possible.

Suppose we want to solve y = f(z) = 0 and f is continuously differentiable with
f'(x) # 0 for x near the root r. The Newton’s Method algorithm is then
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1. Choose an initial ‘guess’ (value) z, for r.

f(z)
f'(=@)”

3. Determine the orbit of xy under g until the fixed value r of g is determined.

2. Create the function g(x) =z —

Tp4+1 = 9(%)

for k=0,1,2,3,... until f(r) is close to 0 or g(r) is close to 7.

. 1
For example, determine T
We can let z = \/%% and then do some algebra. For example,
1
Now let
1

Determining the root of this f gives us 3 Tor . We have that

and then the function g for Newton’s method is given by

f(x) 5 —25 r—25xt 4 25, =
g(x)zw—f,<x>=x— 3 vt =gr- = §(4—253:3).

Note that g is a fairly nice function. The algorithm for determining S’/L% using this f
1s

x
Tpp = g(og) = gk (4 — 25 2;°).

If 2o = 1 then 2y = g(z0) = g(1) = 3(4 — 25-1%) = —7. Note that 0 is a root and a
fixed value for g (¢(0) = 0).

Algorithm

An algorithm is an ordered process that produces a sequence. For example,
Define S,, = s(n) and then let S, 1 =2, + 3.5,_1. Now build the sequence by

1. Choose initial values for Sy and S;.



2. Let S,y1=295,+35,_1 forn=1,23, ..

IfSOI 1 and Sl = 2 then 52:251+350:7and 532252+381 :2(), etc.
Note that if

Ski1 _ ¢
Sk
for ¢ a real number then
Sk
=q
Sk-1

and
Skt =Sk Sk =qSk—1; Ser1 = ¢S = ¢° Sk
and our algorithm S, .1 =25, +35,_1 is
Spi1 =6 Sn-1=2¢Sn-1+3S,1

so that ¢> =2¢ + 3 if S,,_; # 0.



