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PROJECTIVELY POLYNOMIAL

Let f : R→ R with 0 in the domain of f . The following are equivalent definitions of
f being projectively polynomial.

(1) There are natural numbers n, k, a polynomial P : Rn → Rn of degree k and a
vector A ∈ Rn so that if

y′ = P (y) ; y(0) = A

then f = y1.

We write f ∈ Pn,k. We let Pn = ∪kPn,k and P = ∪nPn. We can also write
f ∈ Pn or f ∈ P.

(2) There exists a polynomial Q : Rn+1 → R so that Q(f, f ′, ..., f (n)) = 0.



(3) There exists a natural numberN and real numbers a1, ..., aN ; and b1,1, ..., b1,N , ..., bN,1, ..., bN,N ;
and c1,1,1, ..., c1,1,N , c1,2,2, ..., c1,2,N , ..., c1,N,N , ..., c2,1,1, ..., c2,1,N , c2,2,2, ..., c2,2,N , ..., c2,N,N , ...,
...cN,1,1, ..., cn,1,N , cN,2,2, ..., cN,2,N , ..., cN,N,N ; and B1, ..., BN ; together with func-
tions x1, ..., xN ; so that if for j = 1, ..., N
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(4) There exists a natural numberN and real numbers a1, ..., aN ; and b1,1, ..., b1,N , ..., bN,1, ..., bN,N ;
and c1,1,1, ..., c1,1,N , c1,2,2, ..., c1,2,N , ..., c1,N,N , ..., c2,1,1, ..., c2,1,N , c2,2,2, ..., c2,2,N , ..., c2,N,N , ...,
...cN,1,1, ..., cn,1,N , cN,2,2, ..., cN,2,N , ..., cN,N,N ; together with sequences α1, ..., αN ;
so that α1,0 = f(0) = A1 and
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(5) There exists a natural numberN and real numbers a1, ..., aN ; and b1,1, ..., b1,N , ..., bN,1, ..., bN,N ;
and c1,1, ..., c1,N , c2,1, ..., c2,N , ..., cN,1, ..., cN,N ; together with sequences α1, ..., αN ;
so that α1,0 = f(0) = A1 and
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(6) There exists a natural numberN and real numbers a1, ..., aN ; and b1,1, ..., b1,N , ..., bN,1, ..., bN,N ;
and c1,1, ..., c1,N , c2,1, ..., c2,N , ..., cN,1, ..., cN,N ; together with sequences α1, ..., αN ;
so that α1,0 = f(0) = A1 and
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f(t) =
∞∑
i=0

fit
i = [f0, f1, f2, ...].

Note that t[g0, g1, g2, ...] = [0, g0, g1, g2, ...], t
2[g0, g1, g2, ...] = [0, 0, g0, g1, g2, ...], etc.

That is, tk times a power series g is a power series for g with the first k coefficients
being 0 and the remaining coefficients the same as that of g. Therefore,

g(t)h(t) = [g0, g1, g2, ...][h0, h1, h2, ...] = g0[h0, h1, h2, ...]+g1[0, h0, h1, h2, ...]+g2[0, 0, h0, h1, h2, ...]+....

Therefore, the coefficients of the power series g(t)h(t) is given by the product of the
circulant matrix

g0 0 0 . . . 0
g1 g0 0 . . . 0
g2 g1 g0 0 . . 0
g3 g2 g1 g0 0 ... 0
. . . . . . .
. . . . . . .

 and the vector


h0
h1
h2
h3
.
.

 ,


