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Abstract. Let P be a polynomial from R" — R" and D € R". I consider some
properties of the class of ODEs Y’ = P(Y) ; Y(0) = D and their solutions. The
solution space to these ODEs form a proper subspace of the analytic functions. I
will present examples highlighting the concept and practicality of polynomial ODEs
including Newton’s N-Body problem and root finding methods.
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PROJECTIVELY POLYNOMIAL

Definition. The function f : R — R is projectively polynomial if there are natural
numbers n, k, a polynomial P : R" — R" of degree k and a vector A € R™ so that if

y' =Py); y(0)=A

then f = y,. Note that this implies f is analytic on a neighborhood of 0 (i.e. f € A)
and f(0) = A;. We write f € P, . We let P, = UgP,, and P = U,P,. Parker
and Sochacki have shown that many functions are projectively polynomial and that
many ODEs can be made polynomial through auxiliary variables (Parker & Sochacki,
1996).

The following have been shown to be equivalent statements for f being projectively
polynomial (Carothers et al., 2005).

(1) There exists a polynomial @ : R™! — R so that Q(f, f/, ..., f™) = 0.



(2) There exists a natural number N and real numbers ay, ..., an; and by 1, ..., b1 Ny ooy BN 1, -
and C1,1,15 -y C11,N;C1,225 -3 CL2 Ny «eey CLN N «003 C21,15 00+ C21, N, €222, ...y C22 Ny ooy C2 N Ny -

CN.1 1y s Cn 1Ny CN2.25 ---s CN2 N, ---, CN.N.N; and By, ..., By; together with func-
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Single Pendulum
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Newton’s N body ODEs for the positions (z;,¥;, 2;) of i = 1,.., N bodies
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