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The Power Series Expansion Method

1. Write dif. eqgs. as sums of products.
2. Expand each function as a power series.
3. Treat each sum, product, or derivative as a separate step.
4. Equate powers of the independent variables.
5. Advance series until error reaches goal.
k k
x(t) — Y x;t|| < ||c]] ((1 — M)~/ m1) % zjtj> (1)
7=0 =0
where ¢ are rescaled coefficients, ||c|| = cmaz, m > 2,

M = (m — 1)||By]|, and ||By]|| is the largest row sum
of the absolute value of coefficients of transformation B.



Calculation of Error Limit: Rescaling.

P.G. Warne, D.A. Polignone Warne, J.S. Sochacki, G.E. Parker, and D.C. Carothers, “"Explicit
A-Priori Error Bounds and Adaptive Error Control for Approximation of Nonlinear Initial Value
Differential Systems.”, Computers and Mathematics with Applications 52 (2006), p.1695.
1.(Theorem 1If p = [ ux(t) = X;pit', ¢ = [Livi(t) = X; qit”,

and kmaz < lmaz and ug = Zg ukjtj and v; = > Uljtj

and Vk, |ug| < wvg, and vg = 1, then by induction, p;. < g;k-

2. Suppose 3 a system of N differential equations x’ = f(x).
Then rescale x to put initial conditions between 1 and -1:

If xZ(O) = a;, then scaling ¢; = a; if |CLZ| > 1, else ¢; = 1.

If x; = c;y;, then yZ(O) = b; with |bz| <1 and y/ = f(X)

3. For the power series method, y is written as

/I J1..J2
Yi= D> D > Bijiio a1 YD U (2)
J1=072=0  jn=0



Calculation of Error Limit: Warne Transformation.

4. For Warne transformation By[y] =f : " — &7,
Bul| = sup{|[By[ul|| : u € R"where|lu|| = 1} (3)

N N N
[Bnll = max DY ) IBijigeil (4)

5. Then on ||y —bl| < L, [[f|| < [|By|I(L+ 1)Y and [|8f/0yxl| < m||By|[(L+ 1)™
where m is the largest degree of any nonzero term in f.

Then 3 a unique y in Eq. (2) fort e (—L/(||Bn||(L+1)™),L/((Bn||[(L+1)™)).
For m > 1, the interval is a maximum for L = m — 1, vielding

1 /m—-—1\" 1 /m-—1\"
G e

where M = (m — 1)||By]|.




Calculation of Error Limit: Majorizing Limit z on .

6. Since y' = Byl[y], and y(0) =b, and y =, yit), f = > fit7,
we can iteratively generate terms:

yo=Db, fo =f(yo), yx+1 = f/(k+1). So |[yg1ll = [If]|/(k+1).
7. Likewise, if 2/ = ||By||z™, and 2(0) =1, and z = X, z;t/,
then iteratively, zg = 1, 241 = (2")i||Bn||/(k+ 1), yielding

el Bnllt form=1

(1) = ~1/(m-1) |

(1 — Mt)~1/m for m > 1.
8. We can use Theorem 1 on t.he. Iimits of products:
Since |yl < |ly;ll < z;, then |[y1'y2 - -yl < (™).
9. Then |fir] <N o =0T =0 |Bij1.j2minl Gk < IBNII(Z™)
fe|] < [IBnl[(z"™) and |lygpt1]| < |IBy||(Z™)g/(E+ 1) = 254 1.

(6)
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Calculation of Error Limit: Transfer of Limit to Xx.
10. Since Hyk+1H < Zk+1 and

(1) = elIBrllt for m = 1,
) (1= M)V for m > 1.

then the limit on y is

k L .
(& E z m =
ilt) JZZO = { (1 — Mt)y=V/m=1 528 zjt}) for m > 1.

Since x; = c;y;(t), then the limit on x is

k: .
x(t) — i:x.tj < el (el =375 Zj‘w) for m =1,
ST el (= ay e — S i) for m > 1.

The coefficients z; are easily calculated iteratively from zg = 1:

B ((m—l)k—l—l) M
k1 = k41 m—17"

(7)

(8)

(9)



Calculation of Error Limit: A Simpler Bound.

Full error limit:
k

x(t) — Y x;t!

=0
Since ((m—-1)k+1)(k+1) <m—1, a simpler, less tight bound:

el (BT — 52k 210)7) for m = 1,
- (1 — Mt)y=t/m=1) _57k_ zj|t|j) for m > 1.

[le]]

el] [Mt]FT
<

for > 1. 10
< m (10)

k
x(t) — > x;t
j=0

This is an example of a Cauchy-Kovalevsky error limit.



Algebraic Maclaurin Padé. (P. G. Warne)

1.Get the power series to O(t2Vt1): y(t) ~ 232.20 kit .
Then the Padé approximation for y is:

N N ON
Pn(t) = (Z a,jtj) /(Z bjtj) = Z kjt] with bg = 1. (11)
j=0 7=0

j=0
>N N N | _—
Sokit! S bt = Y ait! =0 to 02N T, (12)
j=0 ~ j=0 j=0

2. Terms N + 1 to 2N + 1 cancel, giving a matrix equation

kN4i—jbj = —kN4j-
Solve for b; by Gaussian Elimination.
3.Cauchy products yield a; = 3‘:0 ki—jb;.



Padé Error and Time Step. (P. G. Warne)

1.First Padée error term pony1 from power series

2N+1

N . N .
> kit = (Z ajtj) /(Z bjt]) + pong 1t T+ 0PN T2,
7=0 7=0 7=0

(13)
2.Next time step:

1/2N 1/2N
qS( .,eh ) =< ch > . (14)

lpon1|R2N T

1/2N
) . (15)




Warne’'s Comparison of Errors for y' =1+ y2 (A = 1.5).

Order Step Runge-Kutta

4 10 0.0529
100 0.106E -5

Taylor Padé
0.0761 0.474
0.226FE — 6

0.182FE — 6
15 0.104E — 11 0.298FE — 12 0.163FE — 12
3 10 0.128 0.177
100 0.240FE — 8 O0.255F — 14
12 1 0.152

0.0902
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Continued Fractions and Padé Approximants.
Fractional Representation of .
m = 3.14159265... (16)
=34 1/7.062513... (17)
=34+1/(7+1/15.9966..) ~34+1/(7+1/16) (18)
=3+1/(113/16) = 355/113 = 3.1415929... (19)

341/7=22/7=3.143... (20)
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Unwinding of f(x) =3 — 5z + 72? — 423 + 11z,

f(x)=3(1—gx+§x2—%x3+%x4) = (21)
_ S 4o 49 3 446 4\ _
= 3/ <1+3x—|—9x 27:1: a1 T ) = (22)
_ > 439 0 446 50
=3/ <1-|—3zc (1—|— %~ 25 135x> = (23)

)= (24)
- (25)

5 4 87 3513
=3/ (1—|—§x/ (1—Ea}/ (1—|——a:—|——562 )) = (26)

— 3/ (1+§x/ (1_115;0/ (1—|—§—gx/ (1— 151870133)))) (27)
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Rewinding of a Polynomial.

When I rewind f(x) I obtain f(x) =

(oo (32 ()
8

(13 (v (e ) () -
=3/(1+§x/<( oo +%x)/( +%§m))) (30)

:3/(1+(5x+§2)/( +E +%x2>> (31)
=3/<( +% +% 2)/( +E +;—;;:c )) (32)

898 1171 , 541 | 3207 ,
(1+435 Tt 517" )/< HEVTRETT ) (33)
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Truncation of Original Series.

Suppose that I had applied the Padé Approximant to the first 3 terms of

f(x) =3 -5z + 722 — 423 4+ 112*.

Then the unwinding would have stopped at

g(z) = 3/ (1 n gx/ (1 _ 11533» |

Rewinding yields

In unwinding above, the next term divides 7 x by (1—|—

(34)

(35)

(36)

a:) Upon rewinding,

every term is multiplied by (1 —|— :13) except of x. g (:1;) =

_ 3((1+%)—%$)

(1+362) + (5 +15) = (1 + 352) — 152

(37)

49 23
=3 (1 + §x> / (1 + 27 + —x2) (38)
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Restoration of Padé Approximant.

d@) =3 (1+550) / (14220 + 2002 (39)

The next term multiplies every term by (1 — 151870133) except 5L of z and (2)(&f

of 22. ¢'(z) =
J05 ERSC R ETE DR CH
(1- %) +(F-55)c(1—-%g2) +55=+%
898 1171 , 541 3207 ,
( t 235" 1 2175" ) / ( MEVERREEOY: ) (41)
= f(z) (42)
Small Terms.

1+e¢/b=(b+¢€)/b=b/b (43)

Separate terms by order of magnitude.
Separate different powers of parameters.
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1)PS Expansions, Padé Approximants and Poles.

PS Expansion: e* 1—|—a:—|—1332—|— ,:I; -+ ,:c -+ ,a:5—|—
Padé Approximant: 82/2 = (12 + 6 + :z;2)/(12 B + 5132)

Pole: z—l(t/al 1> (1+ + (¢ ) +)

2)Preparation of a Test Case: Oscillation and Pole.
1) y_tsm( )—|—1
2) y = (t —a)sin (%) + -1 to expand around t = 0.

‘H

x =sSin(z). x,s = z,; COS(2).

+ = 1. (xat)2+$2(zat)2 — <Z7t)2'
— a)a: + 2.

)

/\Mw

) z =
4) (%
5) y
6) In MS Excel, I show y = (t — 2) sin (%) + ﬁ
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3)PS Expansions for z = 1/(t —a) and =z = sin(z).
D == (i) = (o ()7 () =
-2 (o () ()
2)z,t——21(1—|—2 +3() 4(L)
3)z,§=1(1+4 +1o() o(

4) (CB,t )2 + 332(Z,t )2 — (Zat )2

5) az—xo—l—wlt—l—azgt —|—x3t + xat* + ...

6) x,t = :r;l -+ 2:13215 + 3x5t2 + 4xat3 + ..

7) (a:,t) = x7 +4£E1332—|-(6$1$3+4$%)t2—|—(8a71$4—|—12£U2333)t3

8) 22 = acg -+ 2$Oxtt + (2zgxo + a:l + (2zpx3 + 233130 g

9) x(z,t )% = 24 <CUO + EQCUowl + xo) t+ (Z’Bowz + 22 4 S2of1 + 10%0) t2+

‘|‘ (2:60:133 ‘|‘ 2:131$2 —|- 83:%2332 ‘I’ % ‘|‘ Qozgxl ‘|‘ 22:360) t3 ‘I‘ )
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4)Change of Variable to Locate a Pole.

1) z2=1/(t—a). zp=—1/(t —a)? = —22.
D) Ty = Ty» 2,0 = —2°T,,.
3) (xat )2 + xQ(zat )2 — (Z7t)2 becomes x7§ —|—$2 = 1.

4) x =sin(z — zg) in y=(t —a)x + z gives y =sin(z — zg)/z + z.
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5)High Powers of Poles.

At high order any pole seems first povver

1) (1 _ ax) P =1 _|_ pax _|_ p(P+1)a _|_ P(p+1)(2?+2) _|_

Suppose b, is the coefficient for term n.

Then r = bn/(b(n—l)b(n—l—l)) depends on power p and not a.

bn+1 (p+n)a’
3) r = bs — (ptn-1)(n+1)
b(n 1)6(7124—1) L (p+n)n
_ n“—1-n“r _ (1—7r)—-1
4) p= —n—l—l—nr T n(—l—l—r)—l'
5) lim bn lim nt+l 1

n — 0o bnt1 n — oo (p+n)a ™ a’
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