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Lorenz

x= oy —x)
y= m—y—xz

z=  xy—bz
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Lorenz
with 0 =10,r =28, & b=38/3

Figure: http://en.wikipedia.org
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http://en.wikipedia.org

Malkus Waterwheel

http://people.web.psi.ch/gassmann/waterwheel/Wwheell .HTML
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http://people.web.psi.ch/gassmann/waterwheel/Wwheel1.HTML

JMU version
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The model

Consider an arbitrary sector of the wheel [f1 , 62]. The mass can change in
three ways:

@ Source Q(0)
@ Leakage ¢(m), where

Kym ww
Hm) = {KSH(m) sw (L)

and H(-) is the Heaviside function.

© Rotation
om

%7

w

with angular velocity w.
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The model

So
02 T Om om
or 9 9
m m
ar — Q) = Hm) —w .

And the torque balance

27
/a—w = —w +gr/ m(0, t)sin(6)do,
ot 0

closes the system, with rotational inertia /, frictional coefficient v,

gravitational force g, and wheel radius r.
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Model - DFT

Typically, the DFT used to reduce to

51 = wbl — KW31

by = —~war — Kwb1 + g1, (5)
—Vw + mgrai
/

w =

Not so easy for sandwheel! In special case when gy = K, we have

éil = wbl

by = —war + g1, (6)
. —vw + mgra;

w=————

/
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Individual Mass tracking

Waterwheel d
mj

== Qb)) — Kumi,

™ Q(6)) m (7)

modeling the mass m; in each cup, where

Q, if cosigcos(9+2—7ri)
0;) = ’ N N 8
Q(6:) {O, otherwise. ®)
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Individual Mass tracking

Waterwheel: J
m;j
—— = Q(0i) — Kwmj, 7
= Q) ~ K 7
Sandwheel: J
m:
T = Q(Br) — H(m)K; (8)
t
and torque balance (for both):
N—1
lw = —uw—i—grz m sin(6;). (9)
i=0

| approaches steady state for the waterwheel, but not for the sandwheel.
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Center of Mass - waterwheel

Introduce
Yem = 14 ZN 01 mj sin(6;)
Zem =1 ,N:_Ol mj cos(6;)

dt
we see
Yem = WZem — KWYCma
and (for large N)
Zem = Mo _ w — Knz
cm M, Yem wZcm-
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Center of Mass - sandwheel

For the sandwheel, we have
N-1 N-1 N-1
> jsingi =" Q(6:)sin(8;) — > KsH(mj)sin(6;).  (15)
i=0 i=0 i=0

Ms is time-dependent, so

M r N-1
Vem + ~—Yem = —— KsH(m;)sin(0;) + wzem- (16)
M Ms —
Similarly,
M r N rq,
Zem + — = Z KsH(m;j) cos(0;) — wyem + 0 (17)
MS S i—=0 MS
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Center of Mass - sandwheel

One way to interpret this is

M

Yem = _MSYCm - Ks'Y(t)}/cm +wzem  and (18)
S
. M, rqo
Zem = _M:Zcm - KS'Y(t)Zcm — WYem + Misv (19)
where (t) = Z,N:1 %’7"), the proportion of cups losing mass.
recall:
Yem = wWZem — Kwyem, (20)
Zem = I(ﬂi,?v — WYem — Kwzem (21)

for the waterwheel.
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Butterfly Sandwheel
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Bifurcation Waterwheel

w

Figure: Waterwheel bifurcation
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Bifurcation Sandwheel

01 02 03 04 05 06 07 08 08 1

Figure: Sandwheel bifurcation
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Bifurcation Sandwheel
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: Sandwheel bifurcation

Figure




Conclusions

Rich array of behaviour.
Both exhibit 2 forms of periodicity and chaos.
Quasi-periodicity on border of chaos.

Q@ > NK, implies periodicity

Heaviside seems to control chaos, driving system to quasiperiodicity
and periodicity.
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