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Apology

We’'d like to study the Richards Equation:
C(h)Oh = 0, (K (h)(9:h — 1))

where C'(h) is soil capacity and K (h) is hydraulic
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Apology

We’'d like to study the Richards Equation:
C(h)Oh = 0, (K (h)(9:h — 1))

where C'(h) is soil capacity and K (h) is hydraulic
conductivity. But...
we’ll consider the simpler problem

Ou = O (D(u)0zu),

which captures many details of the method.
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| ntroduction

The physical set-up

O — Oy (D(u)0pu) = 0
7

u(0,t) = f(t) Orzu(1,t) =0
GOAL:

Given some output measurements of this system, recover
D(u).
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| ntroduction

Sufficient conditions ensure existence and unigueness of
solution:

® Take D(u) strictly positive, Lipschitz over (0,1),and
bounded.

® Take f(t) e Ctand f'(t) > 0

Let W represent this class of functions.
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Why??

Why not direct inversion?
Why not OLS?
Why the toy problem?

Why adjoint methods?
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Forward

The (Forward) Problem: Given D(u) and f(¢), find « which
satisfies:

Ors — Oz (D(u)O0yu) = 0 (x,t) € Ur
uw(0,t) = f(t) te(0,T)
Oyu(l,t) = 0 te (0,7T)
u(z,0) = f(0) =€ (0,1)

Adjoint based parameter recovery — p.8/2!



Forward

The (Forward) Problem: Given D(u) and f(¢), find « which
satisfies:

Ors — Oz (D(u)O0yu) = 0 (x,t) € Ur
uw(0,t) = f(t) te(0,T)
Oyu(l,t) = 0 te (0,7T)
u(z,0) = f(0) =€ (0,1)

Why?

Adjoint based parameter recovery — p.8/2!



Forward

The (Forward) Problem: Given D(u) and f(¢), find « which

satisfies:
Oru — Oxp(D(u)0zu) = 0 (x,t) € Ur
u(0,t) = f(t) te€(0,T)
Oyu(l,t) = 0 te (0,7T)
u(z,0) = f(0) =€ (0,1)
Why?

® Unique weak (forward) solution if D and f from W.
® Model of a simple physical process.

® Measurements of flux atxz =0 and state at z = 1
possible.
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The (Inverse) Problem: Given boundary measurements g(t)
and h(t), recover D(u) which satisfies:

Oru — O (D(u)0zu) = 0 (x,t) € Ur
—D(u)0,u(0,t) = g¢g(t) te (0,T)
u(l,t) = h(t) te(0,T)
u(x,0) = f(0) x€(0,1)
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| Nver se

The (Inverse) Problem: Given boundary measurements g(t)

and h(t), recover D(u) which satisfies:

Oru — O (D(u)0zu) = 0 (x,t) € Ur
—D(u)0,u(0,t) = g(t) te (0,T)
u(l,t) = h(t) te(0,7T)
u(z,0) = f(0) ze€(0,1)

Why?
® Experimental interest.
® Simple measurements.

® |f we can recover a D from W, it should be unique.

Adjoint based parameter
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Max Min Statement

® foreacht, f(0) <wu(xz,t) < f(t),0<x <1
® J,u(x,t) <0a.e.on (0,1) x (0,7)
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Adjoint

Max Min Statement
® foreacht, f(0) <wu(xz,t) < f(t),0<x <1

® J,u(x,t) <0a.e.on (0,1) x (0,7)
An adjoint exercise yields the proof.

Comments:
If we let B(u) = [, D(s) ds, then D(u)0,u = 9, B(u).

Also, B(u) = [ D(s) ds = (u— 0) D(u) for some u between

v and 0.
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Adjoint
Agalin, let g(t) := —D(u(0,1))0,u(0,t) and ®|D, f| = g(t).

We can show that if D;(u) > D2(u) then the map @ is:
® Monotone: @Dy, f|(t) > ®|Do, f(t)

These results are easy using an integral identity.
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Adjoint
Agalin, let g(t) := —D(u(0,1))0,u(0,t) and ®|D, f| = g(t).

We can show that if D;(u) > D2(u) then the map @ is:
® Monotone: @Dy, f|(t) > ®|Do, f(t)
® Continuous: Hgl — 92HL2(O,T) < CHDl — DQHOO

® Injective : ®|Dq, f| = ®[Ds, f] Implies D; = Dy

These results are easy using an integral identity.
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Adjoint

Integral ldentity:
Let u, v represent solutions to direct problem with

D = D¢, Do , respectively. Subtract, multiply by smooth ¢
and integrate by parts to yield:

//UT U — v gbt+k¢m)_/ (U—v)¢‘t:T+

t=0
T
¢ [ (D D]+ [ (01~ ate 00|

/ . (D1(v (V)VzOs

Here Ur = (0,1) x (0,7) and k := D(u) for some @ in the

r=1

interval (v, u)
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Adjoint

The general adjoint problem:

Ot + kOppp = F*(x,1) (x,t) € Ur
oz, T) = p*(z) z € (0,1)
ko= g*(t) r=20,te€(0,T).
¢ = h*(t) r=1,t€(0,7T)

Here k := D(u) for some « In the interval (v, u)

Adjoint based paramete
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Adjoint

The dual data acts like switches. Data appears in a duality
pairing with terms of the direct problem.

Taking F* = 0,p* = 0,h* = 0, the identity collapses to

/o (91— 92) /UT (D1(v (v)) vz Pz
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Adjoint

Letting ®|D, f] = ¢(t), we could cast this formally as:

(D[Dy, f] — B[Dy, f].0) 12 = (50[Dy, Do]AD,0) ;s
= (AD,'"®[D1, Da] 0)w s
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Adjoint

Letting ®|D, f] = ¢(t), we could cast this formally as:

(®[Dy, f] — ®[Ds, f],0)12 := (38[D1, Ds]AD, 8)

= (AD,'"S®[D1, Do) 0)w s~

The integral identity provides a realization of this
expression.

/o (91— 92) /UT (D1(v (v)) vz Pz

Adjoint based parameter recove

ry — p.15/2!
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Now some quick proofs:

/OT g (g1 — g2)dt = //UT(Dl(U) — Do (v))vgdzda dt

® Monotone: Assume Dy > Ds. We know v, < 0. Taking
g* > 0 implies ¢, < 0. S0 g1(t) > g2(t).
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Adjoint
Now some quick proofs:

/OT g (g1 — g2)dt = //UT(Dl(U) — Do (v))vgdzda dt

® Monotone: Assume Dy > Ds. We know v, < 0. Taking
g* > 0 implies ¢, < 0. S0 g1(t) > g2(t).

¢ Continuous: Take ¢g* = (g1 — g2)/[l91 — 92|l L2

® |njective: Assume D; — Dy # 0. This implies that
g1 — g2 Z 0.

Adjoint based parameter recovery — p.16/2!
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The integral 1D,
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The integral 1D,
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Numerics

The integral ID,

T
/ 6" (91 — g2) = / (D1(u) — Da(u) gt
0 Ur

becomes

T
/ g (g1 — g2)dt = (d1 — d1) // ANug¢dx dt
0 U,

f() (g1 — g2)dt
fo Aug @ dx dt

or

(dh —01) =
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The four step program:

® Given f(t), collect g;(¢) data from a physical lab
experiment.
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Numerics

The four step program:

® Given f(t), collect g;(¢) data from a physical lab
experiment.

® Given f(t), generate u(z,t) and g»(t) with current D

® Given g*(t) and k, solve adjoint problem to generate

o(z, 1)
® Apply integral ID to compute update for D.

® Repeat

Adjoint based parameter recovery — p.19/2!



Numerics

Regions of coefficient activity

Regions of active coefficients

Yellgw

SPACE

Active Region for d2

100 200 300 400 500 600 700 800 900 1000
TIME
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Numerics

Apply identity to region where only d; Is active.

t1
b1 = / g Ag = (dy — 61) // A (w)ugpr = A11Ady
0 Ri1

where Ry = {(z,t) € Uy, : ug < u(z,t) < uy}
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Numerics

Apply identity to the U, time strip. Only d; and ds are active.

o
by = / g Ag = (dy — d2) // Ao () uydpt
t1 Rao

+ (d1 — 01) // A (u)ugz @
Ro1
— Ay Ady + Ao1 Ad;

with

Ro1 = {(x,t) €Uy 1 ug < u < up}
{(z,t) €U, :u1 < u < usg}

&
||
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Numerics

By the );, strip, a diagonal system forms.

Ay 0 -0 || aAaa ] [
Aoy Ay -+ 0 Ady b2
T 0 |

At oo Ayw | | Adw | | by

where A;; = [[p Aj(u)usg, and b; = ft
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Numerics

Now for some demos:

® |s some data better?
® Noise?
® 2777
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Conclusions

tool for analysis
natural setting

simple toolbox

proofs are easy
process is transparent
recovery tool?

Thanks!!
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