VanWyk’s 103 Section 5.4 Homework Problems

1. Here is a table for a group.
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(a) Find all the subgroups @.
(b) For each of the subgroups you found in 1a, find all of its (left) cosets.

2. Below is the table foD4. In Section 5.3, you found all the subgroups of
D4. Find all of the (left) cosets of each subgroup.
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3. If Gis a group such thgdG| = 300, how manypossible different sizes of
subgroups o are there?



VanWyk’s 103 Section 5.4 Homework Answers

la. By Lagrange’s Theorem, the only possible sizes of subgroups are 1, 2,
3, and 6. Each must be closed, haia them, and have all their inverses.
So,

e One element subgroupée}

(This is always the only one.)
e Two element subgroupge, a}

(These must consist @and an element that is its own inverse.)
e Three element subgroupge, c,d}

(These must consists efand two elements that are their own inverses
or are inverses of each other, and must also be closed. Note that the
subset{e b, f} is not a subgroup: although and f are inverses of
each other{e b, f} is notclosed sincdbob=c ¢ {e,b,f}.)

e Six element subgroup$
(This is always the only one.)

1b.
e Cosets of e}:
eo{e} = {e}
ao{e} = {a}
bo {e} = {b}
co{e} = {c}
do{e} = {d}
fo{e} ={f}

e Cosets of e a}:

eo{ea} =ao{ea} ={ea}
bo{ea} =do{ea} = {b,d}
co{ea} =fo{ea}={c f}

e Cosets of e c,d}:

eo{ec,d} =co{ec,d} =do{ec,d} ={ec,d}
ao{ec,d} =bo{ec,d} =fo{ecd} ={ab,f}



e Cosets ofG:
eoG=a0G=boG=coG=doG=foG=G

2. As always, there are as many cosetgldfas there are elements in the
group, in this case 8. (See Problem 1b.) And there is only 1 codef,of
namelyDy, itself. Here are the cosets of the other subgroups:

e Cosets of I, Ry }:

lo{l,R1} =Rio{l,R1} ={I,R}
So{l,Ri} =Rgo{l,Ri} = {SRy}
Fo{l,Ri} =Rso{l,Ri} = {S Rs}
So{l,Ri} =Reo{l,R1} = {S,Re}

Cosets of |, Ry }:

lo{l,R} =Roo{l,R} ={I,Ra}
So{l,R} =Rio{l,R} ={S Ry}
Fo{l,R} =Ryo{l,R} = {F Ry}
So{l,R} =Rz0{l,R} ={S Rs}

Cosets ofl,Rs}:

lo{I,Rs} =Rso{I,Rs} = {I,Rs}
So{l,Rs} =Reo{l,Rs} ={S R}
Fo{l,Rs} =Rio{l,Rs} = {F Ry}
So{l,Re} = Ryo{I,Rs} = {S*,Ra}

Cosets of |, R4 }:

lo{l,Ra} =Rao{l,Ra} ={I,Ra}
So{l,Ra} =Rso{l,Ra} = {SRs}
Fo{l,Ry} =Roo{l,Ry} = {F Ry}
So{l,Ry} =Rio{l,Ry} = {S,R}

Cosets of{ |, $}:

lo{1,$} =Fo{l,$} ={I,F}
Rio{l,$} =Rz0{l,¥} = {R,Rs}
Roo{l,$} =Ry0{l,F} = {Ry,Ry}
SO{I’SZ}:SSO{I’SZ}: {SSS}
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e Cosets of(1,S S, S*}:

10{1,S§&, S} = So{l,S&.$}=F0{l,§F 5}
= S0{1,8§5,8} ={I,5¢,5%

Rio{l,S§F S = Ro{l,SF,S} =R30{l,SS, S}
= R4o{l,SS, S} = {Ry,Rx,Rs,Rs}
e Cosets off |, S, Ry, Ry }:

lo{l,2,R,Ry} = So{l,& R, Ry} =Roo{l, S Ry, Ry}
= R4o{l,S,Ro,Ry} = {I,S,Ro, Rs}

So{l,F Ry, R4} = So{l,F Ry,Rs} =Rio{l,& Ro,Rs}
= Rso{l,¥,Ro,Rs} = {S SRy, Rs}
e Cosets off, S, Ry, Rs}:

lo{l,$ R,Rs} = Fo{l,S Ry, R} =Ryo{l,S Ry, Rs}
= Rso{l,$,Ry,Rs} ={I,$*, Ry, Rs}

So{l,£,R,Rs} = So{l, S Ry, R} =Ro0{l,S Ry, Rs}
= R4o{l,$Ri,Rs} = {SS Ry, Ra}

3. By Lagrange’s TheorenH| must divide|G| if H < G. Since 300=
22.3.52, the number of divisors d6G| is d(300) = 3-2-3 = 18. (Remember
that from Chapter 2?) Séi| could be one of 18 different sizes, one for each
divisor of G.

Note. Lagrange’s Theorem does not say that therestbe a subgroup of
each of these 18 sizes, only that theoelld be a subgroup of each of these
18 sizes.



