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e [, graph with vertices the 2-dimensional subspaces of an
n-dimensional vector space over Fy (¢ = p'), adjacent when
far apart

@ A adjacency matrix, L= D — A Laplacian matrix
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The skew-lines and Grassmann graphs

e [, graph with vertices the 2-dimensional subspaces of an
n-dimensional vector space over Fy (¢ = p'), adjacent when
far apart

A adjacency matrix, L= D — A Laplacian matrix
Complement graph denoted I’

AL

Strongly regular with parameters

v =[3],

¢ =ala+ 0[],
)\/ — [nIl]q+q2 )
p=(q+1)
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Integer invariants

@ An integer matrix defines a homomorphism of free abelian
groups of finite rank

@ For matrices attached to a graph, cokernel becomes graph
invariant

e Coker(A) =5S(I') (Smith group)
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Integer invariants

An integer matrix defines a homomorphism of free abelian
groups of finite rank

For matrices attached to a graph, cokernel becomes graph
invariant

Coker(A) = S(I')  (Smith group)
Coker(L) = K(I) @ Z (critical group, sandpile, Jacobian)
|K ()| counts number of spanning trees
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Integer invariants

Elementary divisors
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Integer invariants

Elementary divisors

o A: 7,V — 7,V
o M; = {x € va(r) | Ax € p va(r)}

o N, = {p_iAX|X S M,’}
o Let e; denote multiplicity of p’ as elementary divisor of A
°
dimp, M M; = = dimg, ker(A) + e + €11+ - -
and

dimp, N; = eg +e1 + - + ¢
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© Results
@ p-part
@ p'-part

Josh Ducey

p-part
p'—part
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Skew lines, A

o A2=kI+ ) A+pu(J—A-1)
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p-part
Results (7

Skew lines, A

o A2=kI+ ) A+pu(J—A-1)
° A: va(r) — va(r)
02,V =7,10Y
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lines, A

A2 =kl + A+ pu(J—A—1)
A: 7,V 7,V

7,V =710y

A’y[A|y — qzll] = q322l
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p-part
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Skew lines, A

A2 =kl + A+ pu(J—A—1)
A: 7,V 7,V

7,V =710y

A’y[A|y — qzll] = q322l

A has spectrum

q'["3% g =[]y a

with respective multiplicities 1,[1], — 1,[3], — [1],-
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Skew lines, A

V_2 N Z,Y (" C Moy (A)
V, N7,V (D C Ny(A).
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p-part
Results (7

Skew lines, A

o
V_2 N Z,Y (" C Moy (A)
V, N7,V (D C Ny(A).
o
[1],—1<ex+- +es (1)
[2]g —[1]lg < e+ +et (2)
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Skew lines, A

p-part
Results (7

V_2 N Z,Y (" C Moy (A)
V, N7,V (D C Ny(A).

[fl,—1<ex+- - +es (1)
[2]g —[1]lg < e+ +et (2)

@ In general, if A, s denotes the zero-intersection incidence
matrix between r-spaces and s-spaces, then we have that

_Ar,s = Ar,lAl,s (mOd pt)
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Skew lines, A

Theorem (Brouwer-D-Sin 2011)

Let e; denote the multiplicity of p' as an elementary divisor of
Az 1A1.

Q ey =1
Q For i # 4t,
&= ds),
ser(i)
where
ri= J sHNHa
a+pB=i
0<a<t
0<p<t
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@ L[: same result as for A, but no es.
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@ L[: same result as for A, but no es.
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p-part
Results (7

@ L[: same result as for A, but no es.
o A’: p-part is cyclic of order pt
e [': no p-part
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p-part
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Notation: The vector space has dimension n over a field of g = pt

elements.
(n, p, t) || matrix | (elem. div. : multiplicity)
(4,2,1) | A (2:14), (22:8), (23:6), (2*:1)
L (2:14), (22:8), (23:6)
(5:13)
(7 :19)
A (2:1)
(3:8), (3%:14)
L' (3:8), (3%:13)
(5:13)
(7:19)
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Notation: The vector space has dimension n over a field of g = p

p-part
Results (7

t

elements.
(n, p, t) || matrix | (elem. div. : multiplicity)
(4,2,2) || A (2:16), (22 :220), (2%:32), (2°: 16), (2°: 36),
(2°:1)
L (2:16), (22 :220), (2% :32), (2°:16), (2°: 36)
(3:1), (3%:271)
(7:271)
(17 : 83)
A (@22
(3:84)
(5:190), (52 : 84)
L (3:271)
(5 : 190), (52 : 83)
7 .

Josh Ducey Smith/critical group of Grassmann(n,2)q.



p-part
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Results

@ ¢, a prime different than p

e Structure of F; GL(n, g)-permutation module on 2-spaces is
able to be understood. (few composition factors)

@ We rely heavily on work of G. James

° IE‘),/(F) has descending filtration with subquotients as Specht
modules

@ Straightforward arithmetic conditions determine the
composition factors and multiplicities of the Specht modules
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p-part

Results CRBat

An example: Grassmann, L’

Parameters:
kIZQ(q+1)[nI2] u/:(q+1)27 )\/:[nzl]q+q2_2’

r=q(q+1)["?], — @[], +1=10],
s=q(g+1)[" 2], +(@+1)=(g+1)["}]

q’

.
K(T)| = [”qf((”nl)[”zl]q)g
31,
= ['f]qffl(q 4 1)g+1 [nIl]qg—l'
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An example: Grassmann, L’

o [K(M)| =111, g+ 1 [11] 5"
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p-part

Results CRBat

An example: Grassmann, L’

o [K(M)| =111, g+ 1 [11] 5"

o Case: (1q+1,¢[[f], and £1["1],
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p-part

Results CRBat

An example: Grassmann, L’

o [K(M)| =11, (g + 1) [r] £
o Case: £1q+1,¢|[1], and £ [”Il}q
o Let a=v([1],). Then v(|K(I)]) = a(f —1).
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p-part

Results CRBat

An example: Grassmann, L’

We have
f<dimpM, =1+ e,
i>a
Therefore,
a(f —1)=v(K(MN = ieg>> iei>a) e >a(f —1)
i>0 i>a i>a

Since we must have equality throughout, it follows that ¢ =0
unless i =0 or a, and that e, =f — 1. Thenas ) ;. e =g+ f,
we have eg = g + 1. -

Can abstract this argument:
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Results

Lemma

Let M, and ¢ € Endg(M). Let d be the m-adic valuation of the
product of the nonzero elementary divisors of ¢, counted with
multiplicities. Suppose that we have an increasing sequence of
indices 0 < a; < ap < --- < ap, and a corresponding sequence of
lower bounds by > by > --- > by, satisfying the following
conditions.

Q dimg My, > bj forj=1,..., h.

Q ZJ 1(bj — bj+1)aj = d, where we set by1 = dimp Ker(¢).
Then the following hold.

Q e, (p) =bj—bjy1 forj=1,.., h

Q eo(¢) = dimg M — by.

Q ei(¢p)=0fori¢{0,a1,...,an}.
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Results CRBat

Example: Kneser graphs (work with I. Hill, P. Sin)

@ Invariants of the Kneser graph on 2-subsets of an n-element
set can be handled with similar theory. Much fewer cases.
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Results CRBat

Example: Kneser graphs (work with I. Hill, P. Sin)

@ Invariants of the Kneser graph on 2-subsets of an n-element
set can be handled with similar theory. Much fewer cases.

@ The critical group has order:

|:n(n2—3):| f [(n—4)2(n-1)]g A (n 1) 3) (48

n(n—1) - 2f+g—1

where f =n—1and g = "("2_3)
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Example: Kneser graphs

nf_l(n - 1)g_1(n — 3)f(n —4)8
2f+g—1

e Case: p=2,n=0 (mod 4)
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Example: Kneser graphs

nf_l(n - 1)g_1(n — 3)f(n —4)8
2f+g—1

o Case: p=2,n=0 (mod 4)
@ Suppose v»(n) = a with a > 2. (Forces vo(n —4) =2.)
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Example: Kneser graphs

nf_l(n - 1)g_1(n — 3)f(n —4)8
2f+g—1

e Case: p=2,n=0 (mod 4)
@ Suppose v»(n) = a with a > 2. (Forces va(n —4) =2.)
o Needed are the bounds dimM; > g + 1, dim M, > f
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Results CRBat

Example: Kneser graphs

nf_l(n - 1)g_1(n — 3)f(n —4)8
2f+g—1

e Case: p=2,n=0 (mod 4)
@ Suppose v»(n) = a with a > 2. (Forces va(n —4) =2.)
o Needed are the bounds dimM; > g + 1, dim M, > f

@ Result:
ee=g+1-f,
e;=1Ff—1,
EQZf,

e; = 0, otherwise.
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Thank you for your attention!
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